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Foreword

The study of turbulent flows continues to represent a core requirement for many
disciplines in the natural sciences and engineering. The lack of a first principle
approach to “upscale” turbulence is well known. That is to say, we do not know
how to bridge between first principles Navier–Stokes equations-based descriptions
of viscous flows and prediction of statistical and structural properties of turbulence.
And yet, since turbulence is crucial to many important natural phenomena and
engineering processes, the challenges continue to spur research efforts along vari-
ous directions. And, turbulence must be taught to graduate students, while research
scientists and engineers require appropriate introductory texts on the subject.

Since the field is not the result of a cleanly put together set of notions and
axioms, the turbulence literature consists of a plethora of concepts, terms, and
approaches. This state of the art presents a particularly difficult challenge for stu-
dents who are at the beginning of their studies in turbulence. They need a textbook
that focuses on the fundamentals, on what is established and agreed-upon by the
community, without diminishing the wonder about things still unknown. Students
require the relevant subjects to be covered with a judicious mix of rigor, physical
intuition, and description of empirical facts. Moreover, the topic must be presented
in an accessible format that does not diminish the complexities involved.

This second edition of “Turbulence,” by Christophe Bailly and Geneviève
Comte-Bellot, successfully addresses the desired qualities listed above and thus
provides the community with a valuable new textbook. The first edition was
published in French in 2003. This edition, now translated into English, expands on
the original text. First, updates covering areas of computer simulations and
experimental techniques have been made. And, much of the material has been
streamlined allowing the text to flow naturally from one subject to another.

The book starts with two introductory chapters overviewing the most important
and familiar turbulence phenomena and providing a basic introduction to statistical
descriptions of turbulence based on averaging. Then the coverage pivots to wall-
bounded turbulent flows, a most important topic. Students are likely to remember
elements of this subject from an undergraduate fluid dynamics course, e.g., they
may recall using the Moody diagram. This chapter thus provides a natural,
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conceptual gateway to the layered intricacies of wall turbulence and to the prop-
erties of free shear flows covered in the next chapter. At this point, the coverage
moves to more fundamental turbulence physics, with sections on vortex dynamics
and homogeneous isotropic turbulence. On the latter topic, the presentation is done
both in spectral and physical space. Importantly, it provides sufficient depth to
enable students to learn how to perform actual calculations. These sections covering
classical topics are then followed by presentations of more recent material, on direct
and large eddy simulations, common closures used in the context of Reynolds
averaged formulations of turbulence, and the most important experimental tech-
niques. These last three topics can be covered in any desired order.

Many of the chapters contain their own appendices, i.e., materials that may be
omitted but may be of interest to more specialized readers. Placing these materials
close to the main chapters to which they are most naturally related is quite helpful.
Instead of relegating these items to the very end of a book where they could be
easily overlooked, the placement in each chapter gently challenges the reader to
also examine these more advanced topics.

As notation throughout the book, judiciously the authors use the most commonly
used symbols, such as capital letters and over-bars for averaged quantities, “U” for
velocity, and so on. They alternate between Gibbs (bold-face vectors and tensors),
index or individual component notations, depending on the context as most
appropriate. The choice to favor global, mainstream notation greatly facilitates
reading the book and should also help with access to the wider research literature.

As a team, Professors Geneviève Comte-Bellot and Christophe Bailly bring to
bear the insights from their very distinguished research careers and sustained
teaching excellence in the field of turbulence. These qualities come across clearly in
this book. The textbook “Turbulence” thus provides a valuable and solid foundation
for graduate students and beginning researchers in this important and active field of
science and engineering.

December 2014 Charles Meneveau
L.M. Sardella Professor of Mechanical Engineering

Johns Hopkins University
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Preface

The motivation for the second edition stemmed in large part from the rapid pace of
change in the fields of numerical simulation and experimental techniques. Despite
the changes, our goal remains the same: to provide a reference textbook for
graduate students, engineers, and research scientists. English is chosen to permit
easy communication between workers in the field.

The contents of the present text book is based on the graduate level course taught
at Ecole Centrale de Lyon. Over the years, the high standard students who attended
the course largely contributed to improve its content and presentation. For students,
it contains the essential results as well as details and demonstrations whose oral
transmission is often tedious. At a more advanced level, the text provides numerous
references which allow the reader to focus on his specific topics of interest. Some
sections and appendices, containing developments on more specific subjects, may
be skipped during a first reading, but might appear useful at a second one! We have
endeavored to provide a wide array of illustrations throughout the book.

The general structure of the book is as follows. After an introduction in Chap. 1
illustrating the interest of turbulent flows, averaged equations and kinetic energy
budgets are provided in Chap. 2. The concept of turbulent viscosity as a closure
of the Reynolds stress is also introduced. Wall-bounded flows are presented in
Chap. 3, and features specific to boundary layers and channel or pipe flows are
pointed out. Free shear flows, namely free jets and wakes, are considered in Chap. 4.
Chapter 5 deals with vortex dynamics, vorticity being a key element in turbulent
flows. Homogeneous turbulence, isotropy, and dynamics of isotropic turbulence are
presented in Chaps. 6 and 7. Turbulence is described both in the physical space and
in the wavenumber space. Time-dependent numerical simulations are presented in
Chap. 8, where an introduction to large eddy simulation is offered. Statistical models
of turbulence are examined in Chap. 9. Major experimental techniques, including hot
wire anemometry, laser Doppler anemometry, and particle image velocimetry, are
finally introduced in Chap. 10. Numerous additional topics are developed in addi-
tional sections marked by a star, such as linear stability, the formulation of different
models for compressible flow or the refinement of Kolmogorov theory, to name a
few, and references are sorted by topics at the end of the book.
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We are indebted to many colleagues in the Laboratoire de Mécanique des
Fluides et d’Acoustique (LMFA), who helped us by providing materials and by
spending time discussing technical points. We would like to warmly acknowledge
Christophe Bogey, Thomas Castelain, Philippe Eyraud, Nathalie Grosjean, Faouzi
Laadhari, and Julien Weiss. We also would like to express our sincere gratitude to
Olivier Marsden, assistant professor at Ecole Centrale de Lyon, and to Antony
Coleman, senior researcher (CNRS) at University of Lyon 1, who accepted to read
the almost final version of the text, and helped us to provide a polished English
manuscript. The remaining errors are, of course, our own.

Ecole Centrale de Lyon, December 2014 Christophe Bailly
Geneviève Comte-Bellot
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Summary of Main Notations

The same notation is sometimes used with different meanings, but it makes sense
within the context. For example, the notation f is used for frequency as well as for
the coefficient of the longitudinal velocity correlation f ðrÞ.
a Thermal diffusivity a ¼ λ=ðρcpÞ
at Turbulent thermal diffusivity
c1 Speed of sound
Cf Skin–friction coefficient, see Eq. (1.9)
CK Kolmogorov constant CK ’ 1:5
Cs Constant of the Smagorinsky model
Cd Constant of the dynamic Smagorinsky model
CD Drag coefficient
Cμ Constant of the kt � ε model
d Dilatation d ¼ r � u
DνðkÞ Dissipation spectrum, DνðkÞ ¼ 2νk2EðkÞ
e Specific energy de ¼ cvdT
et Total specific energy et ¼ eþ uiui=2
f Coefficient of longitudinal velocity correlation R11 r; 0; 0ð Þ
g Coefficient of transverse velocity correlation R11 0; r; 0ð Þ
h Specific enthalpy dh ¼ cpdT
k Wavenumber vector
kη Kolmogorov wavenumber kη ¼ ν�3=4ε1=4

kt Turbulent kinetic energy, kt ¼ u0iu
0
i=2 (incompressible flow)

ksgs Subgrid-scale energy
L1; Lf Longitudinal integral length scale L1 ¼ Lf for isotropic turbulence
L2; Lg Transverse integral length scale L2 ¼ Lg for isotropic turbulence
lη Kolmogorov length scale lη ¼ ν3=4ε�1=4

lν Viscous length scale lν ¼ ν=uτ
p Pressure
P Mean rate of turbulent kinetic energy production P ¼ �ρu0iu

0
j @Ui=@xj

xv
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Pr Prandtl number Pr ¼ μcp
�
λ

Prt Turbulent Prandtl number Prt ¼ νt=at
Pw Wall pressure
r Specific gas constant
ReD Reynolds number ReD ¼ ρUdD=μ ¼ UdD=ν
Rij Space second-order velocity correlation Rijðx; r; tÞ ¼ u0iðx; tÞu0jðxþ r; tÞ
Rij Second-order velocity correlation coefficient
�S Mean shear magnitude �S ¼ ð2�Sij�SijÞ1=2
Sξ Skewness factor of signal ξ, Sξ ¼ ξ3=ðξ2Þ3=2
�s Shear magnitude of the filtered velocity field �s ¼ ffiffiffiffiffiffiffiffiffiffiffi

2�sij�sij
p

eij Rate-of-strain tensor eij ¼ ð@ui=@xj þ @uj=@xiÞ=2, see Eq. (2.10)
sij Deviatoric (trace free) part of eij, see Eq. (2.11)
T Temperature
Tξ Flatness coefficient of signal ξ, Tξ ¼ ξ4=ðξ2Þ2
tij Subgrid-scale stress tensor, tij ¼ ρ�ui�uj � ρuiuj (incompressible flow)
Ud Bulk velocity
Ue Mean free stream velocity of boundary layer
u Velocity vector
uτ Wall friction velocity uτ ¼

ffiffiffiffiffiffiffiffiffiffi
τw=ρ

p

uη Kolmogorov velocity scale uη ¼ ν1=4ε1=4

u0 Root-mean-square velocity fluctuation in isotropic turbulence
u0 ¼ ffiffiffiffiffiffiffiffiffiffiffi

2kt=3
p

uþ Velocity normalized by the friction velocity uþ ¼ u=uτ
xi Unit vector in the direction i, x2 ¼ ð0; 1; 0Þ in Cartesian coordinates

Greek letters

γ Ratio of specific heats at constant pressure and volume γ ¼ cp
�
cv

δ Boundary layer thickness
δ1 Displacement thickness of boundary layer
δθ Momentum thickness of boundary layer
δij Kronecker delta δij ¼ 1 if i ¼ j and δij ¼ 0 if i 6¼ j
ε Dissipation rate of turbulent kinetic energy kt, see expression (2.22)
εh Dissipation rate for a homogeneous flow, see Sect. 6.5
εijk Alternating tensor εijk ¼ ði� jÞðj� kÞðk � iÞ=2
φij Velocity spectrum tensor
κ von Kármán constant
λ Thermal conductivity
λ1; λf Longitudinal Taylor length scale, λ1 ¼ λf for isotropic turbulence
λ2; λg Transverse Taylor length scale, λ2 ¼ λg for isotropic turbulence
μ Molecular dynamic viscosity μ ¼ ρν

xvi Summary of Main Notations
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μt Subgrid-scale or turbulent dynamic viscosity (see Chap. 8)
ν Molecular kinematic viscosity
νt Subgrid-scale or turbulent kinetic viscosity (see Chap. 8)
ν̂t Spectral subgrid-scale or turbulent viscosity
�Ω Mean vorticity magnitude �Ω ¼ ð2 �Ωij �ΩijÞ1=2
ω Vorticity vector ω ¼ r� u
ωij Rate of rotation tensor ωij ¼ ð@ui=@xj � @uj=@xiÞ=2
Θ Life time of turbulence
ρ Density
τw Wall shear stress
τij Viscous stress tensor τij ¼ 2μsij, see Eqs. (2.6) & (2.12)

Operators and usual decompositions

�d=�dt Material derivative along the mean flow, �d�F=�dt ¼ @�F=@t þ @ð�FUjÞ=@xj,
see Eq. (2.17)

�Ui Reynolds average of ui, ui ¼ �Ui þ u0i
~Ui Favre average of ui, ~Ui ¼ ρui=�ρ and ui ¼ ~Ui þ u00i
�ui Space filtering of ui in large eddy simulation, �ui ¼ G � ui and ui ¼ �ui þ u0i
~ui Favre space filtering in large eddy simulation �ρ~ui ¼ G � ðρuiÞ and

ui ¼ ~ui þ u00i
ûi Fourier transform of the velocity component ui, see Exp. (6.8)
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Chapter 1
Introduction to Turbulence

1.1 Turbulent Flows

Turbulent flows are characterized by irregular patterns, unpredictable behaviour and
the existence of numerous space and time scales. They appear when the source of
kinetic energy which drives the fluid in motion is intense and able to overcome the
viscosity effects that slow down the fluid. When viscosity predominates, the flow
is said to be laminar, and hence regular and predictable. The pioneering work of
Boussinesq [592] and Reynolds [663] have defined the first concepts in the study of
the turbulent regime. The energy source in a flow can be of various natures: pressure
gradients in a pipe flow, initial impulsion for jets, or temperature differences in heated
flows where buoyancy takes place.

At the scale of the Earth, solar radiation as well as long range attractive gravita-
tional forces are involved. Oceanic currents such as the Gulfstream in the Atlantic
Ocean or the Humboldt stream in the Pacific Ocean have a mean regular motion.
Intensity and position fluctuations are, however, observed. The same is true for
atmospheric winds. Figure1.1 displays a map of the winds over the Atlantic Ocean.
These maps are used to improve our understanding of weather abnormalities. At high
altitudes, the jet streams, with speeds up to 100 km/h, are exploited by plane pilots to
optimize their itinerary. Images taken by satellites for weather forecasting are another
good daily illustration of the existing irregularities in geophysical flows. Turbulence
is therefore encountered everywhere in our terrestrial environment. In astrophysics,
the ionized gaseous atmospheres of stars and nebulas are also turbulent, induced by
powerful nuclear reactions occurring in their core and leading to an electromagnetic
forcing of the flow. Solar winds and Jupiter’s red spot are other fascinating examples.

In most industrial applications, substantial energy input or loss often occurs as
well. In aeronautics, the high speed and high temperature jet of engines or the rela-
tively low speed wakes generated by the compressor and turbine blades are turbulent.
In chemical engineering, turbulence appears in complex confined geometries, espe-
cially in the combustion chambers of cars, planes and space launchers. Turbulence,
indeed, plays an efficient role in mixing reactants. We use turbulent mixing daily

© Springer International Publishing Switzerland 2015
C. Bailly and G. Comte-Bellot, Turbulence, Experimental Fluid Mechanics,
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2 1 Introduction to Turbulence

Fig. 1.1 Near-surface wind speeds 10 m above the Atlantic Ocean on August 1, 1999. Data
collected by the SeaWinds scatterometer onboard NASA’s QuikSCAT satellite. Courtesy of
NASA’s Jet Propulsion Laboratory

when adding cream to our coffee or tea. A key contribution is played by the spoon
that is turned to achieve a homogeneous beverage. In nuclear engineering, turbulence
increases thermal exchange in cooling systems. In acoustics, turbulence disturbs the
propagation of sound waves in the atmosphere or in the ocean. Turbulence itself is
also an important noise source, the so-called mixing noise in aeroacoustics. It may
also induce vibration of structures and fatigue. Noise induced by wall pressure fluc-
tuations is regularly encountered in mechanical engineering including sonar domes
in underwater applications, aircraft and car cabin noise, or the protection of payloads
during space launcher lift-off, among many other examples.

Turbulent flows can be directly observed, sometimes in a quite spectacular way,
as during a volcanic eruption for instance. Intermittent bursts deforming the free
plume boundaries are shown in Fig. 1.2. In laboratories, various flow visualization
techniques have been developed. For example, emission lines captured in a subsonic
round jet are shown in Fig. 1.3. An electrically heated thin wire is placed near the
nozzle and oil droplets along the wire produce lines of oil vapor which allow flow
visualization for a sufficiently small jet velocity. The picture is taken when the first
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Fig. 1.2 Eruption of the
subglacial Grimsvötn
volcano, Iceland, on May 21,
2011. An initial large plume
of smoke and ash rose up to
about 17km height. Until
May 25 the eruption scale
was larger than that of the
2010 eruption of the
Eyjafjallajökull volcano, but
did not lead to the air travel
chaos caused in April 2010.
Courtesy of Thördïs
Högnadóttir, Institute of
Earth Sciences, University of
Iceland

Fig. 1.3 Visualization of
emission lines in a round air
jet. The nozzle diameter is
D = 15 cm, the jet velocity
is u j � 5 m · s−1 and the
Reynolds number is
ReD = u j D/ν � 5.4 × 104.
The hot wire heating the oil
droplets is placed 0.5D
downstream of the nozzle. In
addition, 6 hot-wire probes
are located downstream at
4D. Courtesy of Henry
Fiedler

particles reach the downstream side, while others are still on the wire. Large fluctu-
ations are visible near the free edges of the flow, and the vanishing of emission lines
downstream corresponds to tridimensional motions out of the visualization plane.
Figure4.2 in Chap.4 also displays a direct view of a free subsonic jet through a laser
sheet. Irregularities on the boundaries of the jet can be described by invoking fractal
properties, but the first step is to characterize and analyse the mean flow field.

Turbulent flows are not only characterized by random fluctuations, but also by
the presence of coherent structures. This coexistence has been noted in the literature
since the 1950s, but it has been dramatically highlighted by the experiments of Crow
and Champagne [522] and Laufer [545] in jets, and those of Brown and Roshko

http://dx.doi.org/10.1007/978-3-319-16160-0_4


4 1 Introduction to Turbulence

Fig. 1.4 Ombroscopy of amixing layer between an heliumflow at 10m · s−1 (above) and a nitrogen
flow at 3.8 m · s−1 (below). The Reynolds number of the upper flow is ten times higher than that of
the lower flow. This variation is obtained by increasing the pressure, and consequently the density
of the fluid. An increase in the Reynolds number produces more small structures within the large
scales arising from Kelvin-Helmholtz instability waves during the initial laminar mixing at the
trailing edge. From Brown and Roshko [474]

[473, 474, 491] and Winant and Browand [497] in mixing layers. The appearance of
coherent structures in the first diameters of a jet , as shown in Fig. 4.2 in Chap.4, is
linked to the laminar transition occurring at the nozzle exit. They are also present in
mixing layers as illustrated in Fig. 1.4. These large vortical structures are fairly well
described by the inviscid stability theory and by the so-called Kelvin-Helmholtz
waves, at least during their linear growth. A brief introduction to stability theory
is provided in Sect. 1.5. The fully developed turbulent flow appears further down-
stream, once these coherent structures have vanished. The statistical description then
becomes totally relevant and it is possible to determine a mean solution of the flow
based on a hypothesis of self-similarity, as presented in Chap. 4. For completeness,
coherent structures are also found inwakes generated behind obstacles [28], aswell as
in wall-bounded turbulent flows. This topic is discussed in Chap.3, see also Fig. 1.5.

Experimental findings may also be supplemented by numerical simulation of tur-
bulent flows, especially for quantities which are difficult or impossible to directly
measure. These numerical experiments are however limited to moderate Reynolds
numbers. Nevertheless, they can assess hypotheses used in models, provide a whole
picture of turbulent flow in space and in time and guide us to improve experimental
set-up where appropriate, and vice-versa. Figure1.5 is another recent example of a
simulation of a detached boundary layer in the presence of an adverse pressure gra-
dient. Numerical predictions are continuously improved, and this topic is discussed
in Chap.8.

http://dx.doi.org/10.1007/978-3-319-16160-0_4
http://dx.doi.org/10.1007/978-3-319-16160-0_4
http://dx.doi.org/10.1007/978-3-319-16160-0_3
http://dx.doi.org/10.1007/978-3-319-16160-0_1
http://dx.doi.org/10.1007/978-3-319-16160-0_8


1.2 Control Parameters 5

Fig. 1.5 Direct numerical simulation (2304 × 385 × 576 grid points) of a channel flow with one
curved surface inducing an adverse pressure gradient after the bump. The Reynolds number is
Re+ = huτ /ν = 617 where h is the half-height of the channel, uτ the friction velocity and ν the
kinematic molecular viscosity. Vortical structures of the separating boundary layer induced by the
adverse pressure gradient are represented in dark grey while low speed streaks are represented in
light grey, see Chap.3. Courtesy of MathieuMarquillie and Jean-Philippe Laval, refer to Marquillie
et al. [643]

1.2 Control Parameters

Turbulence appears when inertial forces prevail over viscosity forces in a flow, which
implies that the Reynolds number measuring the relative strength of these two forces
must exceed a certain threshold. Determining this value is in general not an easy
task, as turbulence takes some time to appear and needs some space to develop. Fur-
thermore, there is no universal transition scenario, even for a given class of flows.
The sketch in Fig. 1.6 sums up a classical view of what happens during the transition
of a boundary layer developing on a flat plate and without pressure gradient, from a
regular flow in the laminar regime to a fully random flow in the turbulent regime. A
picture of a turbulent burst taken in a boundary layer of water flow [595] and corre-
sponding to step (e) in Fig. 1.6 is also shown in Fig. 1.7. Transition experimentally
starts when the Reynolds number based on the external speedUe1 and on the distance
x1 from the leading edge, is of the order of Rec

x1 � Ue1x1/ν � 3.2×105, where ν is
the kinematic molecular viscosity. This threshold corresponds to the appearance of
Tollmien-Schlichting waves associated with the Blasius velocity profile, this topic
is briefly described in Sect. 1.6. The Reynolds number still increases with the dis-
tance x1, and a fully turbulent flow is then reached with a thicker boundary layer, as
sketched in Fig. 1.13.

http://dx.doi.org/10.1007/978-3-319-16160-0_3
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(insviscid flow outside
boundary layer)Ue1

x2

δ(x1)

x1 = 0
x1Rec

x1

(a) (b) (c) (d) (e) (f)

leading
edge

Fig. 1.6 Sketch of the transition of a laminar boundary layer developing over a flat plate with
zero pressure gradient. (a) Stable laminar flow, (b) appearance of Tollmien-Schlichting instability
waves, (c) nonlinear effects and tridimensional evolution, (d) large scale structures such as hairpin
vortices, (e) growth of bursts and (f ) fully turbulent boundary layer for Rex1 ≥ 3 × 106

Fig. 1.7 Image of a
turbulent burst in a boundary
layer of a water flow. The
Reynolds number at the
center of the burst based on
the distance to the leading
edge of the flat plane is

Rex1 = 2 × 105. See
Cantwell et al. [595]

In the seminal experiment of Reynolds [662] regarding the onset of turbulence in
a circular pipe flow, the control parameter is again the Reynolds number based on
the diameter D and the bulk velocity Ud ,

ReD = ρUd D

μ
= Ud D

ν

where ρ is the density, μ the molecular dynamic viscosity and ν = μ/ρ. The bulk
velocity is the average velocity over a cross section of the pipe. In practice, turbulence
occurs for a value of the Reynolds number above around ReD ≥ 3000, but this
threshold depends on the quality of the facility. Indeed, the laminar pipe flow, also
known as the Hagen-Poiseuille flow, is found to be stable for all Reynolds numbers
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according to the classical linear stability theory. A laminar circular pipe flow has
thus been observed up to a Reynolds number of 105 by controlling background noise
in order to obtain infinitesimal perturbations [620]. The scenario of the transition to
turbulence for one of the most famous flows in fluid dynamics remains only partially
understood [647].

The Reynolds number is not the only control parameter encountered to char-
acterize the transition to turbulence. In Rayleigh-Bénard experiment for instance,
instabilities appear in a fluid confined between two plates that are maintained at two
different temperatures T0 + ΔT and T0, as shown in Fig. 1.8. The control parameter
is then the Rayleigh number, defined as

Ra = gβΔT h3

νa

where g is the gravitational acceleration, β the thermal expansion coefficient of the
fluid, ΔT the temperature difference between the two plates, h the height between
the two plates and a the thermal diffusivity, based on the specific heat at constant
pressure cp and on the thermal conductivity λ in Fourier’s law a = λ/(ρcp). In this
experiment, a fluid particle is heated by the lower plate and rises due to the buoyancy
or Archimede force while the viscous drag force and heat loss by conduction are
opposed to this motion. Similarly, the cooler denser fluid near the upper plate tends
to go down. A chaotic fluidmotion is therefore expected if the temperature difference
ΔT is high enough.

The Rayleigh number represents the relative strength of these forces, and regu-
lar convection cells are observed for a Rayleigh number around of 1700 [67]. By
increasing the Rayleigh number, or equivalently the temperature difference ΔT , the
rotation direction and the size of the cells randomly change. In order to model the
experimental chaotic behaviour of this flow, Lorenz [75] developed the following
dynamic system,

T0

T0 + ΔT

h g

x1

x2

Fig. 1.8 Rayleigh-Bénard cells in a fluid confined between two flat plates at different temperatures.
The convective cells are not circular, as there is a

√
2 factor between the vertical wavenumber k2

and the horizontal wavenumber k1 [67]
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Fig. 1.9 Time history of the
X variable in the Lorenz
strange attractor [75] for the
following values of the
parameters Pr = 10, b = 8/3
and r = 28
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dX

dt
= Pr(Y − X)

dY

dt
= −XZ + rX − Y

dZ

dt
= XY − bZ

(1.1)

where Pr = μcp/λ is the Prandtl number, also defined as the ratio ν/a where ν
is the kinematic viscosity and a the thermal diffusivity. The control parameter r of
the system is proportional to the Rayleigh number, and b represents a shape factor
associatedwith the cell sizes. The X component is roughly proportional to themagni-
tude ψ1(t) involved in the stream function ψ(x1, x2, t) = ψ1(t) cos(k2x2) sin(k1x1).
The time history of X (t) is shown in Fig. 1.9 for illustration. It may be observed
that there are fluctuations in the rotation amplitude and direction of the fluid since
ωz = −∇2ψ. This chaotic behaviour, which requires at least three degrees of free-
dom and a nonlinear autonomous system, is extremely sensitive to initial conditions.
Lorenz’s work is famous for offering the first strange attractor in the literature. At a
high Rayleigh number, the solution becomes completely chaotic and the flow reaches
a fully turbulent state.

1.3 Nonlinearity of the Navier-Stokes Equations

The unpredictable feature of turbulence and the existence of a large range of scales
interactingwith themselves have their origin in the nonlinear behaviour of theNavier-
Stokes equations. For an incompressible flow, the Navier-Stokes equations can be
written as

ρ

(
∂u
∂t

+ u · ∇u
)

= −∇ p + μ∇2u (1.2)
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where u is the velocity vector, ρ the density, p the pressure and μ the dynamic
molecular viscosity of the fluid. These equations display two nonlinear terms, the
convective acceleration term u ·∇u and the pressure term.Wewill first show how the
convection term u · ∇u causes the numerous scales observed in any turbulent flow.

1.3.1 Generation of Harmonics

Consider the one-dimensional convection problem to simplify algebra,

∂u

∂t
+ u

∂u

∂x
= 0

with the initial condition u (x, t0) = A cos(kx x) à t = t0. A Taylor expansion yields
the flow velocity at time t = t0 + Δt ,

u (x, t) = u (x, t0) + (t − t0)
∂u

∂t
(x, t0) + O(Δt2)

= A cos (kx x) − (t − t0) u
∂u

∂x
(x, t0) + · · ·

= A cos (kx x) + (t − t0) A2kx cos (kx x) sin (kx x) + · · ·

= A cos (kx x) + (t − t0)
A2kx

2
sin (2kx x)

︸ ︷︷ ︸
higher harmonic

+ · · ·

Note the appearance of a higher harmonic, which is directly linked to the nonlinear
convective term u · ∇u. The two-dimensional problem is even more complex. We
have

⎧
⎪⎪⎨

⎪⎪⎩

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= 0

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
= 0

with

{
u (x, y, t0) = A cos(kx x) cos(ky y)

v (x, y, t0) = A′ cos(k′
x x) cos(k′

y y)

as initial conditions.By introducing aTaylor expansion similar to theone-dimensional
problem, the solution for u(x, y, t) becomes

u (x, y, t) = u (x, y, t0) + (t − t0)
∂u

∂t
(x, y, t0) + O(Δt2)

= A cos (kx x) cos
(
ky y

) + (t − t0)×
{
kx A2 cos(kx x) sin(kx x) cos2(ky y)

}

+ {
ky AA′ cos(kx x) cos(k′

x x) sin(ky y) cos(k′
y y)

} + · · ·
= A cos(kx x) cos(ky y) + (t − t0) kx A2/4 sin(2kx x)

[
cos(2ky y) + 1

]
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+ (t − t0) ky AA′/4
{
cos

[
(kx − k′

x )x
] + cos

[
(kx + k′

x )x
]}

× {
sin

[
(ky − k′

y)y
] + sin

[
(ky + k′

y)y
]} + · · ·

There is thus generation at the same time of both higher harmonics, that is higher
wavenumbers or smaller structures, with the terms cos[(kx + k′

x )x] and sin[(ky +
k′

y)y], and lower harmonics, or larger structures, with the terms cos[(kx − k′
x )x]

and sin[(ky − k′
y)y]. In other words, energy transfers occur between large and small

structures. Given the recurrence of this phenomenon, a rather broadband spectrum
is expected for velocity fluctuations. As may be seen, energy transfer is limited
for large structures by geometrical constraints. What about small structures or high
wavenumbers?

For small structures, energy transfer is stopped by themolecular viscosity. Indeed,
velocity difference between two neighboring fluid particles is reduced by viscous
diffusion, in the same way their temperature would coincide due to conduction in
a thermal problem. In order to estimate the dissipation scale lη associated with the
viscous molecular dissipation, the time variation of the velocity must balance the
viscous term in the Navier-Stokes Equation (1.2). The former term gives,

∂u

∂t
∼ u2

η

lη

by taking for the time scale t ∼ lη/uη , and the latter gives

ν
∂2u

∂x2
∼ ν

uη

l2η

where uη is the velocity scale associatedwith lη .We thus obtain for the corresponding
Reynolds number,

Reη = lηuη

ν
∼ 1 (1.3)

The lη scale plays a fundamental role in experiments as well as in numerical
simulations, and is known as the Kolmogorov length scale. We will learn to estimate
its value later, but its existence should be noted now.

The broadband nature of turbulence spectra can be directly observed in experi-
mental signals. The time history of the longitudinal fluctuating velocity u′

1 measured
in a round subsonic jet by hot-wire anemometry is shown in Fig. 1.10a, and displays
a rich spectral content. The Kolmogorov scale is about lη � 0.2 mm, compared to
the jet diameter D = 8 cm for a jet Reynolds number ReD � 1.06 × 105. The
turbulence intensity can be characterized by the ratio σu1 = u′

1rms/Ū1 between the
root mean square (rms) value of u′

1 and the local mean velocity Ū1 � 11.7 m · s−1.
In the present case, we have σu1 � 21.2%. The probability density function (pdf) is
another insightful way of looking into a turbulent signal. For a Gaussian signal, the
pdf is given by
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Fig. 1.10 An example of velocity signal measured by hot-wire anemometer in a subsonic round
jet at a Reynolds number ReD � 1.06 × 105, with D = 8 cm and U j = 19.8 m · s−1. The probe
is located at x1/D � 11.9 on the jet centerline. a Time history of the fluctuating axial velocity
normalized by its rms value, ξ = u′

1(t)/u′
1rms. b Same representation for the time derivative,

ζ = ∂t u′
1(t)/(∂t u′

1)rms. Probability density functions (pdf) of ξ and ζ are shown in (c) and (d) in
solid lines, and are compared to a Gaussian distribution in dashed line. The skewness and flatness
factors are respectively Sξ � −0.06 and Tξ � 3.40 for u′

1, and Sζ � −0.38 and Tζ � 5.15 for
∂t u′

1. Data provided courtesy of Olivier Marsden (LMFA)

p(ξ) = 1

σ
√
2π

e− ξ2

2σ2

where σ is the standard deviation. This function is compared to that found for u′
1(t)

in Fig. 1.10c, and clearly the velocity signal does not follow a normal distribution.
This is a general result for turbulent signals [172] The skewness and flatness factors
are respectively Sξ � −0.06 and Tξ � 3.40, to compare to the values Sξ = 0 and
Tξ = 3 obtained for a Gaussian signal. The definition of these two coefficients is
given below for a centered variable ξ,

Sξ = ξ3

(ξ2)3/2
and Tξ = ξ4

(ξ2)2
(1.4)
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The discrepancy with regard to a Gaussian distribution increases for the time
derivative, as displayed in Figs. 1.10c, d. This can be explained by the internal inter-
mittency, which is still the subject of numerous studies, as discussed by Sreenivasan
and Antonia [195].

1.3.2 Turbulence and Continuum Mechanics

The dissipation length scale lη is small, but in general remains larger than the mean
free path λm of fluid molecules. The continuum model can therefore be applied. The
ratio between the free mean path and the length of interest, in the present case the
Kolmogorov scale, is known as the Knudsen number, Kn = λm/ lη , and the medium
is considered to be continuous when Kn ≤ 0.01. For an ideal gas, it is useful to note
that the kinematic viscosity is well estimated by ν ∼ c∞ × λm , where c∞ is the
speed of sound [76]. The exact expression for the free mean path is

λm = ν

c∞

√
γπ

2

where γ = cp/cv is the ratio of specific heat, γ = 1.4 for a diatomic gas. As a result,
the Knudsen number can be estimated as follows by using Eq. (1.3),

Kn = λm

lη
∼ ν

c∞
uη

ν
∼ uη

c∞

 1

As an illustration, for the turbulent signal examined in Fig. 1.10, the dissipation
velocity scale is uη � 7.3 × 10−2 m · s−1, which must be compared to the speed of
sound c∞ = √

γrT∞ � 343.2 m · s−1.

1.3.3 Sensitivity to Initial Conditions

The nonlinearity of the Navier-Stokes equations does not allow the time evolution of
turbulent fields to be predicted over a long period. The reason for this is that a small
difference in the initial conditions introduces significant differences as time goes by.
This sensitivity to initial conditions has been studied for chaotic systems and implies
a positive value for the largest Lyapunov exponent. An example in meteorology is
that weather forecasts over a period of more than a few days are often risky. Indeed,
an initial separation of 1cm between two fluid particles in the atmosphere results in
a 10km separation within just a day.

The blinking vortices of Aref [64] is a good example to illustrate the unpre-
dictable behaviour of chaotic systems and also to show the benefit in stirring fluids.
In this experiment, the plane incompressible and inviscid flow is created by two
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point vortices of the same strength and located at (−a, 0) and at (a, 0) respectively.
In practice, this can be realized by two rods or agitators animated by motors. During
the time interval 2nT ≤ t < (2n + 1)T , the first vortex is on while the second
is off, and during the interval (2n + 1)T ≤ t < 2(n + 1)T , the first vortex is off
while the second is on. The two vortices thus blink on and off with a period T .
The time dependence imposed on the vortices is essential for adding a dimension to
the two-dimensional flow because chaotic behaviour is observed with at least three
dimensional systems, either all three spatial as in the Lorenz attractor (1.1) or two
spatial with one in time as in the present case. One point of interest here is the position
of particles that are originally located in a single spot, in grey in Fig. 1.11, and then
advected by the flow. Aref has shown that the control parameter is β = Γ T/(2πa2),
and we recall that the velocity field around a vortex of strength Γ is ur = 0 and
uθ = Γ/ (2πr) in polar coordinates (r, θ). Each particle thus follows a circular rota-
tion Δθ = βa2/r2 during time T . For a small β, all particles circle more or less
round the first vortex. For a given configuration, a very small value of β corresponds
to a small switching time T for the blinking vortices, and the integration of particle
motion can be interpreted as a simple numerical algorithm corresponding to vortices
which act simultaneously. For this steady flow, pathlines and streamlines coincide
and no chaotic advection is observed. For a large β, particles can be carried along
by the velocity field of the second vortex at its current location when it starts to be
active. Particles that are initially concentrated in the single spot, are thereby advected
almost everywhere. This chaotic stirring is an efficient way to produce homogeneous
solutions in industrial applications [80].

1.3.4 A Remark About Pressure

The second nonlinear term in the Navier-Stokes equation is the pressure term. It may
be explicitly written by taking the divergence of Eq. (1.2). For an incompressible
flow, this leads to a Poisson equation,

∇2 p = −ρ
∂

∂xi

(

u j
∂ui

∂x j

)

= −ρ
∂ui

∂x j

∂u j

∂xi
(1.5)

whose Green’s function is known for an infinite medium,

p (x) − p∞ = ρ

4π

∫

V

(
∂ui

∂y j

∂u j

∂yi

)

( y)
d y

|x − y| (1.6)

assuming that p → p∞ as x → ∞. Every region of the volume V occupied by the
fluid thus contributes to the estimation of the pressure field at point x. The fact that
this contribution is instantaneous comes from the hypothesis of incompressibility,
with perturbations traveling at infinite speed, as expected for an elliptic equation.
Of course for a compressible medium, there is a time delay to transfer information
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Fig. 1.11 Aref’s blinking vortex system [64] for three values of the control parameter β =
0.01, 0.25, 0.40. The vortex positions are indicated by crosses. The particles are initially con-
centrated within the grey spot. For all plots, the time of stirring is t = 4000 T

from a fluid particle located at y to the observer located at x, as briefly presented
in Sect. 1.4.2. Substituting the expression of p in the Navier-Stokes Equation (1.2)
yields an equation that only depends on the velocity u. Nevertheless, this obviously
does not make the equation easier to solve. A similar equation links the vorticity field
to the velocity field, it is discussed in Chap.5.

http://dx.doi.org/10.1007/978-3-319-16160-0_5
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1.4 Some Practical Consequences of Turbulence

On the whole, transport is very efficient in a turbulent flow, be it for momentum, mass
or heat. Nonetheless, with this efficiency comes an increase in wall friction which is
rarely sought. In what follows, a few examples of the advantages and drawbacks of
the turbulent regime are given.

1.4.1 Transport Efficiency

Increase of Diffusion in a Given Geometry
Let us consider the example of the momentum transport over a given distance L , and
compare the time of molecular diffusion to the time offered by turbulent diffusion.
If only viscous diffusion imposes the motion of the fluid molecules, the time length
Tv is determined from the balance between the time derivative of the velocity and
the viscosity forces in the Navier-Stoke equation,

∂u
∂t

∼ ν∇2u and hence, Tv ∼ L2

ν

For L = 5 m, with ν = 1.5 × 10−5 m2.s−1 in air, this leads to Tv � 500h. If
turbulence is present, there is a balance between the time derivative of the velocity
and inertial forces,

∂u
∂t

∼ u · ∇u hence, Tt ∼ L

u′

Turbulent diffusion therefore results from velocity fluctuations. By choosing u′ �
5 cm · s−1 as an example, one obtains Tt � 2 m, demonstrating the efficiency of
turbulent transport. Note that the Reynolds number based on the travel distance L
actually compares the two characteristic times,

Tv

Tt
∼ u′L

ν
∼ ReL

A similar result can be easily derived for heat transport which is governed in an
incompressible flow by

∂θ

∂t
+ u · ∇θ = a∇2θ

where a is the thermal diffusion coefficient. Now, with Tv ∼ L2/a and Tt ∼ L/u′,
we have for the ratio of the two time scales

Tv

Tt
∼ u′L

a
∼ u′L

ν

ν

a
= Pr × ReL
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where the Prandtl number appears. In air, at atmospheric pressure and at T = 273K,
Pr � 0.73. In practice, ascending velocities resulting from the work of the buoyancy
force near a radiator are sufficient to create such fluctuations in velocity within a
room and to ensure a homogeneous temperature.

The efficiency of mixing by turbulent transport is important for the dilution of
pollutant waste discharged in rivers, oceans or in the atmosphere. Nonetheless, spe-
cific meteorological conditions can hamper rapid dispersion. Figure1.12 shows a
smoke plume released from a chimney in an atmosphere where the mean tempera-
ture increases with height above the ground, a situation called temperature inversion
in meteorology. The plume no longer benefits from buoyancy to rise and only moves
away due to the wind.

Expansion of the Free Boundaries of a Flow
A sketch representing the growth of a boundary layer on a flat plate is displayed
in Fig. 1.13. This flow has already been introduced in connection with Fig. 1.6. The
boundary layer thickens downstream, first slowly because of viscous diffusion in the
laminar zone and then quickly due to transverse velocity fluctuations in the turbulent
zone. More precisely, the boundary layer thickness δ grows as δ2 ∼ νt in the laminar
zone, and as δ ∼ u′

2t in the turbulent zone. The time t offered to either process is
imposed by the external velocity t ∼ x1/Ue1. Assuming that the turbulent boundary
layer also starts at the leading edge of the plate, by a tripping device for example,
and that the velocity fluctuation normal to the wall is proportional to the free speed
Ue1, then in the turbulent part, δ ∼ (u′

2/Ue1)x1. More specifically, the following
relations can be respectively derived, based on the self-similar solution of Blasius in

Fig. 1.12 Smoke plume in the presence of a near surface temperature inversion, which hinders
vertical turbulent motion and drives the plume horizontally. The Quays Shopping Centre, near to
An Tiur and Cloghoge, Ireland. Courtesy of Eric Jones
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Fig. 1.13 Growth of a boundary layer on a flat plane without external pressure gradient. Transition
appears for Rex1 = x1Ue1/ν � 3.2 × 105, or equivalently for Reδ = δUe1/ν � 2800

the laminar regime [22],

δ � 4.92
x1

Re1/2x1

(1.7)

and based on a 1/7th power law velocity profile [22] in the turbulent regime,

δ � 0.37
x1

Re1/5x1

(1.8)

Reduction of Flow Separation Regions
Turbulence is able to bring a high velocity fluid to regions where the fluid motion
would naturally be slowed down. This is the case of the aft part of a cylinder where
expanding cross-section of the flow requires a deceleration of the fluid and a cor-
responding increase in pressure, i.e. dp/dx1 is positive. In practice, it is said that
the boundary layer meets an adverse pressure gradient. Naturally the boundary layer
will separate from the cylinder, but turbulence can shift the separation point down-
stream. The location of the separation point S is shown in Fig. 1.14 as a function
of the Reynolds number ReD = U∞D/ν based on the incoming velocity upstream
U∞ and the diameter D of the cylinder. At least three regimes can be identified:
the subcritical one corresponding to a laminar boundary layer separation, the critical
regime for 3 × 105 ≤ ReD ≤ 1.5 × 106 for which a separation bubble followed
by a turbulent reattachment occurs, and the super-critical one for which the attached
boundary layer is turbulent.

In diffusers, important separation also occurs when the divergence angle becomes
too wide, see for instance picture 175 in Van Dyke [28], and hence inhibits the
normal functioning of energy recovery. Current studies in active flow control aim
to master separation, small pulsed jets are used in experiments on aircraft flaps
[579] for instance. An example of control allowing flow reattachment downstream
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Fig. 1.14 Separation of a boundary layer on a cylinder. The separation point S is located around
φs � 90o for a laminar boundary layer, and around φs � 135o for a turbulent boundary layer. The
origin of angles is taken at the stagnation point. Experimental data (� � � •) from different sources
[567, 581]

of the circular cylinder using a pulsed jet [569] is shown in Chap. 10. The velocity
field in Fig. 10.24 measured by particle image velocimetry, clearly demonstrates the
influence of this pulsed jet.

Decrease of Form or Pressure Drag
Since turbulence transports high velocity fluid into the slowwake of a body, the wake
width becomes narrow and the pressure distribution is modified over the surface of
the body, thus decreasing its form drag coefficient CD . In the critical regime, CD can
decrease down to 0.60 whereas it remains at 1.20 in the subcritical or laminar regime.
Golf balls make a clever use of this phenomenon. Dimples promote transition of the
boundary layer from the laminar to the turbulent regime. In the case of a sphere, drag
crisis appears for ReD � 3× 105 with a drop in the drag coefficient, from 0.5 to 0.2.
The experiments mentioned in the previous paragraph are also used to deflect flows
and modify drag and lift of airfoils.

Increase in Thermal Exchanges
Turbulence can bring cold fluid towards a heated wall or conversely hot fluid towards
a cold wall, hence increasing heat transfer substantially. Thermal exchangers based
on tube bundles, plates or fins use this property. For a flat plate maintained at a
constant temperature within a flow parallel to it, the local Nusselt number comparing
the convective heat flux at the wall to a pure conductive transfer is given by the two
following semi-empirical expressions,

{
Nux1 � 0.324 Re1/2x1 Pr1/3 in the laminar regime,

Nux1 � 0.0292 Re4/5x1 Pr1/3 in the turbulent regime,

http://dx.doi.org/10.1007/978-3-319-16160-0_10
http://dx.doi.org/10.1007/978-3-319-16160-0_10
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where we recall that Rex1 = Ue1x1/ν is based on the distance from the leading
edge and Pr = μcp/λ the Prandtl number of the fluid. The Nusselt number rapidly
varies with the Reynolds number for a turbulent flow, hence indicating an increase
in thermal exchanges.

1.4.2 A Few Undesirable Effects

Increase in Wall Friction
Wall friction is greatly increased by turbulence. Indeed transverse velocity fluctu-
ations can bring a high velocity fluid close to the wall resulting in a stiffer mean
velocity profile and a higher wall shear-stress τ̄w . For a pipe flow the skin-friction
coefficient C f is defined by

C f = τ̄w

1
2ρU 2

d

with τ̄w = μ
∂Ūz

∂r

∣
∣
∣
∣
wall

(1.9)

where Ūz(r) is the mean longitudinal velocity. Figure1.15 illustrates the correlation
between the friction coefficient C f and the Reynolds number ReD = Ud D/ν, where
D is the pipe diameter and Ud the bulk velocity. In the laminar regime, one has
C f = 16/ReD which directly issues from the well-known parabolic velocity profile
of the Hagen-Poiseuille flow. In the turbulent regime, numerous laws have been
suggested over the years, such as the explicit relationC f � 0.0791Re−1/4

D byBlasius
and valid for 4000 ≤ ReD ≤ 105, and the implicit relationship [22, 30]

1

C1/2
f

� 4 log10(ReD C1/2
f ) − 0.40 (1.10)

Fig. 1.15 Skin-friction
coefficient C f for a circular
pipe as a function of the
Reynolds number ReD .
Laminar regime:
C f = 16/ReD . Turbulent
regime: Blasius’
relationship
C f � 0.0791Re−1/4

D ,
Eq. (1.11). Data from
McKeon et al. [645]
◦ Oregon facility and
♦ Princeton superpipe
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Recent experimental data have been obtained in Princeton’s superpipe [689] at
highReynolds numbers, by increasing thepressure of the air flowup to about 200bars,
and thus by increasing the Reynolds number ReD = ρUd D/μ up to 3.5 × 107 due
to an increase in the fluid density ρ at a constant temperature, noting that μ = μ(T ).
The following expression of C f is proposed by McKeon et al. [645]

1

C1/2
f

� 3.860 log10(ReD C1/2
f ) − 0.088 (1.11)

InChap.3, it will be seen that relation 1.11 provides accurate results for the friction
velocity uτ = √

τ̄w/ρ.

Turbulence and Acoustics
Turbulence generates broadband acoustic radiation, especially the so-called mixing
noise for subsonic flows [511], and its intensity increases with the velocity to the
power eight, which is certainly the most famous result derived from the aerody-
namic noise theory of Lighthill [546]. Lighthill’s wave equation can be seen as the
generalisation of the Poisson Equation (1.6) for a compressible medium,

∂2ρ′

∂t2
− c2∞∇2ρ′ = ∂2Tij

∂xi∂x j
with Tij = ρui u j + (p′ − c2∞ρ′)δij − τij

where ρ′ and p′ are respectively the fluctuations in density and in pressure, c∞ being
a speed of sound and τij the viscous stress tensor. The solution in free space can be
written as,

ρ′ (x, t) = 1

4πc2∞

∫

V

∂2Tij

∂yi∂y j

(

y, t − r

c∞

)
d y
r

and the time delay τ = r/c∞ related to the propagation of acoustic waves from a
fluid particle located at y to the observer located at x is now present.

Broadband shock-associated noise andMach waves are also present in supersonic
jets, and the sound pressure levels of the radiated sound field outside of the jet flow
are high enough to be directly visualized, as shown in Fig. 1.16. Acoustic propagation
is also affected, the sound field is refracted and scattered by turbulent flows through
velocity and temperature fluctuations. Source localizations by antenna or sonars for
offshore exploration must taken into account the presence of a non homogeneous
flow field. This phenomenon also exists in optics, where telescopes have to handle
perturbations caused by the fluctuations of the refractive index of air.

1.5 Introduction to the Inviscid Linear Stability�

Weconsider the linear growth of small perturbations around a base flow,which should
be in principle the laminar solution, and we want to know under what conditions the
disturbance will be able to grow. Such analysis enables a better understanding of the

http://dx.doi.org/10.1007/978-3-319-16160-0_3
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Fig. 1.16 Underexpanded supersonic round jet at Mach number 1.53 and Reynolds number ReD =
1.1 × 106. The nozzle pressure ratio is NPR � 3.83, the velocity is u j = 443 m · s−1, the total
temperature is Tt = 32.2 oC and the diameter D = 38 mm. For a convergent nozzle, shock-cells are
generated to adapt the exit pressure pe of the jet to the ambient pressure p∞. Small-scale turbulence
inside the jet is also visible. The intense radiated acoustic field can additionally be observed outside
of the flow. Courtesy of Benoît André and Thomas Castelain (LMFA)

Fig. 1.17 Kelvin-Helmholtz
instability occurring in the
formation of clouds.
Courtesy of Thomas
Castelain, during a flight
between Catania and Milan
(LMFA)

first phase of the boundary layer transition from the laminar to the turbulent regime
[54, 55]. These results are also used in numerical simulations of turbulent flows,
where specific frequencies are used in order to seed turbulence development [541]
at the inflow of the computational domain for instance. Kelvin-Helmholtz waves are
certainly the most famous instability waves observed in free shear flows, and it is
possible to see them in everyday life with some luck, see Fig. 1.17. These waves can
also generate noise in supersonic jets for instance, as shown in Fig. 1.16.
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1.5.1 Rayleigh Equation�

The considered base flow is a parallel two-dimensional flow with U1 = U1(x2),
U2 = U3 = 0, whereas the pressure p∞ and the density ρ∞ are supposed to be
constant. The time-dependent solution for the perturbed field is sought in the form
of normal modes

ρ′ = ρ̂(x2)e
i(kx1−ωt) u′

i = ûi (x2)e
i(kx1−ωt) p′ = p̂(x2)e

i(kx1−ωt)

The physical quantities are obtained by taking the real part of the previous expres-
sions. The decomposition ρ = ρ∞ + ρ′, u = U + u′ and p = p∞ + p′ is then
introduced into Euler’s equations,

ρ

(
∂u
∂t

+ u · ∇u
)

= −∇ p

and only linear terms are retained by assuming that the perturbations ρ′, u′ and p′
are small compared to the base flow variables. For the present two-dimensional case,
it may be more convenient to express the velocity perturbation using the stream
function ψ,

ψ = φ (x2) ei(kx1−ωt) with

⎧
⎪⎪⎨

⎪⎪⎩

u′
1 = ∂ψ

∂x2
= φ′ (x2) ei(kx1−ωt)

u′
2 = − ∂ψ

∂x1
= −ikφ (x2) ei(kx1−ωt)

and the perturbation of vorticity is then given by,

ω′ = ∂u′
2

∂x1
− ∂u′

1

∂x2
= −∇2ψ

Only two-dimensional perturbations are considered here, as they are known to be
the most unstable for the given base flow. Indeed, Squires [37] showed that any invis-
cid three-dimensional unstable perturbation corresponds to a more two-dimensional
unstable one. The perturbation field satisfies the linearized Euler’s equations,

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

∇ · u′ = 0

ρ∞
(

∂u′
1

∂t
+ U1

∂u′
1

∂x1
+ u′

2
dU1

dx2

)

+ ∂ p′

∂x1
= 0

ρ∞
(

∂u′
2

∂t
+ U1

∂u′
2

∂x1

)

+ ∂ p′

∂x2
= 0

and the Fourier transform with respect to x1 and t gives,
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⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ikû1 + dû2

dx2
= 0

−ikcû1 + ikU1û1 + û2
dU1

dx2
+ 1

ρ∞
ik p̂ = 0

−ikcû2 + ikU1û2 + 1

ρ∞
d p̂

dx2
= 0

where the complex c is defined so that ω = kc. It is possible to write an equation
on the transverse velocity û2 for instance, by differentiating the second equation
with respect to x2 and by substituting the remaining unknowns using the two other
equations. This yields,

(U1 − c)

(
d2û2

dx22
− k2û2

)

− d2U1

dx22
û2 = 0 (1.12)

which isRayleigh’s equation (1880). This equation is the startingpoint for the inviscid
stability studyof free shearflows. In the spatial theory,which is often themost relevant
using a local approach by comparison with experiments, the complex wavenumber
k = kr + iki is sought for a given real angular frequency ω in order to obtain
non trivial solutions of (1.12) satisfying the boundary conditions û2(x2) → 0 as
x2 → ±∞. The sign of the imaginary part ki of the wavenumber thus determines
the flow stability,

u′
2 = û2 (x2) e−ki x1 ei(kr x1−ωt)

Perturbation is spatially amplified if ki < 0, damped if ki > 0, and themarginal or
neutral stability is obtained for ki = 0. Hence ki represents the spatial amplification
or growth rate, and the phase velocity of the perturbation is given by cr = ω/kr .

A similar discussion arises in the temporal approach. The angular frequency ω =
ωr + iωi is then sought as a complex value for a given real wavenumber k. One of
the most famous result of the inviscid stability theory was pioneered by Rayleigh.
A necessary condition for observing instability waves is that the velocity profile U1
of the base flow has at least one inflection point. To demonstrate this result, the
Rayleigh Equation (1.12) is multiplied by û�

2, the conjugate of û2, and similarly, the
conjugate of the Rayleigh equation is multiplied by û2. This yields,

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

û�
2 û′′

2 − k2
∣
∣û2

∣
∣2 − 1

U1 − c

d2U1

dx22

∣
∣û2

∣
∣2 = 0

û2 û′′�
2 − k2

∣
∣û2

∣
∣2 − 1

U1 − c�

d2U1

dx22

∣
∣û2

∣
∣2 = 0

where û′′
2 = d2û2/dx22 , and by subtraction,
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û�
2 û′′

2 − û2 û′′�
2︸ ︷︷ ︸

(û′
2 û�

2)
′ − (û2 û′�

2 )′
− 2ici

|U1 − c|2
d2U1

dx22

∣
∣û2

∣
∣2 = 0

Hence, by integrating along the transverse direction x2 and taking into account
the boundary conditions for û2, the equation becomes

ci

∫ +∞

−∞

∣
∣û2

∣
∣2

|U1 − c|2
d2U1

dx22
dx2 = 0

A necessary condition for the growth of instability waves is the vanishing of the
integral, thus requiring that U1 has at least one inflection point, but nothing ensures
that ci > 0. A stronger necessary condition was later obtained by Fjørtoft (1950).
The following criterion

d2U1

dx22
(U1 − Us) < 0

must be satisfied somewhere on the velocity profile, where Us is the velocity at the
inflection point. For a monotonic velocity profile, it also means that the spanwise
vorticity Ωs = dUs/dx2 at the inflection point has to be a maximum rather than
a minimum [37, 55]. These two criteria given by Rayleigh and Fjørtoft are often
sufficient in practice for free shear flows, such as mixing layers and jets, and can be
extended for compressible flows, see Sect. 1.5.4. A last useful result to mention is
Howard’s semi-circle theorem (1961), which states that c must lie in the semi-circle,

[

cr − 1

2
(U1min + U1max)

]2

+ c2i ≤
[
1

2
(U1max − U1min)

]2

Some stability results dealing with classical base profiles are discussed hereafter.

1.5.2 Plane Mixing Layer�

Two-dimensional mixing layer is usually well described analytically by a hyperbolic
tangent profile, see Fig. 1.18, which can be written in the following general form,

U1 (x2) = U1 + U2

2
+ U1 − U2

2
tanh

(
x2
2δθ

)

= um

[

1 + Ru tanh

(
x2
2δθ

)]

(1.13)

where um is the mean velocity in the mixing layer, Ru a parameter associated with
the velocity difference ΔU = U1 − U2 in the shear zone, and δθ is the momentum
thickness of the shear layer,

um = U1 + U2

2
Ru = ΔU

2um
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δθ = 1

ΔU 2

∫ +∞

−∞
[U1(x2) − U2] [U1 − U1(x2)] dx2

The length scale δθ can also be expressed in terms of the vorticity thickness δω

defined as,

δω = 1

Ωmax

∫ +∞

−∞
Ωdx2

and for the hyperbolic tangent profile (1.13), δω = 4δθ. This profile has an inflection
point at x2 = 0, which also corresponds to a maximum of the spanwise vorticity, two
necessary conditions for the development of Kelvin-Helmholtz instability waves.

The evolution of the spatial wavenumber and of the amplification rate as a function
of frequency are shown in Fig. 1.19 for several values of the parameter Ru . For the
value Ru = 1, that is U2 = 0, the most amplified mode is obtained for ωδθ/um �
0.2067, corresponding to the frequency,

f0 � 0.033
um

δθ
� 0.132

um

δω

and the perturbation amplification over one wavelength λ = 2π/kr is

exp

(

−ki
2π

kr

)

� exp (2π × 0.1142/0.2016) � 35

In other words, the amplitude of the wave is multiplied by 35 each time it travels
a distance of one wavelength. The most amplified mode f0 is usually known as the
fundamental mode of the mixing layer. The phase velocity cr = ω/kr and the group
velocity vg ,

vg = dkr/dω

(dkr/dω)2 + (dki/dω)2

Fig. 1.18 Spatial growth of
instability waves in a plane
mixing layer. For a
hyperbolic tangent profile,
the vorticity thickness is
δω = 4δθ

λ = 2π/kr

δω

U1

U2

O

x2

x1
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Fig. 1.19 Spatial amplification for the hyperbolic tangent velocity profile (1.13). On the left side,
the amplification rate normalized by the parameter Ru , −ki δθ/Ru and on the right, the real part of
the wavenumber kr δθ in terms of the adimensional frequency ωδθ/um . Computations for Ru = 0.5
to Ru = 1 with a step of 0.1; the values calculated by Michalke [48] for Ru = 1 corresponds to •
symbols

0.0 0.1 0.2 0.3 0.4 0.5
0.00
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0.08
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ωδθ/um

Fig. 1.20 Stability of the hyperbolic tangent velocity profile (1.13) for Ru = 1. Amplification
−ki δθ of the spatial growing mode in solid line, and of the temporal growing mode ωi δθ/vg in
dashdot line, as a function of the adimensional frequency ωδθ/um . Points calculated by Michalke
[47, 48] are in • symbols, the vortex sheet solution valid as ω → 0, is plotted in dashed lines

that is the velocity at the point corresponding to the maximum amplitude of a wave
packet, are functions of the frequency, thus highlighting the dispersive nature of these
waves. For the most amplified frequency f0, cr � um and vg = (dkr/dω)−1 �
0.66um . The value of the phase velocity can be estimated by measuring the dis-
placement of local maxima of vortices at frequency f0. The value predicted by the
linear stability theory is in good agreement with numerical simulations [470]. An
illustration is given later in Sect. 5.4.

Finally, stability analysis based on spatial and temporal growing modes is dis-
played in Fig. 1.20 by using Gaster’s transformation [38], which only holds true for
small amplification rates, that is in the neighbourhood of neutral points.

http://dx.doi.org/10.1007/978-3-319-16160-0-5
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1.5.3 Plane Jet�

The initial development of a plane jet can also be described by a hyperbolic tangent
velocity profile,

U1

U j
= 1

2

{

1 + tanh

[
h0

2δθ

(

1 − |x2|
h0

)]}

(1.14)

whereU j is the jet exit velocity, h0 the jet half-width and δθ the momentum thickness
of the shear layer. This symmetrical velocity profile has two inflection points, and
thus two oscillation modes; namely a symmetrical or varicose mode, and an antisym-
metrical or sinuous mode. The symmetrical mode is obtained by imposing u′

2 = 0 on
the axis of symmetry, or equivalently û2 = 0 at x2 = 0. The antisymmetrical mode is
obtained by imposing u′

1 = 0 on the axis of symmetry, or equivalently dû2/dx2 = 0
at x2 = 0 according to the continuity equation.

An important parameter in the present case is the ratio h0/δθ between the jet half-
width and the characteristic length scale of the shear layer. For large values of h0/δθ,
the two mixing layers are generally considered as quasi-independent, and behave as
in the basic hyperbolic tangent shear profile (1.13) with U j = 2um and Ru = 1.

1.5.4 Generalisation of the Rayleigh Equation�

In this last paragraph, the generalisation of the Rayleigh equation to compressible
perturbations is briefly introduced for a axisymmetrical base flow, Ur = Uθ = 0
and Uz = U (r) in cylindrical coordinates. Mean pressure p∞ is supposed to be
constant in the flow but a mean density profile �(r) is now considered in the decom-
position of the density, ρ = �(r) + ρ′. A solution for compressible perturbations
(ρ′, u′

r , u′
θ, u′

z, p′) is still sought as normal modes, e.g. one has for the pressure,

p′ = p̂ (r) ei(kz+nθ−ωt) with n ∈ IN

In a similar manner to what was undertaken in Sect. 1.5.2, the variable decompo-
sition is introduced in Euler’s equation and the energy conservation equation, and
only linear terms are retained. Hence,
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂ρ′

∂t
+ U

∂ρ′

∂z
+ u′

r
d�

dr
+ �∇ · u′ = 0

�
∂u′

r

∂t
+ �U

∂u′
r

∂z
+ ∂ p′

∂r
= 0

�
∂u′

θ

∂t
+ �U

∂u′
θ

∂z
+ 1

r

∂ p′

∂θ
= 0

�
∂u′

z

∂t
+ �u′

r
dU

dr
+ �U

∂u′
z

∂z
+ ∂ p′

∂z
= 0

∂ p′

∂t
+ U

∂ p′

∂z
+ γ p∞∇ · u′ = 0

By taking their Fourier transform with respect to z, θ and t , these equations
become,

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−iωρ̂ + ikU ρ̂ + ûr
d�

dr
+ �∇⊥ · û = 0

−iωûr + ikUûr + 1

�

d p̂

dr
= 0

−iωûθ + ikUûθ + i
1

�

n

r
p̂ = 0

−iωûz + ûr
dU

dr
+ ikUûz + 1

�
ik p̂ = 0

−iω p̂ + ikU p̂ + γ p∞∇̂ · û = 0

From this system, the density ρ̂ and the three velocity components ûr , ûθ and ûz

can be expressed in terms of the pressure perturbation p̂,

ρ̂ = −1

�

d�

dr

1

(kU − ω)2
d p̂

dr
+ p̂

c2
(1.15)

�ûr = i
1

kU − ω

d p̂

dr
(1.16)

�ûθ = −n

r

p̂

kU − ω
(1.17)

�ûz = − 1

(kU − ω)2
dU

dr

d p̂

dr
− k p̂

kU − ω
(1.18)

where c = c(r) is the mean speed of sound defined by c2 = γ p∞/�. The equation
governing the pressure p̂ may then be obtained through the energy conservation
equation,

i (kU − ω) p̂ + γ p∞∇⊥ · û = 0

that is, by replacing the term ∇⊥ · û by its definition,
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i (kU − ω) p̂ + γ p∞
[
1

r

d

dr

(
r ûr

) + i
n

r
ûθ + ikûz

]

= 0

The velocity components can then be eliminated according to the previous expres-
sions (1.16)–(1.18), which yields

d2 p̂

dr2
+

[
1

r
− 1

�

d�

dr
− 2k

kU − ω

dU

dr

]
d p̂

dr
−

[

k2 + n2

r2
− (kU − ω)2

c2

]

p̂ = 0 (1.19)

This equation is a generalisation of Rayleigh’s Equation (1.12) to include com-
pressibility effects for free shear flows [36, 50]. Equation (1.19) describes not only
spatial growing instability waves within the flow, but also propagation of acoustic
perturbations through the base flow. Without going into details here, Equation (1.15)
is reduced to ρ̂ = p̂/c2 by neglecting the mean density gradient term, a relation
which governs acoustic fluctuations. A generalized inflection point theorem based
on this equation can also be stated as follows [34],

d

dr

(
ρ

n2 + k2ρ2
dU

dr

)

= 0

in the framework of temporal stability.
Evolution of the wavenumber as function of the frequency for the two first modes

n = 0 and n = 1, is shown in Fig. 1.21. The base profile of the axisymmetric jet is
taken as follows,

U

U j
= 1

2

{

1 + tanh

[
r0
2δθ

(

1 − r

r0

)]}
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Fig. 1.21 Axisymmetric compressible jet with r0/δθ = 20 and Tt = T∞, where Tt is the jet
stagnation or total temperature and T∞ the temperature of the ambient medium at rest. Evolution
of the amplification rate −ki δθ for the plane mode n = 0 (left) and the first azimuthal mode n = 1
(right). The Mach number of the jet varies from M j = 0.9 up to M j = 2.1 with a step of 0.3; The
frequency is also given in terms of Strouhal number St = 2r0 f/u j
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where U j is the jet exit velocity and r0 the radius of the jet. The density profile is
provided by the Crocco-Busemann relation. Stability theory predicts the domination
of the first azimuthal mode n = 1 as the Mach number M j increases for cold jets.

The reader may continue on this topic by reading Huerre et al.[41–43] for the
distinction between convective and absolute instabilities, and the work of Tam et al.
[57, 59, 60] for compressibility effects in jets and mixing layers.

1.6 Orr-Sommerfeld Equation�

The stability study of wall flows, but also that of wakes or jets at low Reynolds
number, requires the inclusion of viscous effects. Under the same hypothesis of
linearization as in Sect. 1.5, the incompressible perturbations are now governed by
the Orr (1907) and Sommerfeld (1908) equation,

(
U �
1 − c�

)
(

d2u�
2

dx�
2
2 − k�2u�

2

)

− d2U �
1

dx�
2
2 û�

2 = 1

ik� Reδ1

(
d2u�

2

dx�
2
2 − k�2u�

2

)2

(1.20)

written using dimensionless variables, denoted by a superscript �. The displacement
thickness δ1 of the boundary layer is the reference length scale, and the free stream
velocity of the base flow Ue1 is the reference velocity scale, and Reδ1 = Ue1δ1/ν.
Stability analysis is often more tricky than for inviscid flows and is beyond the scope
of the present course [37, 39, 55].

As an illustration, we consider the temporal stability analysis of a laminar bound-
ary layer growing on a flat plate without pressure gradient, the corresponding base
flow is thus the Blasius velocity profile. The Orr-Sommerfeld Equation (1.20) can
be recast in the following form,

−1

ik� Reδ1

(L�
2û�

2

)2 + Ū �
1 L�

2û�
2 − d2Ū �

1

dx�
2
2 û�

2 = c� L�
2û�

2 (1.21)

where L�
2 = d2/dx�

2
2 − k�2. The numerical approach consists in solving an eigen-

value problem, where c� = c�
r + ic�

i is the desired eigenvalue. Therefore, for each
value of the Reynolds number Reδ1 and of the axial wavenumber k� = kδ1, the
stability is determined by the sign of c�

i = Im(c�). Iso-contours of the amplification
or growth rate c�

i = ci/Ue1 are represented as functions of the pair (Reδ1, kδ1)
in Fig. 1.22. The critical Reynolds number Rec

δ1
� 519.4 is obtained for kcδ1 �

0.303, which yields a wavelength of λ � 7.3δ at the start of transition for the
Tollmien-Schlichting instability waves, by using (1.7) to compute the boundary
layer thickness δ. The critical phase velocity is c�

r /Ue1 � 0.3965 and the criti-
cal angular frequency is ω�δ1/Ue1 � 0.12. This frequency is also often expressed
as F = ω/Reδ1 = ων/U 2

e1. The largest possible wavenumber is krδ1 � 0.36,
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Fig. 1.22 Temporal stability of a laminar boundary layer growing on a flat plate without pres-
sure gradient. The Orr-Sommerfeld Equation (1.21) is solved by a Chebyshev matrix collo-
cation method. The closed curves represent contours of constant growth rate at ci /Ue1 =
[0.005, 0.01, 0.015, 0.020, 0.023], as a function of theReynolds numberReδ1 = Ue1δ1/ν and of the
dimensionless wavenumber kδ1. The neutral curve is in black, and the critical value of the Reynolds
number is Rec

δ1
� 519.4, associated with a critical value of the wavenumber kcδ1. Isocontours of

the phase velocity in the x direction are also plotted for cr /Ue1 = [0.15, 0.20, 0.25, 0.30, 0.35]

which corresponds to the smallest wavelength λ � 6.2δ for instabilities. Tollmien-
Schlichting waves have thus a rather large wavelength compared to δ.

A good agreement is obtained if the wavenumber k of the perturbation is well
controlled in experiments, and if nonparallel effects are included in the theory [37],
yielding a lower value of the critical Reynolds number Reδ1 � 400. In practice,
the transition from the laminar regime to the turbulent regime is found near Rex1 �
3 − 5 × 105 or equivalently near Reδ1 � 1000, and the transition is completed for
Rex1 � 3 × 106. The reader may refer to the comprehensive reviews by Wazzan
[62], Arnal [31] and Reed et al. [54] to continue with this topic.



Chapter 2
Statistical Description of Turbulent Flows

This chapter focuses on the statistical approach to turbulence. On the one hand, it
seeks to describe the evolution of mean and turbulent fields, and on the other, to
highlight the transfer terms between these two fields. This splitting, introduced in
1883byReynolds, is not unique, nor themost satisfactory.Other flowdecompositions
are given in Chaps. 8 and 9. Nevertheless, the Reynolds approach is still to this date
the only one allowing simple statistical assessments of fluid dynamic equations.

2.1 Method of Taking Averages

Any variable occurring in a turbulent field, such as velocity, pressure or temperature,
is a random function of position x and time t . The first method to define an average
is thus based on a probabilist approach. This means that the same experiment is
repeated a larger number of times providing independent realizations of the field.
The statistical mean F̄(x, t) of a variable f (x, t) is then defined as

F̄ (x, t) = lim
N→∞

1

N

N∑

i=1

f (i) (x, t)

where f (i) is the i th realization. This average will be the one employed throughout
this chapter because of convenience when manipulating equations. It is however
difficult to be implemented in concrete experiments. Two othermethods are therefore
involved in special cases. When the turbulent field is stationary, i.e. when time t does
not enter into F̄ , a temporal average is possible, leading to

F̄T (x) = lim
T →∞

1

T

∫ t0+T

t0
f
(
x, t ′

)
dt ′
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where T is the observation time over only one realization. As an example, a sensor is
placed at location x in a jet operated by a constant power supply. The duration T has to
be large to permit F̄T to approach F̄ . The exact demonstration relies on the hypothesis
of ergodicity, which is developed at large by Lumley in his book on stochastic tools
in turbulence [77]. Practically, a tangible requirement is that points at sufficiently
large separation be uncorrelated. As a result, time T has to be much greater than the
largest turbulent time scale encountered in the turbulent field. Moreover this time
T depends on the nature of the considered variable f . Even simply for velocity, T
differs for measurements dealing with u(x, t) and measurements involving u′2(x, t)
or u′4(x, t).

When the turbulent field is homogeneous, i.e. when position x does not enter into
F̄ , a spatial average is possible leading to

F̄V (t) = lim
V →∞

1

V

∫

V
f
(
x′, t

)
dx′

As above, the volume V has to be large relative to the turbulent spatial scales
involved in the variable f which is considered. The spatial average is generally
employed when running computations which generally provide a knowledge of the
turbulent field f at all points x, and moreover at all times t in the volume V . An
example is the turbulence decay in a large box after the initial excitation is turned off.

In the Reynolds decomposition, any physical variable f can be split into its mean
part F̄ and its fluctuation part f ′, i.e. f = F̄ + f ′ with f ′ = 0. As a convention
for what follows, capital letters are employed as often as possible when designating
mean physical quantities, in addition to the bar related to the mean operator. It is
important to note that in this context, the mean part represents what is reasonably
calculable, or at least the deterministic part, as opposed to the random or incoherent
fluctuations which will be either modelled or measured.

Some important properties of the averaging operator are now listed. For two ran-
dom variables f = f (x, t) and g = g (x, t) and a constant α, one easily establishes,

(i) f + g = F + G
(ii) α f = αF

(iii) Fg = F G

(iv)
∂ f

∂t
= ∂F

∂t

∂ f

∂xi
= ∂F

∂xi

(v)
∫

f dt =
∫

Fdt
∫

f dxi =
∫

Fdxi

Moreover, an important practical rule which will often be employed later on,
concerns the product of two variables f and g,

f g = F̄ Ḡ + f ′g′ (2.1)
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The alert reader may have noticed that the presence of a nonlinear term in the
equations does not allow expression of the product as a function of F̄ and Ḡ only,
but introduces a new second-moment term f ′g′.

2.2 Reynolds Averaged Navier-Stokes Equations

Prior to considering the implications for turbulence of the Reynolds decomposition
in a mean part and a fluctuating part, the fluid dynamics equations must be clearly
stated. The reader can refer to classical textbooks in order to review the different
local forms of these equations.

2.2.1 The Fluid Dynamics Equations

The fluid dynamics equations take the following forms whether they concern mass,
momentum or energy conservation [5],

∂ρ

∂t
+ ∇ · (ρu) = 0 (2.2)

∂ (ρu)

∂t
+ ∇ · (ρu ⊗ u) = −∇ p + ∇ · τ (2.3)

∂ (ρh)

∂t
+ ∇ · (ρhu) = −∇ · q + ∂ p

∂t
+ u · ∇ p + ∇u : τ (2.4)

where ρ, u, p and h designate density, velocity, pressure and enthalpy, respectively.
No volume force such as gravity is considered here. The viscous stress tensor τ is
expressed for a Newtonian fluid as,

τ = μ
[∇u + (∇u)t]+ λ2∇ · u

= μ

[

∇u + (∇u)t − 2

3
(∇ · u) I

]

+ μb(∇ · u) I (2.5)

where μ, λ2 and μb = λ2 + 2μ/3 designate the dynamic viscosity, the second
viscosity and the bulk viscosity, respectively. To make clear the compact tensorial
notations, let us explicit the convective term in (2.3) and the dissipation term in (2.4),

[∇ · (ρu ⊗ u)]i = ∂

∂x j
(ρui u j ) ∇u : τ = ∂ui

∂x j
τi j

By substituting expression (2.5) into the Navier-Stokes equation (2.3), the ther-
modynamic pressure is now distinct from the effective or mechanical pressure given
by p − μb∇ · u. The classical approach consists in taking μb = 0, according to the
Stokes hypothesis, and the viscous stress tensor is then simply expressed as,
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τ = μ
[∇u + (∇u)t ]− 2

3
μ (∇ · u) I (2.6)

However, except for a monoatomic gas [71], this assumption is experimentally
not satisfied [72, 74] when the determination of μb is carried out by measuring sound
absorption. It should be noted that this discussion only occurs for compressible flows.
Expression (2.5) directly provides the expression of τ for an incompressible flow,
thus satisfying ∇ · u = 0. In addition, if the fluid is not Newtonian, in such case
as water flows containing polymers or bubbles for drag reduction, other constitutive
equations have to be used.

The fluid is presumed to act as an ideal gas, i.e. p = ρrT , and the conductive
heat flux is supposedly described by the Fourier law q = −λ∇T . In these relations,
r is the ideal gas constant of the studied fluid and λ its thermal conductivity. The use
of the enthalpy variable h to write the conservation of energy enables to obtain the
temperature T directly by using the relation dh = cpdT, where cp is the specific heat
for a constant pressure. The energy conservation equation can be written in many
other forms such as [5],

∂(ρe)

∂t
+ ∇ · (ρeu) = −∇ · q − p∇ · u + ∇u : τ (2.7)

∂(ρet )

∂t
+ ∇ · (ρet u) = ∇ · [−q − p u + τ · u

]
(2.8)

where e = cvT and et = e + u2/2 are the internal energy and the total energy
respectively, with ρet = p/ (γ − 1) + ρu2/2 for an ideal gas.

In addition, the following rule obtained by using Eq. (2.2) for any variable f , will
also be frequently employed,

∂ (ρ f )

∂t
+ ∇ · (ρ f u) = ρ

(
∂ f

∂t
+ u · ∇ f

)

(2.9)

In order to simplify algebra in this statistical study, the flow is assumed incom-
pressible, i.e.∇ ·u = 0. Compressible flows, which aremore complex, will be briefly
described in Chap.9 as applied to statistical modelling, see Sect. 9.3.1. Therefore,
the following will now focus essentially on the Navier-Stokes equation. The case of
a dilatable fluid including buoyancy effects, that is to say for which ρ = ρ(T ), can
be treated as an exercise in order to practice the course.

Some results of continuum mechanics concerning the viscous stress tensor are
briefly recalled as to conclude this section. The velocity gradient tensor can be decom-
posed in the sum of a symmetrical part, the deformation or rate-of-strain tensor eij,
and an anti-symmetrical part, the vorticity tensor ωij,

∂ui

∂x j
= 1

2

(
∂ui

∂x j
+ ∂u j

∂xi

)

︸ ︷︷ ︸
ei j

+ 1

2

(
∂ui

∂x j
− ∂u j

∂xi

)

︸ ︷︷ ︸
ωi j

http://dx.doi.org/10.1007/978-3-319-16160-0_9
http://dx.doi.org/10.1007/978-3-319-16160-0_9
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A physical interpretation of the velocity gradient tensor is given in Sect. 5.3.
The vorticity tensor is linked to the vorticity vector ω = ∇ × u through the two
relations below,

ωij = 1

2
εijkωk ωk = 1

2
εijkωij

Moreover, it is convenient to split the deformation tensor eij into its isotropic and
deviatoric parts by writing,

eij = eIij + eDij = 1

3
ekkδij +

(

eij − 1

3
ekkδij

)

(2.10)

The isotropic or spherical part eIij expresses the volume change since

tr(eI) = eIij δij = 1

3
ekk (1 + 1 + 1) = ∂uk

∂xk
= ∇ · u

whereas the deviatoric part eDij is such as tr(eD) = 0, and is also symmetric. From
now on, the deviatoric part of the velocity gradient tensor will be denoted sij,

sij ≡ eDij ≡ 1

2

(
∂ui

∂x j
+ ∂u j

∂xi

)

− 1

3
(∇ · u)δij (2.11)

As is clear from the constitutive relation (2.6), the viscous stress tensor is linearly
linked to this tensor sij by,

τij = 2μsij (2.12)

for a Newtonian fluid satisfying Stokes’s hypothesis. At last, the dissipation term
∇u : τ appearing in the energy conservation equation (2.4) is always positive, and
this result is straightforward by noting that the viscous tensor is symmetric

∇u : τ = ∂ui

∂x j
τij = ∂u j

∂xi
τji = eijτij = sijτij

and thus ∇u : τ = 2μs2ij ≥ 0. This dissipation term represents the quantity of
mechanical energy transformed into thermal energy by viscous effects, and it is
necessarily positive because of the second thermodynamic principle. By developing
this expression, is obtained

∇u : τ = 2μ

(

e2ij − 1

3
e2kk

)

= 2μ

[

e2ij − 1

3
(∇ · u)2

]

A final remark is to observe that there is no distinction between eij and eDij ≡ sij

for an incompressible flow of a Newtonian fluid.

http://dx.doi.org/10.1007/978-3-319-16160-0_5


38 2 Statistical Description of Turbulent Flows

2.2.2 Averaged Equations

Toderive averaged equations, theReynolds decomposition is applied to velocity ui =
Ūi + u′

i and pressure p = P̄ + p′, as well as to the viscous tensor τij = τ̄ij + τ ′
ij. The

flow is considered incompressible and density is supposed to be constant. However,
we will try to keep general expressions as far as possible in the development. Firstly,
from the incompressibility condition,

∂

∂xi

(
Ūi + u′

i

) = 0

one obtains by averaging the equation,

∂Ūi

∂xi
= 0 and then,

∂u′
i

∂xi
= 0

by substraction of the two first equations. Therefore, the instantaneous fluctuating
velocity field is incompressible. This property will be employed very often later on.
In the same way, from the mass conservation equation (2.2)

∂

∂x j

[
ρ
(

Ū j + u′
j

)]
= 0

and from the momentum conservation equation (2.3)

∂

∂t

[
ρ
(
Ūi + u′

i

)]+ ∂

∂x j

[
ρ
(
Ūi + u′

i

)(
Ū j + u′

j

)] = −∂
(
P̄ + p′)

∂xi
+ ∂

(
τ̄i j + τ ′

i j

)

∂x j

(2.13)

the averaging operation leads to the Reynolds averaged equations,

∂

∂x j

(
ρŪ j

) = 0 (2.14)

∂
(
ρŪi
)

∂t
+ ∂

(
ρŪi Ū j

)

∂x j
= −∂ P̄

∂xi
+ ∂

∂x j

[
τ̄i j − ρu′

i u
′
j

]
(2.15)

The new unknown −ρu′
i u

′
j issued from the convective nonlinear term in (2.3),

is called the Reynolds stress tensor. Generally this term is larger than the mean
viscous stress tensor except for wall-bounded flows, where viscosity effects become
preponderant close to the wall. The no-slip boundary condition indeed requires that
u′

i u
′
j → 0 at the wall.

Due to the appearance of the new unknown −ρu′
i u

′
j , the set of equations giving

the mean velocity field Ūi cannot be solved, and there are more unknowns than
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equations. In short, this is called a closure problem. Two strategies can then be
pursued to surmount the difficulty. The first comes from Boussinesq, and consists of
modelling the Reynolds tensor −ρu′

i u
′
j . Details are given in Sect. 2.5. The second

one consists in writing an equation for this unknown tensor, i.e. a transport equation
for the Reynolds stress tensor−ρu′

i u
′
j . However, as one can guess, this new equation

will introduce third-moment terms in velocity fluctuations, as shown later with the
triple correlation term in Eq. (2.19) for instance, which still requires a closure.

Themean kinetic energy of the fluctuating field kt , also called the turbulent kinetic
energy,

kt ≡ u′
i u

′
i

2
= u′2

1 + u′2
2 + u′2

3

2
(2.16)

can be introduced through the contraction of the Reynolds stress tensor

−ρu′
i u

′
j δi j = −2ρkt

It therefore appears instructive to continue the presentation by considering the
kinetic energy budget of the mean flow as well as the kinetic energy budget of the
fluctuating field.

2.3 Kinetic Energy Budget of the Mean Flow

The equation which describes the kinetic energy ρŪ 2
i /2 of the mean flow can be

obtained by multiplying the averaged Navier-Stokes equation (2.15) in the i th direc-
tion by the mean velocity Ūi component,

Ūi ×
{

∂
(
ρŪi
)

∂t
+ ∂

(
ρŪi Ū j

)

∂x j
= −∂ P̄

∂xi
+ ∂

∂x j

[
τ̄i j − ρu′

i u
′
j

]
}

From the mass conservation equation (2.14), a rule similar to relation (2.9) can
easily be derived for an arbitrarily mean flow quantity F̄ ,

∂
(
ρF̄
)

∂t
+ ∂

∂xi

(
ρŪi F̄

) = ρ
∂ F̄

∂t
+ ρŪi

∂ F̄

∂xi
≡ d̄

d̄t
(ρF̄) (2.17)

and is here used to rearrange the left-hand side of the previous equation in a
conservative form,
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Ūi ×
{

∂(ρŪi )

∂t
+ ∂(ρŪi Ū j )

∂x j

}

= ρŪi
∂Ūi

∂t
+ ρŪi Ū j

∂Ūi

∂x j

= ρ
∂

∂t

(
Ū 2

i

2

)

+ ρŪ j
∂

∂x j

(
Ū 2

i

2

)

= ∂

∂t

(
ρŪ 2

i

2

)

+ ∂

∂x j

(

Ū j
ρŪ 2

i

2

)

The other terms can be rewritten thanks to the incompressibility condition for the
mean flow, and as a result, the kinetic energy budget can be recast in the following
form,

∂

∂t

(
ρŪ 2

i

2

)

+ ∂

∂x j

(

Ū j
ρŪ 2

i

2

)

= ρu′
i u

′
j

∂Ūi

∂x j
︸ ︷︷ ︸

(a)

− τ̄ij
∂Ūi

∂x j
︸ ︷︷ ︸

(b)

(2.18)

− ∂
(
Ūi P̄

)

∂xi︸ ︷︷ ︸
(c)

+ ∂

∂x j

(
Ūi τ̄ij

)

︸ ︷︷ ︸
(d)

− ∂

∂x j

(
Ūiρu′

i u
′
j

)

︸ ︷︷ ︸
(e)

Intentionally, let us first consider the last three terms (c), (d) and (e). They respec-
tively represent the power of pressure forces, viscous forces and Reynolds stress
forces. It is important to observe that these terms are zero for a homogeneous mean
flow. Indeed, they represent pure diffusion transfers and are actually written as a flux
divergence form. As a result, the most important terms are term (a) which represent
a transfer between the mean flow and the fluctuating flow, and the term (b) which
represents the viscous dissipation of the mean flow.

In order to correctly understand the transfer term between the mean field and the
turbulent field, it is useful to write down the equation governing the turbulent kinetic
energy of the fluctuating field.

2.4 Kinetic Energy Budget of the Fluctuating Field

The turbulent kinetic energy kt is defined by relation (2.16) and its governing equation
can be obtained by writing the general equation for the Reynolds stress tensor, and
then contracting indices, the minus sign of −ρu′

i u
′
j being left off.
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2.4.1 Transport Equation of Reynolds Stresses

The Navier-Stokes equation governing the component u′
i is obtained by subtracting

to the initial equation (2.13) its averaged equation (2.15), which leads to,

∂
(
ρu′

i

)

∂t
+ ∂

∂xk

[
ρ
(
u′

i Ūk + Ūi u
′
k + u′

i u
′
k

)] = −∂ p′

∂xi
+ ∂

∂xk

(
ρu′

i u
′
k + τ ′

ik

)

and this equation is denoted as (Σi ). The dummy summation index is now denoted
as k to avoid any confusion with the index j considered in the Reynolds stress
component −ρu′

i u
′
j . Similarly, we can obtain the equation governing the component

u′
j , denoted as (Σ j ). The transport equation is then obtained by forming u′

j Σi +u′
iΣ j

and by applying the average operator. More specifically, the three following groups
are first rearranged,

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

u′
j

∂

∂xk

(
ρu′

i Ūk
)+ u′

i
∂

∂xk

(
ρu′

j Ūk

)
= ∂

∂xk

(
ρu′

i u
′
j Ūk

)

u′
j

∂

∂xk

(
ρŪi u

′
k

)+ u′
i

∂

∂xk

(
ρŪ j u

′
k

) = ρu′
j u

′
k
∂Ūi

∂xk
+ ρu′

i u
′
k
∂Ū j

∂xk

u′
j

∂

∂xk

(
ρu′

i u
′
k

)+ u′
i

∂

∂xk

(
ρu′

j u
′
k

)
= ∂

∂xk

(
ρu′

i u
′
j u

′
k

)

then applying the averaging operator and using the incompressibility condition, one
gets

∂
(
ρu′

i u
′
j

)

∂t
+ ∂

∂xk

(
ρu′

i u
′
j Ūk

)
= Pij + Tij + Πij + Dij − ρεij (2.19)

where the different terms in the right-hand side are defined as,

Pi j = −
(

ρu′
j u

′
k

∂Ūi

∂xk
+ ρu′

i u
′
k

∂Ū j

∂xk

)

Tij = − ∂

∂xk

(
ρu′

i u
′
j u

′
k

)

Πij = −
(

u′
j
∂ p′
∂xi

+ u′
i
∂ p′
∂x j

)

Dij = ∂

∂xk

(
u′

jτ
′
ik + u′

iτ
′
jk

)

ρεij = τ ′
ik

∂u′
j

∂xk
+ τ ′

jk

∂u′
i

∂xk
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An interpretation of this budget is presented in Sect. 2.6 for the plane channel
flow. This equation can be numerically solved, as an alternative to the modelling of
Reynolds stress tensor −ρu′

i u
′
j . However, and as already mentioned in Sect. 2.2.2,

this equation contains a triple correlation term Tij, which requires a closure.

2.4.2 Budget of the Turbulent Kinetic Energy

The transport equation for kt is directly deduced from (2.19) by contracting the
indices and keeping the half-sum, namely d̄(ρkt )/d̄t = (Pii+Tii+Πii+Dii−ρεii)/2.
It yields,

d̄(ρkt )

d̄t
= − ρu′

i u
′
k

∂Ūi

∂xk︸ ︷︷ ︸
(a)

− τ ′
ik

∂u′
i

∂xk︸ ︷︷ ︸
(b)

− 1

2

∂

∂xk
ρu′

i u
′
i u

′
k

︸ ︷︷ ︸
(c)

− u′
i
∂ p′
∂xi︸ ︷︷ ︸

(d)

+ ∂

∂xk
u′

iτ
′
ik

︸ ︷︷ ︸
(e)

(2.20)

Moreover, the pressure term (d) can be rearranged as follows,

Π = u′
i
∂ p′
∂xi

= ∂

∂xi
u′

i p′ − p′ ∂u′
i

∂xi
= ∂

∂xi
u′

i p′ (2.21)

and the three terms (c), (d) and (e) can then be rewritten as the divergence of a
flux vector ∇ ·J̄ = T + Π + D to show that they are transport terms. The triple
velocity correlation T represents the diffusion of the turbulent kinetic energy by
the fluctuating velocity, and the terms Π and D can be associated with diffusion
effects through the pressure and the viscous stresses. For homogeneous turbulence,
∇ ·J̄ ≡ 0, the convection of the turbulent kinetic energy is then only balanced by,

d̄(ρkt )

d̄t
= −ρu′

i u
′
j

∂Ūi

∂x j
− τ ′

i j

∂u′
i

∂x j
(2.22)

namely the transfer term P between the mean field and the turbulent field on the one
hand, see comments of Eq. (2.18), and the viscous dissipation per unit of mass of
the turbulent kinetic energy on the other hand, denoted ρε. This quantity is always
positive,

ρε = τ ′
ij

∂u′
i

∂x j
= 2μs′

ij
2 ≥ 0 (2.23)

A simplified expression of the dissipation ε, which is often used in practice, is
briefly introduced in Eq. (2.26), and discussed later in Sect. 6.5.

By comparing Eqs. (2.18) and (2.20), the energy exchanged between the mean
field and the turbulent field can only be carried on through the term P . This term
is generally positive, corresponding to an energy supply from the mean field to the

http://dx.doi.org/10.1007/978-3-319-16160-0_6
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turbulent one, and is called, by abuse of language, the production term. A simple
heuristic argument shows that this is true for a sheared flow. Let us take, for example,
the case of a boundary layer where dŪ1/dx2 > 0, and imagine that a fluid particle
gets through the grey line from bottom to top, as shown in Fig. 2.1. Thus u′

2 > 0, and
this particle finds itself in themidst of amaterial animated by a greater mean velocity,
thus having a deficit in longitudinal velocity, leading to u′

1 < 0 and u′
1u′

2 < 0. The
same reasoning can be applied to a fluid particle going through to the grey line from
top to bottom, or to other flows with a negative mean velocity gradient such as jets.
Finally, the P production term appears to be rather positive.

The principal terms that have been highlighted in the analysis of the kinetic energy
budgets for the mean and the turbulent fields are resumed in Fig. 2.2. The rule (2.1)
is again illustrated here with the dissipation induced by viscous effects,

τij
∂ui

∂x j
= τ̄ij

∂Ūi

∂x j
+ τ ′

ij

∂u′
i

∂x j
= τ̄ij

∂Ūi

∂x j
+ ρε

which is split into two contributions in the budget of the kinetic energy of the mean
flow (2.18) and of the turbulent flow (2.20). These two terms are production terms
in the transport equation for the mean temperature, as shown later in Sect. 9.2.3.

2.5 Turbulent Viscosity: The Boussinesq Model

The most famous and widely used closure for the Reynolds stress tensor is based
on the concept of a turbulent viscosity, introduced by Boussinesq. This hypothesis
involves expressing the Reynolds stress tensor by analogy with the viscous stress τ .

x1

x2
Ū1

dŪ1

dx2
> 0

u2 > 0

u1 < 0
u1u2 < 0

P = −ρu1u2
dŪ1

dx2
> 0

Fig. 2.1 Sketch of a fluid particle moving inside a boundary layer, and heuristic argument to
estimate the sign of the production term P

http://dx.doi.org/10.1007/978-3-319-16160-0_9
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It is therefore assumed that

− ρu′
i u

′
j = 2μt S̄ij −2

3
ρktδij

︸ ︷︷ ︸
(a)

(2.24)

whereμt is called the dynamic turbulent viscosity or the eddy viscosity. The isotropic
term (a) is necessary to satisfy the condition −ρu′

i u
′
i = −2ρkt by contraction of the

indices, that is for i = j and taking the summation over i .
The turbulent viscosity seems on first approach to be a function of the flow μt =

μt (x, t), as opposed to themolecular viscosity which is an intrinsic physical property
of the fluid. A great challenge in turbulence is to derive a comprehensive formulation
for μt , and examples will be given in the next chapters. Closure based on a turbulent
viscosity model is presented here because it is the basis of most turbulent models
used in numerical simulations of the Reynolds averaged Navier-Stokes equations.
Chapter9 treats in detail this issue, but it seems important to already note some
consequences of such modelling for the Reynolds stress tensor since the reference
to a turbulent viscosity is made throughout the textbook. Note also that approaches
following in large eddy simulation are definitively different, and will be discussed
in Chap.8.

Replacing the six unknowns of the Reynolds stress tensor, three normal stresses

−ρu′2
i and three shear stresses −ρu′

i u
′
j for i 	= j , by a unique unknown function μt

induces a one-way energy transfer from the mean flow field towards the fluctuating
field. Indeed, the term P takes the form

P = −ρu′
i u

′
j
∂Ūi

∂x j
=
(

2μt S̄ij − 2

3
ρktδij

)
∂Ūi

∂x j
= 2μt S

2
ij ≥ 0

mean
field

fluctuating
field

heat
(internal energy)

P = −ρu′
iu

′
j

∂Ūi

∂xj

τ̄ij
∂Ūi

∂xj
= τ ′

ij

∂u′
i

∂xj

Fig. 2.2 Simplified diagram of energy transfers between the mean and turbulent fields, when
neglecting all diffusion terms. The term P is generally a production term for the fluctuating field

http://dx.doi.org/10.1007/978-3-319-16160-0_9
http://dx.doi.org/10.1007/978-3-319-16160-0_8
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Fig. 2.3 Subsonic round jet at Mach M = 0.16 and Reynolds number ReD = 9.5 × 104. Radial
profiles of the mean velocity Ūz/Ūaxis and of the u′

r u′
z/Ū2

axis term against the radial distance
r/(z − z0) in the fully developed region of the jet, at a distance larger than 25D from the nozzle
exit. Data from Hussein et al. [539], see also Chap.4

as μt > 0, which is generally assumed in turbulent models. Moreover, in the case
of a mean shear flow, with Ū1 = Ū1(x2) and Ū2 = Ū3 = 0, the model imposes the
Reynolds stress to be zero for an extremum of the mean velocity, as the total strain
τt seen by the fluid is given by

τt = τ̄12 − ρu′
1u′

2 = μ
dŪ1

dx2
+ μt

dŪ1

dx2
= (μ + μt )

dŪ1

dx2
(2.25)

There is no difficulty for symmetrical mean flow fields in 2-D and for axisymmet-
rical mean fields in 3-D. Figure2.3 reproduces for example the Ūz et u′

r u′
z profiles

measured in a round jet by Hussein et al. [539]. Notice that u′
r u′

z is zero on the axis
and that the production term P is positive.

However, at least two famous counterexamples exist regarding asymmetricalmean
flows. The first is the wall jet, the experimental profiles of which appear in Fig. 2.4.
Clearly−ρu′

1u′
2 and dŪ1/dx2 are zero for different x2 positions. The second example

concerns a channel flowwith a smooth wall on one side and a roughwall on the other,
studied by Hanjalić and Launder [618]. In both these cases, the location of the point
where −ρu′

1u′
2 = 0 is displaced further than the point where dŪ1/dx2 = 0 by the

turbulent region which possesses the most intense velocity fluctuations, that is the
jet compared to the wall in the first example, and the rough side compared to the
smooth one in the second example.

http://dx.doi.org/10.1007/978-3-319-16160-0_4
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Fig. 2.4 Wall jet, Reynolds
number at the nozzle exit Re

 1.8 × 104. Mean velocity
Ū1 and total shear stress
τt = μdŪ1/dx2 − ρu′

1u′
2

profiles as a function of the
distance to the wall, x2/η1/2,
where η1/2 is the distance for
which Ū1 = 0.5 × Ū1max,
and τw is the wall shear
stress. By moving away from
the wall, one first finds the
point where τt = 0, then the
one where dŪ1/dx2 = 0.
Data from Tailland and
Mathieu [557].
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2.6 An Example: The Turbulent Channel Flow

In order to conclude this chapter and illustrate the turbulent kinetic energy assessment
that has been established in a general case, the following section will focus on a fully
developed stationary turbulent flow between two flat parallel walls, see Fig. 2.5. This
turbulent channel flow is often used as a reference for direct numerical simulation,
such for example the calculations of Kim et al. [629], Mansour et al. [640], Moser
et al. [642] or Hoyas and Jiménez [621], because it is experimentally well docu-
mented, see Laufer [636], Comte-Bellot [604] or Johansson and Alfredsson [625].

A channel flow is found fully developed in experiments when the considered
section is far enough from the entrance, x1 ≥ 120h, where h is the half-width of the
channel.Allmeanquantities are then stationary anddonot dependon x1 except for the
mean pressure. Themean velocity has the form Ū1(x2) and Ū2 = Ū3 ≡ 0.Moreover,
the flow is statistically independent from x3, meaning that x3 is an homogeneous

x2

x1

Ū1(x2)2h

Fig. 2.5 Sketch of the geometry of a turbulent channel flow
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direction for the turbulent field. The orientation of the x3 axis has no influence, which
leads to u′

1u′
3 = u′

2u′
3 = 0 and p′u′

3 = 0. Therefore, x3 is a principal direction for
the tensors, and the Reynolds tensor simplifies as,

−ρu′
i u

′
j = −ρ

⎛

⎜
⎝

u′2
1 u′

1u′
2 0

u′
1u′

2 u′2
2 0

0 0 u′2
3

⎞

⎟
⎠

Equation (2.19) which governs the velocity correlations u′
i u

′
j , is written for the

i = j case, where the i indice is here replaced by the greek letter α so as to indicate
that two repeated indices are not summed,

d̄

d̄t

(
ρu′2

α

)
= Pαα + Tαα + Παα + Dαα − ρεαα

The last two terms are often rearranged for incompressible flows. By noting that,

Dαα = μ
∂2u′2

α

∂xk∂xk
+ 2μ

∂2u′
ku′

α

∂xk∂xα

ρεαα = 2μ
∂u′

α

∂xk

∂u′
α

∂xk
+ 2μ

∂2u′
ku′

α

∂xk∂xα

the viscous diffusion and dissipation terms are thus combined as follows,

Dαα − ρεαα = μ
∂2u′2

α

∂xk∂xk
− 2μ

∂u′
α

∂xk

∂u′
α

∂xk
≡ Dh

αα − ρεh
αα (2.26)

The new dissipation term εh
αα is not the correct thermodynamic expression of

the dissipation, as formulated by Corrsin [68]. This term is sometimes called the
isotropic dissipation, even though only homogeneity is required to have the equality
between εαα and εh

αα. This approximation of the exact dissipation is classically used
in turbulencemodels since the transport equation of εh

αα ismuch simpler, seeSect. 6.5.
At least for the case of the channel flow, the difference between the two expressions
remains reasonably small [593].

The transport equation for the u′
α
2 component can then be recast as,

d̄

d̄t
(ρu′2

α ) = −2ρu′
αu′

k
∂Ūα

∂xk
− ∂

∂xk
ρu′

αu′
αu′

k

− 2u′
α

∂ p′
∂xα

+ μ
∂2u′

α
2

∂xk∂xk
− 2μ

∂u′
α

∂xk

∂u′
α

∂xk

= Pαα + Tαα + Παα + Dh
αα − ρεh

αα (2.27)

http://dx.doi.org/10.1007/978-3-319-16160-0_6
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In this equation, Pαα is the production, Tαα is the turbulent diffusion, Παα is
the velocity pressure-gradient correlation, Dh

αα is the viscous diffusion and εh
αα is

the dissipation. The term Παα can also be decomposed as the sum of a pressure
diffusion term and a pressure velocity-gradient correlation term, in a similar way as
in expression (2.21),

Παα = 2

(

− ∂

∂xα
u′

α p′ + p′ ∂u′
α

∂xα

)

= Πd
αα + Π s

αα (2.28)

to highlight the specific role of the fluctuating pressure.
Equation (2.27) is now particularized for the case of a fully developed turbulent

channel flow. For each normal stress component u′
α
2, it thus yields

0 = −2u′
1u′

2
dŪ1

dx2
+ d

dx2

(

−u′2
1 u′

2 + ν
du′2

1

dx2

)

+ 2

ρ
p′ ∂u′

1

∂x1
− 2ν

∂u′
1

∂xk

∂u′
1

∂xk

0 = 0 + d

dx2

(

−u′2
2 u′

2 + ν
du′2

2

dx2
− 2

ρ
u′
2 p′
)

+ 2

ρ
p′ ∂u′

2

∂x2
− 2ν

∂u′
2

∂xk

∂u′
2

∂xk

0 = 0 + d

dx2

(

−u′2
3 u′

2 + ν
du′2

3

dx2

)

+ 2

ρ
p′ ∂u′

3

∂x3
− 2ν

∂u′
3

∂xk

∂u′
3

∂xk

(2.29)

In these equations, the terms are organized in order to have successively the
production term, the diffusion and pressure–velocity correlation terms, the pressure–
velocity gradient term and finally the viscous dissipation term. It is essential to note
that only the longitudinal component u′

1 receives energy from the mean flow through
the production termP11. The transverse velocity components u′

2 and u′
3 can therefore

only receive energy from u′
1 through pressure fluctuations. The latter being scalar,

there is no privileged direction, which explains why both u′
2 and u′

3 can receive
energy. Pressure therefore has a redistribution role relative to the turbulent kinetic
energy between the three components of velocity.

Finally, the half-sum of all three equations (2.29) provides the turbulent kinetic
energy budget for the channel flow,

0 = −ρu′
1u′

2
dŪ1

dx2
− 1

2

d

dx2
ρu′

i u
′
i u

′
2 + μ

d2kt

dx22
− d

dx2
u′
2 p′ − μ

∂u′
i

∂xk

∂u′
i

∂xk

0 = P + T + Dh + Πd − ρεh

(2.30)

Notice that pressure has an influence only through the transport term

Πd ≡ Πd
ii/2 = Πd

22/2

in (2.30). Indeed, one hasΠ = Πd +Π s withΠ s = Π s
ii/2 = 0, and so it is expected

that Π s
11 = p′∂u′

1/∂x1 is negative whereas Π s
22 and Π s

33 are expected to be rather
positive terms.
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These conjectures are confirmed by experiment, and results will be presented in
detail in Chap. 3. It is however interesting to notice here that u′2

1 is greater than u′2
2

and u′2
3 in rms since u′

1 
 2.5uτ , u′
2 
 uτ and u′

3 
 1.3uτ , where uτ is the friction
velocity defined by uτ = (τ̄w/ρ)1/2 and τ̄w is the shear stress at the wall, namely
τ̄w = τ̄12(x2 = 0).

Direct numerical simulations also complete these analyses, specifically for corre-
lation terms involving pressure, which in general cannot be measured. The budgets
of u′2

1 , u′2
2 , u′2

3 and u′
1u′

2 computed by Hoyas and Jiménez [621, 622] are shown

in Fig. 2.6. For u′2
1 , the production term is found positive P11 > 0. At the wall, the

dissipation term is counterbalanced by the viscous diffusion.Moreover, the pressure–
velocity correlation gradient term is negative as expected, Π s

11 < 0. The orders of

magnitude of the terms involved in the budget of u′2
2 , u′2

3 and u′
1u′

2 are smaller. Con-
cerning the analysis of the role of pressure,Π s

22 is found positive as soon as x+
2 > 10,

Π s
33 > 0 and Πd

22 +Π s
22 > 0. One also knows that Πd

11 = Πd
33 = 0. The production
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Fig. 2.6 Budgets of u′2
1 , u

′2
2 , u

′2
3 and u′

1u′
2 for the channel flow atReynolds numberRe+ = huτ /ν =

2003, computed by Hoyas and Jiménez [621, 622]. See Eqs. (2.27) and (2.29) for the notations.
Profiles are plotted as a function of the wall variable x+

2 = x2uτ /ν, where uτ is the friction velocity,
and all terms are made dimensionless with uτ , ν and ρ

http://dx.doi.org/10.1007/978-3-319-16160-0_3
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Fig. 2.7 Turbulent kinetic
energy budget (2.30) for a
channel flow at
Reynolds number
Re+ = huτ /ν = 2003,
computed by Hoyas and
Jiménez [621, 622]. Profiles
are plotted as a function of
the wall variable
x+
2 = x2uτ /ν, and all terms
are made dimensionless
using uτ , ν and ρ
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Fig. 2.8 Turbulent kinetic
energy budget (2.30) for a
channel flow at Reynolds
number Re+ = 2003,
computed by Hoyas and
Jiménez [621, 622]. Profiles
are plotted as a function of
x2/h, and all terms are made
dimensionless using uτ , ν
and ρ
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term P12 in the budget of u′
1u′

2 is found negative, and according to (2.19), it can be
written as,

P12 = −u′2
2

dŪ1

dx2
< 0

but this matches a positive production on the Reynolds stress −u′
1u′

2.
Finally, the turbulent kinetic energy budget is represented in Fig. 2.7, according to

Hoyas and Jiménez calculations [621, 622]. The role of pressure through the diffusion
term is found to be very weak, even if pressure fluctuations are at the origin of the
velocity components u′

2 and u′
3. It can be also observed that for x+

2 ≥ 30, there is a
quasi-equilibrium between dissipation and production. However this balance cannot
extend to the center of the channel, where clearly the dissipation still exists, whereas
the turbulent kinetic energy production tends to zero. In the budget of kt shown in
Fig. 2.8 as function of the distance x2/h to the wall, the equilibrium subsists up to
x2/h 
 0.5. This interval over which production and dissipation are balanced, is
characteristic of a wall flow, and this important result is developed in Chap.3.

http://dx.doi.org/10.1007/978-3-319-16160-0_3


Chapter 3
Wall-Bounded Turbulent Flows

Wall turbulent flows are constrained by the presence of at least one rigid wall, which
imposes a no-slip boundary condition at its surface. Boundary layers are constrained
on one side only and a free edge subsists on the external side. A typical mean velocity
profile is sketched in Fig. 3.1a for a cross section far enough from the leading edge
as explained in Chap. 1, see Fig. 1.13. The complex indentation of the free edge can
however be observed on the instantaneous side view displayed in Fig. 3.14. Channel
or pipe flows are completely confined by surrounding walls and there is no place for
free edges. A mean velocity profile is shown in Fig. 3.1b for a cross section far enough
from the duct entrance. The channel case was examined in Sect. 2.6 when studying
the turbulent kinetic energy budget of the flow. In this fully developed regime, the
flow velocity characteristics become independent of the longitudinal coordinate x1.
The mean pressure which has to drive the flow, still depends on this longitudinal
coordinate. To complete this general view, mean velocity profiles measured in a pipe
flow are displayed in Fig. 3.2. The stiffness of these profiles near the wall can be
clearly observed as the Reynolds number increases. Obviously different properties
are expected to emerge between the external zone of a boundary layer and the central
zone of a channel or a pipe. On the contrary, some similar properties may be present
in both flows near the walls.

Turbulent boundary layers are present in our environment, e.g. in the atmosphere
encompassing the Earth, and are encountered in many engineering applications such
as flows over car bodies, over wings and fuselage of planes, around the blades of fans
and turbines. Turbulent flows always prevail in ducts supplying water, petroleum or
natural gases.

3.1 Friction Velocity

The no-slip boundary condition at x2 = 0 induces a frictional shear at the wall. Its
mean value, noted τ̄w, is along the main flow direction x1, refer to Fig. 3.1a, and its
dimension is the product of density by a square velocity. A friction velocity, noted

© Springer International Publishing Switzerland 2015
C. Bailly and G. Comte-Bellot, Turbulence, Experimental Fluid Mechanics,
DOI 10.1007/978-3-319-16160-0_3
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δ(x1)
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Ū1(x1,x 2)

τ̄w

x2
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Ū1(x2)2h

(a) (b)

Fig. 3.1 Sketch of two wall-bounded turbulent flows. a Mean flow of a boundary layer on a flat plate
without mean pressure gradient, with a Reynolds number defined as Reδ = Ue1δ/ν. b Mean flow
between two parallel plane walls (channel flow) with a Reynolds number defined as Reh = Ud h/ν
where Ud is the bulk velocity

Fig. 3.2 Mean radial
velocity profiles in a
turbulent pipe flow of
diameter D = 2R as a
function of the Reynolds
number, ReD = Ud D/ν =
3.2 × 104 ◦, 9.9 ×
104 �, 3.1 × 105 ♦, 1.0 ×
106 �, 3.1×106 �, 1.0×107

�, 3.5 × 107 �, data taken
from Zagarola and Smits
[689] (Princeton superpipe)
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uτ , can therefore be defined by
uτ = √τ̄w/ρ (3.1)

and is often preferred to τ̄w. The velocity uτ plays a key role throughout the entire
flow, whether concerning the mean field or the most essential characteristics of tur-
bulence. Hence, Ū1/uτ will be considered rather than Ū1 for the mean velocity, and
u′

αu′
α/u2

τ with α = 1, 2 or 3, rather than just u′
αu′

α for the mean square values of the
velocity fluctuations.

For boundary layers, because of their downstream evolution, τ̄w as well as uτ

depend on x1. A significant property of uτ is that Definition (3.1) even holds for
compressible boundary layers, where ρ = ρw is the fluid density at the wall which
often differs from that in the free stream [608].

For the established flow in circular pipes, the friction velocity uτ has a typical
order of magnitude of 4 % of the bulk velocity Ud , calculated as
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Fig. 3.3 Bulk velocity Ud
normalized to the friction
velocity uτ plotted against
the Reynolds number
ReD = Ud D/ν for a circular
pipe flow. Computed

from expression (1.11)
and from
expression (1.10), ♦ data
from McKeon et al. [645]
(Princeton group, superpipe)
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where D = 2R and Ū = (Ūz, 0, 0) in cylindrical coordinates. A more precise value
is given in Fig. 3.3 by plotting the evolution of Ud/uτ against the Reynolds number
ReD . The curve is obtained by noting that Ud/uτ = (2/C f )

1/2 from (1.9), and by
substituting the expression of C f with Eq. (1.11). The skin-friction coefficient C f ,
also known as the Fanning friction factor [30], must not be mistaken with the Darcy
friction factor f . Indeed, f is linked to the mean pressure drop by,

f = − d P̄

dx1

D

ρU 2
d /2

and C f is connected to the wall shear by

C f = τ̄w

ρU 2
d /2

The relation between C f and f is obtained by writing the equilibrium between
the action of pressure and the friction force for a dx1 cross section of the pipe,

πD2

4

(

− d P̄

dx1

)

dx1 = πDτ̄w dx1

which leads to

τ̄w = − D

4

d P̄

dx1
and hence, f = 4C f

http://dx.doi.org/10.1007/978-3-319-16160-0_1
http://dx.doi.org/10.1007/978-3-319-16160-0_1
http://dx.doi.org/10.1007/978-3-319-16160-0_1
http://dx.doi.org/10.1007/978-3-319-16160-0_1
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3.2 Equation for the Mean Velocity Profile

The case of channels long enough for the flow to become fully developed is first
considered. Under these conditions, all longitudinal gradients of mean velocities
and of turbulent statistics are zero. In other words, there is no more longitudinal
evolution of the mean flow and the flow is perfectly homogeneous in the longitudinal
direction. This is a useful reference configuration, already introduced in Sect. 2.6,
for the understanding of induced mechanisms at the wall. The case of boundary
layer flow is then considered. This type of flow inevitably possesses a longitudinal
evolution, but this evolution is slow according to the boundary layer hypothesis,
as elaborated by Prandtl [6, 22]. All longitudinal gradients are assumed to be one
order of magnitude smaller than the gradients perpendicular to the wall, leading to a
quasi-homogeneity in the streamwise direction.

3.2.1 The Plane Channel Flow

The following equations describe the mean velocity field in a plane channel,

⎧
⎪⎪⎨

⎪⎪⎩

0 = −1

ρ

∂ P̄

∂x1
− d

dx2
u′

1u′
2 + ν

d2Ū1

dx2
2

0 = −1

ρ

∂ P̄

∂x2
− d

dx2
u′

2u′
2

(3.2)

They are obtained from the general equations derived in Sect. 2.2.2, by considering
a stationary mean flow parallel to x1, i.e. Ū1 = Ū1(x2) and Ū2 = Ū3 = 0. Integration
of the second equation from the wall at x2 = 0, and up to a current point x2 yields,

P̄ (x1, x2) = P̄w − ρu′
2u′

2 where P̄w ≡ P̄ (x1, x2 = 0)

is the mean wall pressure. The substitution of this result in the first equation leads to,

0 = −1

ρ

d P̄w

dx1
+ d

dx2

(

−u′
1u′

2 + ν
dŪ1

dx2

)

︸ ︷︷ ︸

= τt (x2)/ρ

and by integration between x2 = 0 and a current point x2 of the transverse section,
one has

d P̄w

dx1
x2 = −ρu′

1u′
2 + μ

dŪ1

dx2
− τ̄w

In order to link τ̄w to the longitudinal mean pressure gradient, this equation is then
particularized by taking x2 = h, corresponding to the median plane of the channel,

http://dx.doi.org/10.1007/978-3-319-16160-0_2
http://dx.doi.org/10.1007/978-3-319-16160-0_2
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where the total stress τt (x2) = −ρu′
1u′

2 + μdŪ1/dx2 is zero. Hence,

d P̄w

dx1
h = −τ̄w (3.3)

By combining these two last equations and by introducing the friction velocity
uτ defined by (3.1), the equation governing the total mean shear stress is,

τt (x2) = −ρu′
1u′

2 + μ
dŪ1

dx2
= ρu2

τ

(
1 − x2

h

)
(3.4)

A linear dependence is thus found between τt (x2) and the distance to the wall
x2. The maximum of τ̄w occurs at the wall for x2 = 0, and the minimum at the
median plane x2 = h with τt = 0. This relation reflects the global influence and
meaning of the friction velocity uτ throughout the entire flow. Note that uτ can
directly be expressed as a function of the longitudinal pressure gradient d P̄w/dx1,
corresponding to the pressure drop in the channel. Similarly for a circular pipe flow,
one has τt (r) = ρu2

τ (1 − r/R) with (R/2)d P̄w/dx1 = −τ̄w, where r is the radial
distance from the axis and R the pipe radius.

The shear Reynolds stress −u′
1u′

2/u2
τ is plotted in Fig. 3.4 for a channel flow,

to underline the importance taken by this term in the total shear stress τt (x2) as
the Reynolds number increases, by noting that τt follows the linear law (3.4). The
Reynolds shear stress becomes preponderant for Reh ≥ 104, except in the viscous
sublayer close to the wall. For smaller Reynolds numbers, −u′

1u′
2/u2

τ is much smaller

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

x2/h

−u
1
u
2
/
u
2 τ

Fig. 3.4 Reynolds shear stress −u′
1u′

2/u2
τ in a plane channel flow. from Moser et al. [642] at

Re+ = uτ δ/ν � 180, 395, 590 and from Hoyas and Jiménez [642] at Re+ = 180, 550, 950,
2000. The Reynolds number based on the bulk velocity lies in the interval 2800 ≤ Reh ≤ 43,600.
The curves approach the total linear shear stress τt/(ρu2

τ ) given by (3.4), when the Reynolds number
increases.
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than the straight line given by (3.4), and the viscous term (ν/u2
τ )dŪ1/dx2 is respon-

sible for this difference.

3.2.2 The Boundary Layer

The governing equations for boundary layer approximation are reminded in
Sect. 3.9. The two-dimensional averaged Navier-Stokes equations can be rearranged
as follows [22, 30],

⎧
⎪⎨

⎪⎩

Ū1
∂Ū1

∂x1
+ Ū2

∂Ū1

∂x2
= −1

ρ

d Pe

dx1
− ∂u′

1u′
2

∂x2
+ ν

∂2Ū1

∂x2
2

P̄(x1, x2) = Pe − ρu′
2u′

2

(3.5)

Moreover Pe = P̄w, where Pe designates the pressure outside the boundary layer
and P̄w is the mean wall pressure. Compared to the channel flow, several differences
appear. First of all, notice the presence of a longitudinal pressure gradient which
depends on the chosen external flow. For a uniform free stream flow Ue1 above a flat
plate, d Pe/dx1 = 0, and this case is now considered in what follows. The presence
of a mean pressure gradient is discussed in the last section of this chapter. Secondly,
notice the presence of the wall-normal velocity component Ū2 which allows the
boundary layer to grow with x1.

An integral relation can classically be derived from (3.5), in following von Kár-
mán. As Ue1 = cst, the mass conservation equation can be written as

∂

∂x1
(Ū1Ue1) + ∂

∂x2
(Ū2Ue1) = 0

The Navier-Stokes equation (3.5) is also recast in order to introduce the velocity
difference Ū1 − Ue1, and is integrated in the transverse direction from the wall to
infinity. This yields,

∫ ∞

0

∂

∂x1
Ū1
(
Ū1 − Ue1

)
dx2 +

[

Ū2
(
Ū1 − Ue1

)
]∞

0
=
[

−u′
1u′

2 + ν
∂Ū1

∂x2

]∞

0

and thus,

U 2
e1

∂

∂x1

∫ ∞

0

Ū1

Ue1

(
Ū1

Ue1
− 1

)

dx2 + 0 = 0 − u2
τ

Finally, the friction velocity uτ is governed by

u2
τ = U 2

e1
dδθ

dx1
with δθ =

∫ ∞

0

Ū1

Ue1

(

1 − Ū1

Ue1

)

dx2 (3.6)
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where δθ is the momentum thickness of the boundary layer. This relation is the
momentum-integral equation of von Kármán [22] written here for a zero-pressure-
gradient boundary layer. The friction velocity therefore appears to be in this case an
increasing function of the downstream position x1 as dδθ/dx1 is positive. The same
property applies to the local skin-friction coefficient defined by,

C f ≡ ρu2
τ

1
2ρU 2

e1

= 2
dδθ

dx1
(3.7)

As early as 1930, the dependence of uτ or C f with the local Reynolds number
Rex1 = Ue1x1/ν has been looked for. Schlichting [22] among others had to make
two assumptions. First, C f in a boundary layer where Ue1 = cst is similar to C f in
a channel or pipe flow, i.e.

τ̄w

ρU 2
e1

� 0.0225

(
Ue1δ

ν

)−1/4

Secondly, the mean velocity profile is described by a power law Ū1/Ue1 =
(x2/δ)

1/n , with n � 7 for Reδ = Ue1δ/ν � 105 for instance. Thus, δθ(x1) =
(7/72)δ(x1) and resolving the differential equation (3.7)

7

72

dδ

dx1
� 0.0225

(
Ue1δ

ν

)−1/4

Schlichting obtained δ(x1) � 0.37x1Re−1/5
x1 and δθ(x1) � 0.036x1Re−1/5

x1 . Con-

sequently, C f (x1) � 0.0576 Re−1/5
x1 and finally, uτ (x1)/Ue1 � 0.17 Re−1/10

x1 . For
example, by taking Rex1 � 107, one gets uτ � 0.034 Ue1.

Let us now establish an equation similar to (3.4) for the mean shear stress distri-
bution across the boundary layer. Integration of Eq. (3.5) in the transverse direction
from the wall to a current point x2 leads to,

∫ x2

0

(

Ū1
∂Ū1

∂x1
+ Ū2

∂Ū1

∂x2

)

dx2 = −u′
1u′

2 + ν
∂Ū1

∂x2
− u2

τ (3.8)

However, the left-hand side can not be analytically evaluated in the general case,
but we know its value for x2 = 0, which is zero, and more interestingly its value for
x2 = δ, which is −u2

τ . In a first approximation, this term may be assumed to vary
linearly with x2 and be thus written as −u2

τ x2/δ. This leads to,

− u′
1u′

2 + ν
∂Ū1

∂x2
� u2

τ

(
1 − x2

δ

)
for 0 ≤ x2 ≤ δ (3.9)
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A justification of this approximation can also be established [22] for a mean
velocity profile of the form Ū1/Ue1 = (x2/δ)

1/n . The integration of the left-hand
side of (3.8) gives −u2

τ (x2/δ)
(n+2)/n � −u2

τ x2/δ for classic values of n between 7
and 9.

As a concluding remark, the total mean shear stress is governed by Eq. (3.4) for
the channel flow and by Eq. (3.9) for the boundary layer, by noting that δ = δ(x1)

and uτ = uτ (x1) in the latter case. To simplify notations, only the boundary layer
case is considered in what follows, but results for the channel flow are treated in the
same manner, in replacing δ by h.

3.3 Viscous Sublayer

Very close to the wall, momentum transfers due to turbulence are nearly zero, due
to blocking of normal velocity fluctuations u′

2 by the wall, so that −ρu′
1u′

2 � 0. The
viscous stress μdŪ1/dx2 thus dominates the total shear stress τt (x2). This region is
called the viscous sublayer of wall-bounded flows. Of course at the wall, viscosity
ensures the no-slip boundary condition and u′

1 = u′
2 = 0. In the same way, the

matching of temperature between a heated flow and a wall is ultimately imposed
by thermal conduction, and not by turbulent convection and mixing. In this viscous
sublayer, Eq. (3.4) or (3.9) reduce to

τt (x2) = μ
dŪ1

dx2
= τ̄w = ρu2

τ

indicating that the evolution of the mean velocity with the wall distance is linear as
in a Couette flow between two parallel walls, one of which is moving relative to the
other. After normalization by the friction velocity uτ , this linear profile takes the
canonical form,

Ū1

uτ
= x2uτ

ν
or Ū+

1 = x+
2 (3.10)

where following dimensionless wall variables are introduced,

Ū+
1 = Ū1

uτ
and x+

2 = x2

lν
= x2uτ

ν
(3.11)

The viscous length scale lν = ν/uτ constructed on viscosity and friction velocity,
characterizes the influence of the viscous effects induced by the wall. The overall
parameters such as δ for the boundary layer or h for the channel are indeed not suffi-
cient to describe the flow. Near the walls, lengths are preferably measured in viscous
lengths and velocities in friction velocity. All variables rendered dimensionless by
these wall units, lν or uτ , are denoted with a superscript +, and there are usually
called inner variables. Note that for the viscous length scale, l+ν = 1.
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Fig. 3.5 Mean velocity
profiles in inner scales,
measured in a channel flow
at Re+ = uτ h/ν = 390 �,
and in boundary layers at
Re+ = uτ δ/ν = 2900 ◦,
3400+ and 4100 ♦. The
viscous sublayer law (3.10)
is plotted in dashed line.
Data from Khoo et al. [627]

  1   1   1   1   10  100 1000
0

5

10

15

20

25

30

(1) (2) (3) (4)

x+
2

Ū
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Figure 3.5 illustrates the experimental velocity profiles obtained by Khoo et al.
[627] in several boundary layers and in a channel. The predicted law (3.10) for the
viscous sublayer is clearly observed up to surely x+

2 � 5. More details about the
experimental technique will be given in Chap. 10 because a special calibration rig is
required for the sensor, in that case a hot-wire, in order to take into account only the
heat taken away by the flow regardless the heat lost to the wall. Figure 3.5 has also
the advantage of revealing the four main regions into which a wall-bounded flow can
be divided: (1) the viscous sublayer we have just considered, (2) a region beyond the
viscous sublayer and called the buffer layer, (3) a region where a logarithmic law
appears and (4) a region of adjustment with the outer flow. In what follow, we shall
examine these regions, firstly, the logarithmic one.

3.4 The Logarithmic Region

3.4.1 Dimensional Analysis

A dimensional analysis often provides a quick description of a physical law. Here we
consider the mean velocity profile Ū1 (m · s−1), which is expected to be a function
of the following variables, x2 (m), uτ (m · s−1), ν (m2 · s−1) and δ (m). Only two
physical dimensions are involved and the Vaschy-Buckingham Π theorem leads to
a relation involving 3 dimensionless parameters,

Ū1

uτ
= f

( x2uτ

ν
,

x2

δ

)

Two asymptotic forms of this relation can be derived, according to the distance
to the wall. Near the wall, that is for x2/δ < 1 with x+

2 � 1, the mean velocity is

http://dx.doi.org/10.1007/978-3-319-16160-0_10
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depicted with respect to the wall velocity, which is zero there. In contrast near the
edge of the boundary layer, for x2/δ → 1, the mean velocity is rather compared with
the free stream velocity Ue1 and thus takes the form of a velocity defect law, also
called a wake law, so that

⎧
⎪⎪⎨

⎪⎪⎩

Ū1

uτ
= f1

(uτ x2

ν

)
in the inner layer,

Ue1 − Ū1

uτ
= f2

( x2

δ

)
in the outer layer.

The two variables uτ x2/ν = x+
2 and x2/δ are independent, even though x2 appears

in each. For example, the value of x2uτ/ν can clearly be modified without affecting
x2/δ. Moreover, the link between the two length scales can be made through the
dimensionless number Re+ based on the friction velocity and the boundary layer
thickness,

uτ x2

ν
= uτ δ

ν
× x2

δ
= Re+ × x2

δ
(3.12)

The parameter Re+ = uτ δ/ν = δ+ represents the thickness of the boundary
layer normalized by the viscous length lν . It is known as the Kármán number or
the friction Reynolds number, even if it does not display a ratio between inertial and
viscous forces here, but rather is an indicator of the disparity between inner and outer
scales [614] since Re+ = δ/ lν . If this Reynolds number is increased, the separation
between the inner and the outer scales is increased accordingly. In other words, the
same x2 can insure x2/δ 
 1 and belongs to the outer region, and x2uτ/ν � 1, and
belongs to the inner region.

At a sufficiently high Reynolds number, both laws can be simultaneously verified
in the same region, called an overlap region, as shown in Fig. 3.6. By imposing
the continuity of the velocity Ū1 and of its derivative dŪ1/dx2, the two following
relations must be satisfied,

Ue1

uτ
− f1

(uτ x2

ν

)
= f2

( x2

δ

)
and − uτ

ν

d f1

d (uτ x2/ν)
= 1

δ

d f2

d (x2/δ)

In order to make explicit the two independent variables uτ x2/ν and x2/δ, the last
relation is multiplied by x2, which yields

uτ x2

ν

d f1

d (uτ x2/ν)
= − x2

δ

d f2

d (x2/δ)
= cst = 1

κ

where κ is the von Kármán constant. This leads by integration to

Ū1

uτ
= 1

κ
ln
(uτ x2

ν

)
+ B (3.13)
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x2uτ /ν

x2/δ

viscous sublayer  0≤ x+
2 ≤ 5

buffer layer  5 ≤ x+
2 ≤ 30

log-law x+
2 ≥ 30

overlap layer

log-law x2/δ ≤ 0.2

wake region 0.2 ≤ x2/δ ≤ 1

inner layer

outer layer

Fig. 3.6 The mean flow regions in a boundary layer

Table 3.1 Values of the constants of the log-law (3.13), see also relation (3.15) for the constant A

Wall-bounded flow κ B

Zero-pressure-gradient turbulent boundary layer 0.384 4.17

Turbulent pipe flow 0.41 5.0

in the inner layer, where the additive constant B is the velocity at x+
2 = 1, and

Ue1 − Ū1

uτ
= − 1

κ
ln
( x2

δ

)
+ A (3.14)

in the outer layer. Values of the constants κ, B and A are experimentally evaluated
from canonical flows, see Table 3.1 and examples provided in the next paragraph.

Lastly, two additional remarks can be made. The first one is that the compatibility
relation induced by the continuity of the two velocity profiles in the overlap region,

Ue1

uτ
= 1

κ
ln(Re+) + A + B (3.15)

and the second one is to note that the mean velocity gradient in this log-law is given by

dŪ1

dx2
= uτ

κx2
(3.16)

without the contribution of ν nor δ.
The log-law of the wall is a remarkable simple form for the mean velocity pro-

file, and has been used successfully in engineering. This presentation has however
been simplified in order to only highlight key features. Some other effects of the
Reynolds number in a fully developed wall flow [614] or alternative dimensional laws
[591, 594, 615, 656] are among topics currently discussed in the literature, but out
of the scope of this textbook. In addition, experimental uncertainties and restricted
Reynolds number range of most experiments and numerical simulations are entering
into the discussion. To continue on this topic, the reader may refer to the reviews
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by Gad-el-Hak and Bandyopadhyay [614], Marusic et al. [644] or Smits et al. [675]
among others.

3.4.2 Some Examples

The mean velocity profiles measured by Osterlünd [654, 655] in a zero-pressure-
gradient boundary layer on a flat plate are shown in Fig. 3.7. The log-law (3.13)
approximately starts at x+

2 � 30 in the inner layer, this value being rather independent
of the flow Reynolds number. More interestingly and as expected, the x2 range
covered by the log-law extends when the Reynolds number increases. The semi-
empirical limit usually adopted is x2/δ ≤ 0.2. This means that the Reynolds number
must be high enough to distinguish a log-law, at least Re+ ∼ 103, and typically
Re+ ∼ 104 to see a logarithmic velocity profile over one decade [387, 644].

The log-law can be used to determine uτ from the mean velocity profile. By
plotting x2∂Ū1/∂x2 as a function of the distance from the wall x2, the local minimum
is indeed uτ/κ. Also remember that uτ is connected to the skin-friction coefficient
C f by uτ = Ue1(C f /2)1/2. As an illustration, values of C f obtained by different
authors are shown in Fig. 3.8 as a function of the Reynolds number Reδθ . For example,
with Reδθ = 103, one obtains uτ/Ue1 � 0.04. At this point, and for an engineering
purpose, it is interesting to connect Reδθ to Rex1 , which was previously undertaken

in Sect. 3.2.2. Assuming that δθ � 0.036x1Re−1/5
x1 for most boundary layer flows,

one gets Rex1 � 64 Re5/4
δθ

, and therefore Rex1 = 3.6 × 105 for Reδθ = 103.
Experiments by Zagarola and Smits [689], in a pipe with compressed air, already

introduced in Sect. 1.4.2, cover a remarkable range of Reynolds numbers with three
orders of magnitude 3.2 × 104 ≤ ReD ≤ 3.5 × 107. Mean velocity profiles are
represented in inner variables in Fig. 3.9. The extension of the log-law towards the
pipe axis when the Reynolds number increases is again well illustrated. Note that the
drop in the central region of the pipe is associated with the crossing of the pipe axis
by the probes.

The determination of all the constants in the log-law requires a measurement of the
friction velocity independently of the velocity profile. For boundary layers, the fric-
tion velocity is usually estimated from the measurement of the friction coefficient C f

by using a hot film measuring device, a Preston tube or miniature weight-measuring
wall devices. For confined flows, this can be carried out more accurately through
the pressure drop, see for instance expression (3.3) established for the channel flow.
By compiling many recent experiments at high Reynolds number [651], it appears
that the von Kármán constant κ does not seem to be a universal constant, even for
canonical flows. For a zero-pressure-gradient boundary layer, the two coefficients of
the log-law (3.13) are taken to be κ � 0.384 and B � 4.17, as shown in Fig. 3.7.
The classical value recommended in many textbooks for the von Kármán constant,
κ � 0.41, is a value found for pipe flows, as illustrated in Fig. 3.9.

http://dx.doi.org/10.1007/978-3-319-16160-0_1
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Fig. 3.7 Mean velocities profiles in a zero-pressure-gradient boundary layer on a flat plate. Top,
velocity profile in inner scales, viscous sublayer law (3.10), log-law (3.13) with κ �
0.384 and B � 4.17, and insert for the range x+

2 ≥ 30 and x2/δ ≤ 0.2. Bottom, velocity profile in
outer scales, wake law (3.14) with κ � 0.384 and A � 3.54. Reynolds numbers are defined
by Reδ0.95 = Ue1δ0.95/ν, Reδθ = Ue1δθ/ν and Re+

δ0.95
= uτ δ0.95/ν, δ0.95 is the wall distance where

the velocity is 95 % of the free-stream velocity Ue1. Data from Osterlünd [654, 655]

3.4.3 The Balance Between Production and Dissipation

In Chap. 2, the approximate local balance between production and dissipation has
already been mentioned regarding the turbulent kinetic energy budget computed

http://dx.doi.org/10.1007/978-3-319-16160-0_2
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Fig. 3.8 Local skin-friction coefficient C f as a function of the Reynolds number Reδθ for a zero-
pressure-gradient boundary layer over a flate plate. Experimental data, × Osterlünd [654], ◦ De
Graaff and Eaton [605], � Andreopoulos et al. [587], ♦ Coles [601] and C f fitted Coles-

Fernholtz relation [650, 654] C f = 2
[
(1/κ) ln(Reδθ ) + C

]−2 with κ = 0.384 and C � 4.08
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Fig. 3.9 Mean radial velocity profiles in a turbulent pipe flow of diameter D = 2R using inner
scaling variables, as a function of the Reynolds number ReD = Ud D/ν = 3.2 × 104◦; 9.9 × 104�;
3.1 × 105♦; 1.0 × 106 �; 3.1 × 106 �; 1.0 × 107�; 3.5 × 107�. Insert for the range x+

2 ≥ 30
and x2/δ ≤ 0.2 is also shown, and the log-law (3.13) is plotted in dashed line, with κ = 0.41 and
B = 5.0. Data from Zagarola and Smits [689] (Princeton superpipe)

for a channel flow, and reported in Figs. 2.7 and 2.8. This balance is observed for
x+

2 ≥ 30 and x2/h ≤ 0.2, that is in the log-law region of the mean velocity profile.
In Fig. 3.10, the ratio of production to homogeneous dissipation obtained for several
Reynolds numbers, is plotted as a function of the distance to the wall in inner scale

http://dx.doi.org/10.1007/978-3-319-16160-0_2
http://dx.doi.org/10.1007/978-3-319-16160-0_2
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Fig. 3.10 Ratio of
production to homogeneous
dissipation as a function of
the distance to the wall in
inner scale, for different
Reynolds number in a plane
channel flow.

Re+ = 180,
Re+ = 550,
Re+ = 950,
Re+ = 2003.

Numerical data from Hoyas
and Jiménez [621, 622]
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using the database of Hoyas and Jiménez [621, 622]. On can easily observe that
the interval over which production balances dissipation, i.e. P/(ρεh) � 1, increases
with the Reynolds number, corresponding to the extension of the log-law region.
This balance between production and dissipation holds also for pipe flows, as shown
numerically by Eggels et al. [609], for instance, with a systematic comparison of their
simulations with those of a plane channel flow at Re+ = 180. No major difference
was observed.

This result is also confirmed by experiments, even though they are difficult to
realize. Historically, the turbulent kinetic energy budget in a pipe turbulent flow
established by Laufer [637] is one of the first insightful experimental studies, and is
redrawn in Fig. 3.11, where the notations of Sect. 2.4.2 have been used. The pro-
duction term P and the dissipation term εh are obtained with a relatively good
accuracy. Near the pipe axis, one can clearly observe that the turbulent activity is
reduced, but the dissipation subsists, εh �= 0, even if P = 0. The transfer term T
is difficult to measure and has usually an important error bar. Finally, the pressure

Fig. 3.11 Turbulent kinetic
energy budget in the central
region of a pipe flow at
Reynolds number
ReD = 5 × 104 or
Re+ = 1050, r is the
distance to the wall. Symbols
are measurements by Laufer
[637]. All terms are made
dimensionless using the
radius R and uτ , and the
corresponding values in wall
units are indicated in
brackets at right. −30
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term, Πd = ∂xi u
′
i p′ in Eq. (2.20) can not directly be measured and is estimated by

imposing the budget closure.
The simplification of the turbulent kinetic energy to the balance between produc-

tion and dissipation implies the existence of a local equilibrium in space. The log-law
region appears therefore somewhat isolated from the influence of the wall as well
as of the central zone for a channel or pipe flow, or of the edge of a boundary layer,
since all the transfer terms are negligible.

Finally, when wall function methods are used to solve averaged Navier-Stokes
equations in engineering problems, see Chap. 9, the first mesh point normal to the wall
is chosen inside the log-law region. The value of the mean velocity which must be
imposed at this point as a boundary condition is then determined using the expression
of the log-law combined with the balance between production and dissipation. By
this way, grid points are saved since the viscous sublayer is not meshed. An example
is provided in Chap. 9 for the kt –ε turbulence model.

3.4.4 Kolmogorov Length Scale

Variation of the Kolmogorov length scale lη defined as the smallest possible scale
related to nonlinear effects, see Sect. 1.3.1, can be estimated in the log-law region. The
estimation of lη is obtained by writing that the order of magnitude of the dissipation is

ε = 1

ρ
τ ′

i j

∂u′
i

∂x j
∼ ν

(
uη

lη

)2

and by noting that the Reynolds number associated with Kolmogorov’s scales is of
order unity, that is lηuη/ν ∼ 1. The combination of these two relations leads to
lη = (ν3/ε)1/4. Moreover, an expression of ε can be derived by writing the balance

between production and dissipation in the log-law. Approximating −u′
1u′

2 by u2
τ and

dŪ1/dx2 by uτ/κx2 in the production term yields to

ρε � P � −ρu′
1u′

2
∂Ū1

∂x2
� ρu2

τ × uτ

κx2

from which it follows that ε � u3
τ/κx2. The evolution of the Kolmogorov length

scale l+η is thus given by,

l+η = (κx+
2 )1/4 (3.17)

http://dx.doi.org/10.1007/978-3-319-16160-0_2
http://dx.doi.org/10.1007/978-3-319-16160-0_9
http://dx.doi.org/10.1007/978-3-319-16160-0_9
http://dx.doi.org/10.1007/978-3-319-16160-0_1
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3.5 The Buffer Layer

One can clearly see in Fig. 3.10 that P � εh over the range 6 ≤ x+
2 ≤ 20. This region

is located between the viscous sublayer x+
2 ≤ 5, and the log-law region x+

2 ≥ 30, and
is termed the buffer layer. The same observation can be made in Fig. 2.7 which deals
with the turbulent kinetic energy budget computed for a channel flow. This result can
be easily interpreted if one remembers that the production term is −ρu′

1u′
2∂Ū1/∂x2.

Indeed some distance from the wall must be introduced so that the Reynolds stress
−ρu′

1u′
2 can be generated—it is zero at the wall—but not too much so that the mean

velocity gradient ∂Ū1/∂x2 can stay high—it is the highest at the wall.
Note that the intersection point between the viscous sublayer and the log-law

region must satisfy,

x+
2 = 1

κ
ln x+

2 + B

which leads to x+
2 � 10.2 with the values of κ and B associated with a zero-pressure-

gradient boundary layer, see Table 3.1. This value corresponds to the production peak
observed in Fig. 3.10. Moreover, roughly half of the turbulence production occurs
between the wall and the beginning of the log-law region. This can be verified by
integrating the cumulative production term P from the wall using numerical data
available for the channel flow, refer to Fig. 3.10 for instance. As already mentioned,
this region represents a very small part of the boundary layer at high Reynolds
numbers. Since a large part of the turbulence production takes place very close to
the wall, it is interesting to investigate this region in more detail.

It is now well established both experimentally and numerically that the vis-
cous sublayer is dominated by quasi-streamwise vortices, associated with alternat-
ing low and high speed streaks. Streaks are sinuous and narrow regions elongated
in the streamwise direction, in which the longitudinal velocity is lower or higher
than the local mean velocity Ū1(x2). They have been experimentally identified by
Kline et al. [633] and Kim et al. [630] among others [664]. The typical length of
streaks is λ1 � 15δ − 20δ, and the mean spacing between low speed streaks is about
λ+

3 � 100 at x+
2 � 10, with a lognormal distribution and is found independent of

the Reynolds number [664, 674]. A general view obtained by numerical simulation
is shown in Fig. 1.5. Low speed streaks slightly lift away from the wall in the buffer
region and finally break up in a so-called bursting process. Bursts consist of violent
intermittent events such as ejections and sweeps, corresponding respectively to out-
flow of low-speed fluid from the wall and inflow of high-speed fluid toward the wall.
A typical joint probability density function Pu′

1u′
2

of the shear Reynolds stress

−u′
1u′

2 = −
∫∫

u′
1u′

2 Pu′
1u′

2
du′

1du′
2

is drawn in Fig. 3.12b. Ejection events of low-speed fluid correspond to the Q2
quadrant, for which u′

1 < 0 and u′
2 > 0, and similarly sweep events of high-speed

http://dx.doi.org/10.1007/978-3-319-16160-0_2
http://dx.doi.org/10.1007/978-3-319-16160-0_1
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Fig. 3.12 a Sketch of low and high speed streaks (not to scale) generated by counter-rotating
flows, the streamwise vorticity in gray is associated with successive hairpin vortices attached to the
wall. b Joint probability density function Pu′

1u′
2

of the Reynolds stress −u′
1u′

2 illustrating privileged
events in the second and fourth quadrants of the u′

1 − u′
2 plane [585]

fluid are associated with the Q4 quadrant [686]. In these two quadrants Q2 and Q4,
the production term P is positive, but ejection events dominate in the region x+

2 ≥ 12
and are mainly responsible of the turbulent kinetic energy production.

Generation of streaks by two consecutive counter-rotating vortices can be reason-
ably explained by the advection of fluid from a sheared mean flow, as illustrated in
Fig. 3.12a. Formation of streamwise vortices, which have a longitudinal spacing of
order l+1 � 400, by streaks is currently much less well understood. Self-sustaining
mechanisms of wall turbulence have nevertheless been proposed as a possible sce-
nario [624, 658], and would provide new concepts of flow control to achieve drag
reduction.

The presence of hairpin-shaped or horseshoe vortices is also another characteristic
of wall-bounded flows [586, 619]. A general conceptual view has been offered by
Adrian [585], and is reproduced in Fig. 3.13, the reader should refer to Robinson [664]
for a review on conceptual models. Birth of these structures is found in the buffer
region, and they are observed in the logarithmic region with an inclination angle of
about 45◦ to the wall, corresponding to the principal direction of stretching in a shear
flow. These structures are strongly elongated at high Reynolds number since the size
of the vortex core scales with the viscous length lν while its length scales with δ. The
whole evolution of such a structure requires a longitudinal distance of approximately
4δ. A new vortex however appears before and a direct instantaneous view therefore
reveals more than one structure. Their spacing is about Δx+

1 � 200 near the wall and
Δx+

1 � 140 in the logarithmic region, in agreement with the local convection velocity
and leading to hairpin vortex packets [585, 599] and an inclination angle θ. Hairpin
vortices are called coherent structures because they possess a sufficiently long life
time to define an organised motion [585]. An important topic is the identification
of such structures through the localization of vortices, see Sect. 5.9, or by using a
proper orthogonal decomposition, see Sect. 6.7.

http://dx.doi.org/10.1007/978-3-319-16160-0_5
http://dx.doi.org/10.1007/978-3-319-16160-0_6
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Fig. 3.13 Schematic view of hairpin vortices attached to the wall and growing up, from Adrian
et al. [586]. See also Fig. 3.14 for angle θ � 18◦

3.6 Free Edges

Far from the walls, the main difference between boundary layers and core regions
of pipes or channels comes from the edges exhibited by the first ones. Figure 3.14
illustrates the main feature of a turbulent boundary layer with bulges connected to the
hairpins issued from the main energetic part of the boundary layer, namely the buffer
layer. Bandyopadhyay [590] has developed a simple model to explain the value of
the inclination angle θ � 18◦ of the interface slope displayed in Figs. 3.13 and 3.14.

An instantaneous view of the vorticity field through isosurfaces of Q-criterion
colored by the wall distance is shown in Fig. 3.15. The turbulent field has been
obtained by a compressible direct numerical simulation, and gives an opportunity to
mention the importance of numerical simulations in the investigation of near wall
turbulence. In this figure, streamwise vortices associated with streaks are visible very
close to the wall (dark gray) and the head of some hairpin vortices (light gray) can
also be distinguished.

3.6.1 Turbulence Near the Free Edge of Boundary Layers

The outer region of a boundary layer approximately spreads from x2/δ = 0.5 to
x2/δ = 1.2. It matches the deep notches of the boundary layer edge, as observed
in Fig. 3.14. The signal recorded by a sensor is then alternatively turbulent and non
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θ

2 − 3δ

Fig. 3.14 Instantaneous side view of a boundary layer on a flat plate, the external velocity is Ue1 =
2.1 m · s−1, the thickness is δ = 7 cm, the resulting Reynolds number is Reδ = Ue1δ/ν � 104,
and the friction velocity is uτ = 0.1 m · s−1 The visualization is obtained by seeding the air flow
with incense particles and by illuminating the flow with a laser sheet. The free boundary is marked
by large indentations. Note that three-dimensional structures can be folded and cut by the laser
sheet. In this experiment, the transition to turbulence is triggered by a thin wire located upstream.
Courtesy of Faouzi Laadhari (LMFA)

Fig. 3.15 Direct numerical simulation of a boundary layer over a flate plate. The Reynolds number
is Reδθ � 1200 and the Mach number is M = 0.9. The size of the displayed domain is 67δθ in the
streamwise direction and 10δθ in the spanwise direction. Instantaneous iso-surfaces of Q-criterion
field (see Sect. 5.9) colored by wall distance. Courtesy of Olivier Marsden (LMFA)

turbulent, due to passage of notches and bulges over the probe. Figure 3.16 offers an
example of such a signal provided by a hot wire anemometer.

The main characteristic to be introduced is the intermittency factor, usually
denoted γ. It is defined as the averaged fraction of time during which the sensor
receives a turbulent signal, and therefore 0 ≤ γ ≤ 1. The lower value γ = 0 matches
a non turbulent signal, while γ = 1 matches a fully turbulent one. As an illustration,
the intermittency factor corresponding to the signal plotted in Fig. 3.16 is γ � 0.06
for a sensor located at x2/δ = 0.9.

Precise measurement of γ requires a spy sensor fit for turbulence detection.
Kovasznay et al. [634] used two parallel and close hot wires in order to obtain

http://dx.doi.org/10.1007/978-3-319-16160-0_5
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Fig. 3.16 Time signal recorded by a hot wire anemometer located at x2/δ = 0.9 of a boundary
layer in air. The thickness is δ = 2.07 × 10−2 m and the free stream velocity is Ue1 = 8 m · s−1,
which results in a Reynolds number Reδ = 1.1 × 104. Two strong bursts coming from inside the
boundary layer are visible, with u′

1 < 0. The skewness factor is therefore negative Su′
1

� −1.6 and

the flattening factor is quite high Tu′
1

� 6.3. More regular fluctuations induced by the free boundary
are also visible. The intermittency factor is γ � 0.06. Data provided courtesy of Faouzi Laadhari
(LMFA)

an estimate of ∂u′
1/∂x2, a part of the fluctuation component of the velocity rota-

tional ω′
3 along x3. Other authors employed a slight thermal marking of the fluid

particle belonging to the boundary layer by heating the underlaying wall [545, 589],
a technique already developed by Sunyach [495], for the free boundary of a jet. This
technique is particularly useful if the boundary layer develops itself in an outer flow
which is already turbulent. In any case, a threshold criteria must be set after having
examined signal levels to calculate the intermittency factor.

The spy sensor provides a temporal signal I (t) which changes its value from 0
to 1 when a turbulent burst begins to pass, and from 1 to 0 when the end of the
burst is achieved. The average of the intermittency function I (t), of course, is γ. A
trigger window can be generated by the signal I (t) in order to separate turbulent and
non turbulent contributions, and therefore to perform conditional averaging. Various

examples can be found in Kovasznay et al. [634] for Ū1, Ū2, u′2
1 , u′

1u′
2, as well as

the velocity of the free edge of the boundary layer, estimated around 0.97Ue1, and
the privileged locations for entrainment from the free stream, localised in between
bursts.

As an illustration, the transverse component of the mean velocity Ū2 is here
considered, as shown in Fig. 3.17. Inside turbulent bursts, the transverse velocity
Ū int

2 is positive, which corresponds to strong fluid ejections coming from the wall
region. The transverse velocity Ū ext

2 is however negative in the potential flow outside
of the boundary layer edge, which corresponds to entrainment of external fluid. As
a conclusion, let us remember that Ū2 is always slightly positive, even far from the
edge of a boundary layer. By once again assuming that the free stream velocity Ue1
is constant, the integration of the continuity equation leads to
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Fig. 3.17 Conditional averaging in the external zone of a boundary layer at Reδ � 2.9 × 104. By
denoting Ū int

2 (•) and Ū ext
2 (�) the fluid velocity in the internal and external edge of a boundary

layer, one has (Ū int
2 − Ū2)/Ue1 > 0 inside bursts, and (Ū ext

2 − Ū2)/Ue1 < 0 in the potential outside
flow. The intermittent factor γ (�) is about unity inside the turbulent boundary layer and decreases
near its edge. Data from Kovasznay et al. [634]

Ue2 ≡ Ū2(x2 → ∞) = −
∫ ∞

0

∂Ū1

∂x1
dx2 = −

∫ ∞

0

∂
(
Ū1 − Ue1

)

∂x1
dx2

and finally

Ue2 = Ue1
dδ1

dx1
with δ1 =

∫ ∞

0

(

1 − Ū1

Ue1

)

dx2

where δ1 is the boundary layer displacement thickness, which increases with x1.
Finally, viscosity is expected to be negligible in the outer layer, and the log-law

velocity profile is then rather expressed as a defect or wake law (3.14) in the overlap
region, as also shown in Fig. 3.7. From various experimental data, Clauser [600] and
Coles [602] have proposed to describe the end of the wake law as,

Ū1

uτ
= 1

κ
ln
(uτ x2

ν

)
+ B + 2Π

κ
w
( x2

δ

)

where w is a universal function associated with normalization conditions, and Π a
parameter. This discussion has been recently revisited and extended by Chauhan et al.
[596] who provide a full composite profile fitted to recent experimental data.
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3.6.2 Turbulence in the Core Region of Channels or Pipes

An important issue regarding long pipe or channel flows is to define the fully devel-
oped turbulent state. One of the best indicator to identify this state is the skewness
coefficient Su′

1
of the longitudinal fluctuating velocity,

Su′
1

= u′3
1 /
(

u′2
1

)3/2

already introduced in Chap. 1, see expression 1.4. This physical quantity seems com-
plex but has the advantage of varying with x1, much more rapidly than other classical
quantities such as mean velocities or turbulence intensities. This results of the alter-
nation between turbulent bursts bringing high contributions u′

1 < 0 and laminar and
more rapid fluid bringing small contributions u′

1 > 0, just before the junction of the
boundary layers associated with each wall of a plane channel, or with the peripheral
walls of a circular duct. An odd order momentum of the probability distribution of the
u′

1 velocity fluctuation such as Su′
1
, equal to zero for a Gaussian process, will thus take

a negative value of about Su′
1

� −1.8. After the junction, the flow reorganizes and the
existence of initial boundary layers is lost by the turbulent flow. During this process,
the absolute value of Su′

1
appreciably decreases but the value along the axis remains

negative with Su′
1

� −0.40. More data on this topic can be found in Comte-Bellot
[603]. In addition, the skewness coefficient Su′

2
of the transverse velocity fluctua-

tions u′
2 remains positive, revealing the diffusion of the kinetic energy term u′2

2 by u′
2

fluctuations, from the wall towards the central zone. The maximum Su′
2

= +0.40 is
reached for x2/h � 0.70, illustrating once more how turbulence has non Gaussian
statistics. Of course, Su′

2
= 0 on the channel or duct axis by symmetry.

Even for a fully turbulent flow, there are two production zones of turbulent kinetic
energy, near each wall for a plane channel or all around the circumferential wall for
a pipe. As a result, an alternating of structures appears in the central zone. Some
experiments offer the possibility to label the origin of structures, for example by
locating events u′

2 > 0 and u′
1 < 0 associated with each wall. It can then be inferred

that structures coming from a given wall go beyond the symmetry plane, or the axis
for a pipe, see Sabot and Comte-Bellot [667] and Antonia et al. [589].

3.6.3 Other Results

Many turbulence statistics have been studied in the wall region in order to determine
the velocity fluctuation intensity, the spectral distribution of the kinetic energy or
the spatio-temporal coherence of the turbulent field for example. For vibroacoustical
problems, pressure fluctuations at the wall are also of interest. In what follows, some
physical quantities are considered with the velocity fluctuation intensity u′

αu′
α/u2

τ
and the integral length scales.

http://dx.doi.org/10.1007/978-3-319-16160-0_1
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Figure 3.18 provides for usual practical Reynolds numbers, that is Reh ≥ 105,
the velocity fluctuation intensities denoted u+

αrms for α = 1, 2, 3 and defined as
the square root of u′

αu′
α/u2

τ . Note firstly that all values of u+
αrms are approximately

between 1 and 3, reflecting that the friction velocity uτ is the suitable scale for the
Reynolds tensor. There is a quasi-independence of the Reynolds number using this
scale. Secondly, one has u+

1rms > u+
3rms ≥ u+

2rms and u+
1rms reaches its maximum

around 2.8 for x+
2 � 12. This anisotropy is expected since only the longitudinal

fluctuating velocity is fed by the mean flow, as explained in Chap. 2. For smaller
Reynolds numbers such as 3 × 103 ≤ Reh ≤ 4 × 104, turbulence intensity profiles
are independent of Reh for x+

2 ≥ 50. This issue is thoroughly illustrated by the
experiments of Wei and Willmarth [687] and of De Graaff and Eaton [605].

Large spatial scales of turbulence have already been mentioned, notably in
Sect. 1.4 in order to highlight the efficiency of turbulent transport for momentum,
heat or concentration as well as for the definition of a turbulent viscosity in Chap. 2
through a mixing length. A more explicit definition is now introduced and some orders
of magnitude are then provided for wall turbulence. A large length scale refers to
the notion of spatial coherence of velocity components at two points defined by a
correlation coefficient,
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Fig. 3.18 Velocity fluctuation intensity u′
α

+ in a plane channel of width 2h at � Reh = 57,000,
� Reh = 120,000 and • Reh = 230,000, measured at x1 = 118h by Comte-Bellot [604]

http://dx.doi.org/10.1007/978-3-319-16160-0_2
http://dx.doi.org/10.1007/978-3-319-16160-0_1
http://dx.doi.org/10.1007/978-3-319-16160-0_2
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R(k)
αα = u′

α(xk)u′
α(x ′

k)√

u ′2
α (xk)

√

u ′2
α (x ′

k)

(3.18)

where α = 1, 2 or 3 indicates the considered velocity component, there is no implicit
summation over repeated Greek indices, and k = 1, 2 or 3 indicates the selected
direction for the separation between the two measurement points x and x′. Moreover,
the choice of x ′

k ≥ xk is most often retained, which for k = 2 indicates that the second
point is further from the wall than the first one. This information is important, as the
turbulent field is non-homogeneous along the normal direction to the wall. For a
given point x, moving closer or further from the wall through x′ is therefore not
equivalent. Expression (3.18) leads to the definition of a correlation length relative
to the α component and in the direction k, that is

L(k)
αα =

∫ ∞

0
R(k)

αα d(x ′
k − xk) (3.19)

There are 9 possible integral length scales L(k)
αα but this complexity has been well

explored, both for boundary layers [616, 685], channel [604] and pipe flows [609].
For the plane channel, some results are now summarized below. For the longi-

tudinal components and in the wall zone for x2/h � 0.1, the longitudinal length
scale L (1)

11 � 0.80h is clearly larger than the transverse scales, L (2)

11 � 0.15h and
L (3)

11 � 0.05h, where h is still the half-width of the channel. The longitudinal expan-
sion of the R(1)

11 correlation is imposed by the shear induced by the mean velocity
gradient ∂Ū1/∂x2. An important negative loop induced by the conservation of mass,
is necessarily present for R(3)

11 . As a result, a smaller value of the integral length scale
is then found.

Further from the wall, L (1)

11 increases up to around x2/h � 0.3, and then decreases
down to L (1)

11 � 0.60h on the median plane for x2/h � 1. Therefore, the largest
structures are not in the central region of the channel. This can be explained by the
interaction of structures issuing from different parts of the wall as described in the
previous section.

Finally, regarding components normal to the wall, integral length scales are found
to be smaller, with for example L (1)

22 � 0.10h, L (2)

22 � 0.12h, and L (3)

22 � 0.03h
at x2/h = 0.1. An instructive result is, for instance, revealed by comparing the
mixing length lm and L (2)

22 , the most pertinent scale for a transverse transfer ensured
by u′

2 fluctuations. With the simplest expression of lm = κx2, one has lm/L (2)

22 �
κ/1.2 � 0.33, at x2/h � 0.1. The mixing length lm is thus always smaller than the
integral length scale L (2)

22 , but of the same order of magnitude, which is expected.
The u′

2 velocity component must indeed be conserved over the entire mixing length,
corresponding to a near unity correlation coefficient. This is possible only on a length
shorter than an integral scale, where the entire correlation curve from 1 down to 0 is
taken into account.

Other correlations involving different velocity components and even time delays
between the two measurement points x and x′ are of interest to better understand wall
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turbulence [612, 667]. All these results should also be examined in the simpler case
of an homogeneous and isotropic turbulence, without any mean velocity gradient
effect, refer to Chap. 6.

3.7 Modeling for a Numerical Simulation

3.7.1 Mixing Length Model

This section is an introduction to turbulence modelling with the aim of numerically
calculating the mean velocity profile of a channel flow. Equation (3.4) is used as a
starting point in wall variables,

x2

h
− 1 − u′

1u′
2

u2
τ

+ dŪ+
1

dx+
2

= 0

In order to solve this equation, a closure for the velocity correlation term −u′
1u′

2 is
required, which is usually performed through a turbulent viscosity νt , this approach
has already been presented in Sect. 2.5. This yields,

−u′
1u′

2

u2
τ

= ν+
t

dŪ+
1

dx+
2

where ν+
t = νt

ν

Of course, the expression of νt is yet to be determined, and this can be carried out
by observing that νt ∼ u′ × lm , e.g. the product of a characteristic velocity scale by a
mixing or correlation length. Mixing length models are the simplest in this context,
since they require no additional equation to solve. They are also known as algebraic
or zero equation models, and have been introduced by Prandtl. A first assumption
consists of supposing that the mixing length varies linearly with the distance to the
wall, that is

l+m � κx+
2

where κ is the von Kármán constant, according to expression (3.16) of the mean
velocity gradient. For the characteristic velocity scale u′, it is assumed that the two
time scales lm/u′ and (dŪ1/dx2)

−1 are equals, which yields

u′ = lm
dŪ1

dx2
or

u′

uτ
= l+m

dŪ+
1

dx+
2

The turbulent viscosity is thus expressed as,

http://dx.doi.org/10.1007/978-3-319-16160-0_6
http://dx.doi.org/10.1007/978-3-319-16160-0_2


3.7 Modeling for a Numerical Simulation 77

ν+
t = (l+m

)2

∣
∣
∣
∣
∣

dŪ+
1

dx+
2

∣
∣
∣
∣
∣

and finally, the shear Reynolds stress component is given by

−u′
1u′

2

u2
τ

= (l+m
)2

∣
∣
∣
∣
∣

dŪ+
1

dx+
2

∣
∣
∣
∣
∣

dŪ+
1

dx+
2

To keep the algebra as simple as possible, only the region over which the total
stress τt is constant is considered here, that is x2/h 
 1. The Reynolds number
must be however high enough to include the log-law since x+

2 = (x2/h) Re+ � 1.
Hence, the equation governing the mean velocity profile near the wall is

(
κx+

2

)2
(

dŪ+
1

dx+
2

)2

+ dŪ+
1

dx+
2

− 1 = 0

and the positive root of this quadratic equation is given by

dŪ+
1

dx+
2

=
−1 +

√

1 + 4 (κx+
2 )2

2 (κx+
2 )2

≥ 0 (3.20)

In general, this equation is numerically solved by taking Ū+
1 = 0 at x+

2 = 0 as
initial condition. However, a tedious calculation can be performed in this simple case
to obtain the analytical solution [8, 13],

Ū+
1 = 1

κ

1 −
√

1 + 4 (κx+
2 )2

2 κx+
2

+ 1

κ
ln

[

2κx+
2 +

√

1 + 4 (κx+
2 )2

]

(3.21)

Expression (3.20) can also be simplified in the two following limit cases x+
2 → 0

and x+
2 → ∞. For x+

2 → 0, a Taylor expansion of the radical in the numerator yields

dŪ+
1

dx+
2

→ 1

and therefore, U+
1 = x+

2 as x+
2 → 0. This is the velocity law (3.10) found in the

viscous sublayer, where molecular viscous effects are preponderant over turbulence.
For x+

2 → ∞, the limit of (3.20) yields

dŪ+
1

dx+
2

→ 1

κx+
2
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Table 3.2 Behaviour of wall
variables in the logarithmic
region when using a mixing
length model

U+
1 = 1

κ
ln x+

2 + B
dU+

1

dx+
2

= 1

κx+
2

P+ � ε+

l+m = κx+
2 ν+

t = κx+
2 P+ = 1

κx+
2

which corresponds to the mean velocity gradient (3.16) found in the log-law. Table 3.2
sums up the behaviour of wall variables in the logarithmic region when using a mixing
length model.

3.7.2 The van Driest Model

The model developed in the previous section is not quite satisfactory in practice.
Indeed, even though the slope of the log-law is correctly predicted, the additive
constant B in (3.13) is underestimated and does not match experimental values.
Various modifications have been described in the literature [8]. They aim to reduce
the turbulent stresses near the wall, and thus improve the connection with the viscous
sublayer. The model proposed by van Driest [442] is one of the most efficient and
also holds for compressible wall-bounded flows [441]. The mixing length is modified
as follows,

l+m = κx+
2 (1 − e−x+

2 /A+
0 ) with A+

0 � 26 (3.22)

The mixing length l+m then decreases as (κx+
2 )2, and therefore faster than κx+

2

as x+
2 → 0. The shear Reynolds stress −u′

1u′
2
+

varies as (κx+
2 )4, indicating its

artificial damping near the wall, and the factor 1 − e−x+
2 /A+

0 is usually called a
damping function. Indeed, the shear Reynolds stress should vary as x+3

2 at the wall,
as explained in the next section. The log-law is well reproduced with a correct value
of the additive constant B, which is not possible by taking l+m = κx+

2 . Figure 3.19
illustrates these results. Velocity profiles are obtained by numerically integrating a
generalisation of Eq. (3.20) to an arbitrary expression of mixing length l+m ,

dŪ+
1

dx+
2

= −1 +
√

1 + 4 (l+m )2

2 (l+m )2
≥ 0 (3.23)

3.7.3 Asymptotic Behaviour Very Near the Wall

The knowledge of the asymptotic behaviour of turbulent statistical quantities near the
wall, provides useful information for validating numerical simulations or for assess-
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Fig. 3.19 Numerical
integration of Eq. (3.23),

◦ with the linear mixing
length model l+m = κx+

2 and,
with the van Driest

model (3.22). The viscous
sublayer law and the log-law
are in dashed and mixed
lines respectively. The open
symbols correspond to the
analytical solution (3.21)
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ing turbulence models [8, 387]. From a Taylor series of the fluctuating velocity field,

u′
1 =

∑

n

an xn
2 u′

2 =
∑

n

bn xn
2 u′

3 =
∑

n

cn xn
2

as x2 tends to zero, the following expressions can straightforwardly be derived for
an incompressible flow near the wall,

⎧
⎪⎨

⎪⎩

u′
1 = a1x2 + · · ·

u′
2 = b2x2

2 + · · ·
u′

3 = c1x2 + · · ·
with b2 = −1

2

(
∂a1

∂x1
+ ∂c1

∂x3

)

(3.24)

where all the coefficients are functions of x1, x3 and t . As an illustration, this yields
for the Reynolds stress components u′

i u
′
j ,

u′
i u

′
j ∼

⎛

⎜
⎜
⎝

a2
1 x2

2 a1b2 x3
2 a1c1 x2

2

a1b2 x3
2 b2

2 x4
2 b2c1 x3

2

a1c1 x2
2 b2c1 x3

2 c2
1 x2

2

⎞

⎟
⎟
⎠ (3.25)

For the dissipation, the so-called Hanjalić and Launder [387] equality can be
demonstrated,

ε = ν
∂2kt

∂x2
2

= ν(a2
1 + c2

1) = 2ν

(
∂
√

kt

∂x2

)2

at x2 = 0 (3.26)

as well as that εh = ε − 2ν(∂
√

kt/∂x2)
2 ∼ x2

2 as x2 → 0. These results are
intensively used in turbulence modelling, see Sect. 9.2.6. They also can be checked

http://dx.doi.org/10.1007/978-3-319-16160-0_9


80 3 Wall-Bounded Turbulent Flows

by direct numerical simulation of Navier-Stokes equations, as in the well documented
case of the channel flow for instance [621, 622, 640, 642].

3.8 More Complex Boundary Layers

Various complex situations are encountered in practice, as rough walls, asymmetrical
geometries, divergent or convergent pipes in the case of confined flows. For boundary
layers, wall fluid injection used for the cooling of turbine blades or combustion
chambers or wall curvatures effects for wing profiles in aeronautics can be mentioned.
Furthermore, the external flow can also be turbulent.

In the following section, the case of a turbulent boundary layer developing on a
flate plate in presence of a positive or adverse pressure gradient since a flow detach-
ment can occur, is considered. In contrast with this case, a relaminarisation can
occur when the flow is strongly accelerated. The momentum integral equation of
von Kármán [22] links the different involved parameters of the boundary layer. It
can be derived by integrating (3.5), which leads after some algebra to

u2
τ = d

dx1

(
U 2

e1δθ

)− 1

ρ

d Pe

dx1
δ1 (3.27)

Thus, a positive pressure gradient induces a decrease of the friction velocity. It
is even possible to maintain uτ = 0 by correctly adjusting the external pressure
gradient, as shown by Stratford [679, 680]. Numerical simulations can also com-
plete the picture by providing the instantaneous friction coefficient along the wall
[649, 673].

Regarding attached boundary layers, various configurations [602, 670] have been
also studied, in particular when an equilibrium is reached not only for the near wall
region but also for the external zone [646, 672, 684] when the velocity defect law
becomes self-similar. An equilibrium boundary layer requires a pressure gradient
such that the so-called Rotta-Clauser [600, 666] parameter β

β = δ1

ρu2
τ

d Pe

dx1
= − δc

uτ

dUe1

dx1
= cst with δc =

∫ ∞

0

Ue1 − U1

uτ
dx2

is constant. In its second form, β matches the ratio of two time scales, one specific to
the boundary layer δc/uτ , and the other provided by the external flow (dUe1/dx1)

−1.
By taking a simplified expression [610, 646, 684] of the freestream velocity Ue1 ∼

x−m
1 ensuring an equilibrium boundary layer, the following results can be established.

First, the logarithmic law with reference to the wall as well as the standard values
of constants are still observed. However, the interval over which this law holds as
a function of x+

2 diminishes as the pressure gradient increases. The wake region is
more important and its equilibrium is difficult to reach. Secondly, there is another
peak of turbulent kinetic energy production at x2/δ � 0.45, with energy transfers
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towards the wall and the outer region. Thirdly, turbulence intensities normalized by
the friction velocity clearly increase compared to the case where there is no pressure
gradient. This is expected since according to von Kármán’s equation (3.27), the
friction velocity uτ can only decrease when d Pe/dx1 > 0. As an illustration, for
β � 20 or equivalently m = 0.22, and near the second peak of kinetic energy
production, the following values are observed [672]

u′
1

2
/u2

τ � 55 u′
2

2
/u2

τ � 24 u′
3

2
/u2

τ � 36 − u′
1u′

2/u2
τ � 16

Fourthly, the ratios of turbulence intensity between the various components keep
values close to those obtained without any pressure gradient. For x2/δ � 0.45,
one has

u′
2

2
/u′

1
2 � 0.44 u′

3
2
/u′

1
2 � 0.65 − u′

1u′
2/

√

u′
1

2
√

u′
2

2 � 0.44

This result tends to show that the turbulent kinetic energy redistribution mecha-
nism between velocity components caused by the pressure fluctuations is preserved.
A similar result is observed for the shear Reynolds stress, which can be useful for
turbulence modelling.

3.9 Boundary Layer Equations�

Consider a two-dimensional incompressible mean flow with velocity components
Ū1 (x1, x2) and Ū2 (x1, x2). By assuming that turbulence is homogeneous in the
spanwide direction x3, the Reynolds averaged Navier-Stokes equations are given by

∂Ū1

∂x1
+ ∂Ū2

∂x2
= 0 (3.28)

Ū1
∂Ū1

∂x1
+ Ū2

∂Ū1

∂x2
= −1

ρ

∂ P̄

∂x1
− ∂u′2

1

∂x1
− ∂u′

1u′
2

∂x2
+ ν∇2Ū1 (3.29)

Ū1
∂Ū2

∂x1
+ Ū2

∂Ū2

∂x2
= −1

ρ

∂ P̄

∂x2
− ∂u′

1u′
2

∂x1
− ∂u′2

2

∂x2
+ ν∇2Ū2 (3.30)

The evolution of the mean flow field is assumed to be slow in the streamwise
direction x1 with respect to its evolution in the transverse direction, in agreement
with experimental observations. To obtain the boundary layer approximations, the
following scales are then introduced,

Furthermore the boundary layer thickening is small, which means that δ/L < 1.
To satisfy the conservation of mass (3.28), it is required that
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U mean longitudinal velocity scale,
L longitudinal length scale,
V mean transverse velocity scale,
δ transverse length scale,
u fluctuating velocity scale

V

δ
∼ U

L
or equivalently, V ∼ δ

L
U

Governing equations can then be simplified as follows. Regarding Eq. (3.29), the
order of magnitude is shown below each corresponding term

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Ū1
∂Ū1

∂x1
+ Ū2

∂Ū1

∂x2
= −1

ρ

∂ P̄

∂x1
−∂u′2

1

∂x1
−∂u′

1u′
2

∂x2
+ν

(
∂2

∂x2
1

+ ∂2

∂x2
2

)

Ū1

∼ U 2

L
∼ u2

L
∼ u2

δ
∼ ν

(
U

L2 ; U

δ2

) (3.31)

To actually observe the development of a turbulent boundary layer, and not only
a laminar one, the dominant term associated with the Reynolds stress tensor must be
of the same order as the convection terms

u2

δ
∼ U 2

L
or u ∼

(
δ

L

)1/2

U

By taking into account this result, a similar analysis can be carried out for
Eq. (3.30) to yield

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Ū1
∂Ū2

∂x1
+ Ū2

∂Ū2

∂x2
= −1

ρ

∂ P̄

∂x2
−∂u′

1u′
2

∂x1
−∂u′2

2

∂x2
+ν

(
∂2

∂x2
1

+ ∂2

∂x2
2

)

Ū2

∼ δ

L

U 2

L
∼ δ

L

U 2

L
∼ δ

L

U 2

δ
∼ ν

δ

L

(
U

L2 ; U

δ2

)

The term ∂u′2
2 /∂x2 overwhelms all others. Therefore, it can only be balanced by

the pressure term, and the simplified equation reads

1

ρ

∂ P̄

∂x2
+ ∂u′2

2

∂x2
= 0

Then, by integrating along x2 from the wall, where P̄ = P̄w and u′
2 = 0, up to

the outer zone where P̄ = Pe and u′
2 = 0, one gets

Pe = P̄w = P̄ + ρu′2
2
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By comparison to the free shear flow case in Chap. 4, the pressure Pe imposed
by the external flow is not necessarily uniform here. The pressure term in Eq. (3.31)
thus needs to be kept. Moreover, the dominant viscous term must also be conserved
in Eq. (3.31) to ensure the no-slip condition at the wall. By retaining the dominant
terms in ∼ U 2/L , the boundary layer approximation of Eq. (3.29) is then

Ū1
∂Ū1

∂x1
+ Ū2

∂Ū1

∂x2
= −1

ρ

d Pe

dx1
− ∂u′

1u′
2

∂x2
+ ν

∂2Ū1

∂x2
2

and corresponds to Eq. (3.5).

http://dx.doi.org/10.1007/978-3-319-16160-0_4


Chapter 4
Free Turbulent Flows: Jets and Wakes

In this chapter, self-similar solutions of free subsonic jets and wakes are established.
These solutions can be used to characterize some properties of the mean turbulent
flow itself, to assess turbulence models, and also to provide an analytical solution for
the mean flow field under some assumptions. The development of a round jet flow is
first described, results for a plane jet are then briefly reported, round and plane wake
flows are then examined in the two last sections.

4.1 Natural Development of a Free Turbulent Round Jet

Free jet flows have been the subject of numerous experimental as well as numerical
studies, particularly in the fields of aeronautics and aeroacoustics where they are
produced by the exhaust flow of an aircraft engine for instance. A sketch of the
mean velocity field is shown in Fig. 4.1 for a round jet. Three main regions are
usually distinguished in the flow development. The first one is the initial region
near the nozzle exit, where an annular turbulent mixing layer encloses the potential
core of the jet. Inside this core, the flow is quasi-laminar with a constant velocity
equal to the jet exit velocity U j , and its mean position is shown by dotted lines in
Fig. 4.1. Turbulence totally penetrates to the jet axis at a distance zc between 4D and
5D, where D is the nozzle diameter. The merging of the annular shear layer marks
the beginning of the transition region, and far downstream, the jet is finally fully
developed, at a distance of approximately 15D. In this region, a constant turbulent
intensity is reached on the jet axis, that is u′

1/Um = cst, where Um is the local mean
axial velocity, and the mean flow is self-similar.

The two Reynolds numbers ReD = U j D/ν and Reδθ = U jδθ/ν, where δθ is the
momentum thickness of the exit boundary layer, and the peak fluctuation intensity
u′
1/U j at the nozzle exit are among the most important parameters to be consid-

ered to characterize the initial development of a subsonic jet [537, 538, 566]. For
moderate Reynolds numbers ReD ≤ 105, the exit boundary layer is laminar and
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r

zzc

δl Um

Ūz(r, z)
nozzle

potential core

Fig. 4.1 Sketch of the mean velocity field of a round jet in the initial development, and in the region
where the flow has reached a self-similar state

Fig. 4.2 a Visualization of a water jet by fluorescent dye injection, ReD = 5570 with D = 40 mm
and U j � 13cm · s−1. Courtesy of Junji Kurima (Kurima, Kasagi and Hirata, Tokyo University,
1983). b Schlieren visualization of an air jet at ReD � 8.7×105 with D = 38mm,U j = 293m · s−1

and Tt = T∞, exposure time 3 µs, courtesy of Benoît André and Thomas Castelain (LMFA)

the development of the flow is dominated by vortex pairings occurring in the initial
laminar shear layer, as illustrated by Fig. 4.2a. A view of a higher Reynolds number
is shown in Fig. 4.2b, for which the incoming boundary layer is turbulent. The overall
flow characteristics are then not dependent on the Reynolds number. Between these
two asymptotic states, that is for 105 ≤ ReD ≤ 2.5 × 105, the initial shear-layer is
transitional. The mean velocity profile is still close to the Blasius laminar solution,
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Fig. 4.3 Mean velocity profile Ūz and fluctuating velocity profile u′
z measured at z = 0.01D for

two Reynolds numbers � ReD = 6.7 × 104 and � ReD = 1.3 × 105 by Fleury [526]. The Blasius
profile is also plotted in solid line and r0 = D/2 is the nozzle radius

as shown in Fig. 4.3, but streamwise velocity fluctuations grow as ReD increases.
It is not always easy to study the influence of each parameter in experiments, by
changing Reδθ in keeping the same value for ReD = U j D/ν for instance, since

δθ/D � Re−1/2
D at the nozzle exit [526, 537]. More generally, all the parameters

are inherently linked and numerical simulations are then an insightful way to pro-
long experimental studies in carefully controlling the initial conditions [513–515]
for instance.

The laminar—turbulent transition in the mixing layer is well described by the
linear spatial stability theory introduced in Sect. 1.5. To illustrate this point, the
laminar mean velocity profile at the nozzle exit of the jet shown in Fig. 4.2a can be
approximated by the following hyperbolic tangent function

Ū (z)/U j = 0.5 {1 + tanh [(r0 − r)/(2δθ)]}

with δθ/r0 � 0.05. For an incompressible flow, the most amplified axisymmetric
disturbance corresponds to a Strouhal number Stδθ = f δθ/U j � 0.018, and is
directly associatedwith the first ring vortex [50]. Viscous effects are found very small
for Reynolds numbers Reδθ ≤ 300 according to the work by Morris [53]. Morever,
it is essential to include compressible effects for high speed jets by considering
the compressible Rayleigh equation (1.19), as shown with the results displayed in
Fig. 1.21. The first helicoidal mode n = 1 is usually found to be the most amplified
disturbance, and amplification rates are reduced. A well-known consequence is the
lengthening of the potential core as the Mach number of the jet is increased, thus
zc/D � 4.2 + 1.1M2

j for isothermal jets [544]. Note that a shock-cell structure is
generated inside the supersonic jet core to adapt the pressure at the nozzle exit Pe to
the ambient pressure P∞ for supersonic Mach numbers [550, 558].

http://dx.doi.org/10.1007/978-3-319-16160-0-1
http://dx.doi.org/10.1007/978-3-319-16160-0_1
http://dx.doi.org/10.1007/978-3-319-16160-0_1
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4.2 Self-similarity for a Round Jet

A solution for the mean velocity and for the Reynolds shear stress can be determined
in the self-similar region, where the jet flow is fully developed. The turbulent flow
is assumed incompressible and stationary. As a starting point, the Reynolds aver-
aged Navier-Stokes equations are written for an axisymmetric mean flow, and are
simplified through dimensional arguments. A self-similar solution is then sought by
introducing a turbulent viscosity to close the governing equations.

4.2.1 Averaged Equations

For a homogeneous and incompressible flow, the mass conservation is simply given
by ∇ · u = 0, that is in cylindrical coordinates (r, θ, z) where z is aligned along the
jet axis

1

r

∂ (rur )

∂r
+ 1

r

∂uθ

∂θ
+ ∂uz

∂z
= 0

The following material derivative operator is introduced to simplify the writing
of equations,

D f

Dt
≡ ∂ f

∂t
+ ur

∂ f

∂r
+ uθ

r

∂ f

∂θ
+ uz

∂ f

∂z

and it is recalled below that thanks to the incompressibility condition,

D f

Dt
= ∂ f

∂t
+ 1

r

∂ ( f rur )

∂r
+ 1

r

∂ ( f uθ)

∂θ
+ ∂ ( f uz)

∂z

Using the D/Dt operator, the Navier-Stokes equations can then be written as
follows,

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

Dur

Dt
− u2

θ

r
= −1

ρ

∂ p

∂r
+ ν

(

∇2ur − 2

r2
∂uθ

∂θ
− ur

r2

)

Duθ

Dt
+ ur uθ

r
= −1

ρ

1

r

∂ p

∂θ
+ ν

(

∇2uθ + 2

r2
∂ur

∂θ
− uθ

r2

)

Duz

Dt
= −1

ρ

∂ p

∂z
+ ν∇2uz

where the Laplacian operator in cylindrical coordinates is given by

∇2 f = 1

r

∂

∂r

(

r
∂ f

∂r

)

+ 1

r2
∂2 f

∂θ2
+ ∂2 f

∂z2
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The Reynolds decomposition is now introduced into these equations adopting the
usual notations for the mean and fluctuating part, that is ur = Ūr +u′

r , uθ = Ūθ +u′
θ,

uz = Ūz + u′
z and p = P̄ + p′. For a round jet, one has Ūθ = 0 but u′

θ �= 0, and
furthermore for any mean quantity F̄ , ∂ F̄/∂θ = 0. Owning to the symmetry of the
mean turbulent flow, the turbulence must be homogeneous in the azimuthal direction
and thus, u′

r u′
θ = u′

zu′
θ = 0.With these assumptions, the averagedmass conservation

equation is

1

r

∂
(
rŪr

)

∂r
+ ∂Ūz

∂z
= 0

Following the approach presented in Chap.2, the averaged Navier-Stokes equa-
tions can be written in the form,

D̄ Ūr

Dt
= −1

ρ

∂ P̄

∂r
− 1

r

∂(ru′2
r )

∂r
− ∂u′

r u′
z

∂z
+ u′2

θ

r
+ ν

(

∇2Ūr − Ūr

r2

)

(4.1)

0 = −1

ρ

1

r

∂ P̄

∂θ
(4.2)

D̄ Ūz

Dt
= −1

ρ

∂ P̄

∂z
− 1

r

∂(ru′
r u′

z)

∂r
− ∂u′2

z

∂z
+ ν∇2Ūz (4.3)

where the operator D̄/Dt is defined as,

D̄ F̄

Dt
= 1

r

∂
(
rŪr F̄

)

∂r
+ ∂

(
Ūz F̄

)

∂z
= Ūr

∂ F̄

∂r
+ Ūz

∂ F̄

∂z

It is straightforward to observe from Eq. (4.2) that the mean pressure can only be
a function of r and z, that is P̄ = P̄(r, z), which is of course expected for symmetry
reasons.

4.2.2 Thin Shear Layer Approximation

The divergence of the thin shear flow flow is quite slow, and boundary-layer approx-
imations, see Sect. 3.9, can be applied to simplify the previous equations. Length
(L , δl) and velocity (U, V ) scales in the axial and radial direction respectively, are
introduced to examine the relative amplitude of each term. Only one velocity scale
u is chosen for the fluctuating velocity vector u′. The boundary-layer approximation
requires that δl/L < 1, which is in agreement with experimental observations. Vari-
ations of the mean flow are smaller in the axial direction than in the radial one. The
equation of mass conservation implies that

1

r

∂
(
rŪr

)

∂r
+ ∂Ūz

∂z
= 0 =⇒ V

δl
∼ U

L
or V ∼ δl

L
U

http://dx.doi.org/10.1007/978-3-319-16160-0_2
http://dx.doi.org/10.1007/978-3-319-16160-0-3
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Considering the averaged Navier-Stokes equation in the axial direction, one has

D̄Ūz

Dt
= −1

ρ

∂ P̄

∂z
− 1

r

∂(ru′
r u′

z)

∂r
− ∂u′2
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U 2
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u2
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L
ν

(
U

δ2l
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L2

)

(1) (2) (3) (4)

(4.4)

The term (3) is negligible with respect to the term (2). Similarly, only the first
viscous term in (4) could be retained,

(4) ∼ ν
U

δ2l
= U 2

δl

ν

Uδl
= U 2

L

L

δl

1

Re

and viscous effects are very small for usual Reynolds numbers. As an illustration and
as alreadymentioned in the first section, viscous effects are identified for Reδθ ≤ 300,
which corresponds to a Reynolds number ReD ∼ 10 with δθ/r0 = 0.05. Viscous
terms will be ignored in what follows. This is a reasonable assumption which can be
applied to developing free shear flows far from anywall. The averaged Navier-Stokes
equation along z is thus simplified as

D̄Ūz

Dt
= −1

ρ

∂ P̄

∂z
− 1

r

∂(ru′
r u′

z)

∂r

Moreover, to derive a solution corresponding to a turbulent jet, it is necessary that
the terms (1) and (2) have the same order of magnitude. If (2) � (1), the laminar
solution is recovered and the case (2) � (1) is not physically acceptable. Therefore,

U 2

L
∼ u2

δl
or u ∼

(
δl

L

)1/2

U

A similar analysis can be conducted for the averaged Navier-Stokes equation in
the radial direction. In terms of order of magnitude, one has

D̄ Ūr

Dt
= −1

ρ

∂ P̄

∂r
− ∂u′2

r

∂r
− ∂u′

r u′
z

∂z
− u′2

r − u′2
θ

r
+ ν

(

∇2Ūr − Ūr

r2

)

δl

L

U 2

L

U 2

L

δl

L

U 2

L
ν

δl

L

(
U

δ2l
; U

L2

)

(1) (2)
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Viscous terms are again negligible, and the term (2) is also discarded. The order
of magnitude of the term (1) is larger than all of the other terms, and it can be only
balanced by the pressure term. Hence,

1

ρ

∂ P̄

∂r
+ ∂u′2

r

∂r
= 0

and by integration in the radial direction from the jet axis to the ambient medium,
one obtains P̄ + ρu′2

r = P∞. This relation can then be used to estimate the order of
magnitude of the longitudinal pressure gradient in Eq. (4.4),

−1

ρ

∂ P̄

∂z
= ∂u′2

r

∂z
∼ U 2 δl

L

1

L
= δl

L

U 2

L

With respect to terms in U2/L , the pressure term is found to be negligible in
Eq. (4.4). Finally, the governing equations for the mean flow of a round jet are given
by

1

r

∂(rŪr )

∂r
+ ∂Ūz

∂z
= 0 (4.5)

1

r

∂(rŪr Ūz)

∂r
+ ∂(ŪzŪz)

∂z
= −1

r

∂(ru′
r u′

z)

∂r
(4.6)

Conservation of the Momentum Flux
A consequence of the simplified Eq. (4.6) is the conservation of the momentum flux
Iz in a cross section of the jet, that is

Iz = 2π
∫ ∞

0
ρŪ 2

z rdr = cst (4.7)

Starting from Eq. (4.6) rewritten as

∂(ŪzŪz)

∂z
= −1

r

∂

∂r

(
rŪr Ūz + ru′

r u′
z

)

one can shown that d Iz/dz is zero. Indeed,

d Iz

dz
=

∫ ∞

0

∂(ρŪz Ūz)

∂z
2πrdr = −2πρ

∫ ∞

0

∂

∂r

(
rŪr Ūz + ru′

r u′
z

)
dr

= −2πρ
[
rŪr Ūz + ru′

r u′
z

]∞
0

= 0
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4.2.3 Similarity Solution

The self-similar solution is sought by assuming the following expressions for the
mean axial velocity and the Reynolds shear stress,

{
Ūz = Um (z) f (η)

−η u′
r u′

z = U 2
m (z) h (η)

with η = r

δl(z)
(4.8)

and whereUm is the mean centerline velocity and δl the half-width of the jet, defined
usually as the radial distance for which the mean axial velocity is equal to half of the
velocity on the axis, see also Fig. 4.1. Thus, one has f (0) = 1 and f (1) = 1/2 by
definition.

The Reynolds shear stress −u′
r u′

z is first expressed as a function of Ūz only. By
integrating Eq. (4.6) in the radial direction from the jet axis,

rŪr Ūz +
∫ r

0

∂Ū 2
z

∂z
r ′dr ′ = −ru′

r u′
z (4.9)

Moreover, an expression of the mean radial velocity Ūr can be derived from the
mass conservation equation (4.5),

rŪr = −
∫ r

0

∂Ūz

∂z
r ′dr ′

and can be introduced in Eq. (4.9). Hence,

−ru′
r u′

z =
∫ r

0

∂Ū 2
z

∂z
r ′dr ′ − Ūz

∫ r

0

∂Ūz

∂z
r ′dr ′

To simplify the algebra, it is also convenient to permute the integration over r and
the derivative operator along z, that is

− ru′
r u′

z = ∂

∂z

∫ r

0
Ū 2

z r ′dr ′ − Ūz
∂

∂z

∫ r

0
Ūzr ′dr ′ (4.10)

The right-hand side of this equation can now be developed by introducing the
self-similar profiles defined in (4.8). This yields

−ru′
r u′

z = ∂

∂z

∫ r

0
U 2

m f 2r ′dr ′ − Um f
∂

∂z

∫ r

0
Um f r ′dr ′

The similarity variable η is also introduced in the integrals through the change of
variable r ′ = δlη

′,
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−ru′
r u′

z = ∂

∂z

(

δ2l U 2
m

∫ η

0
f 2η′dη′

)

− Um f
∂

∂z

(

δ2l Um

∫ η

0
f η′dη′

)

Using Leibniz’s rule since the upper bound η of the two integrals is a function of
z, it follows that

−ru′
r u′

z = d

dz
(δ2l U 2

m)

∫ η

0
f 2η′dη′ + δ2l U 2

m f 2η
dη

dz

− d

dz
(δ2l Um)Um f

∫ η

0
f η′dη′ − δ2l U 2

m f 2η
dη

dz

= d

dz
(δ2l U 2

m)

∫ η

0
f 2η′dη′ − d

dz
(δ2l Um)Um f

∫ η

0
f η′dη′

Thanks to the momentum conservation (4.7)

Iz = 2πρU 2
mδ2l

∫ ∞

0
f 2ηdη = cst

it is required that Umδl = cst, and the first term is thus zero on the right-hand side
of the previous equation. The similarity function h(η) for the Reynolds shear stress
profile defined by (4.8) is also introduced on the left-hand side,

h(η) = − 1

δlUm

d

dz
(δ2l Um) f

∫ η

0
f η′dη′ (4.11)

A self-similarity solution is only obtained if the following factor in (4.11) is
independent of z,

1

δlUm

d

dz
(δ2l Um) = cst

Recalling that Umδl = cst, the growth of the jet half-width is found to be linear,
δl ∼ z, and Um ∼ z−1. The length scale δl and the mean axial velocity Um of a
self-similar round jet are thus given in dimensionless forms by

δl(z)

D
= a

z − z0
D

Um(z)

U j
= b

D

z − z0
(4.12)

where a is the spreading rate and b is the decay constant. The third constant z0 repre-
sents the virtual origin of a self-similar jet generated by a point source of momentum
Iz . The jet being definitely not self-similar just beyond the nozzle exit, z0 �= 0. All
these constants are to be determined experimentally or numerically.
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4.2.4 Expression of the Radial Profile

The calculation of the function f describing the radial profile of the mean axial
velocity (4.8), requires to close the averaged Navier-Stokes equations. A turbulent
viscosity is introduced to express the Reynolds shear stress as a function of the mean
velocity gradient, refer to Chap.2,

−u′
r u′

z = νt
∂Ūz

∂r
= νtUm

δl

d f

dη
and, − η

u′
r u′

z

U 2
m

= h(η) = η
νt

Umδl

d f

dη

The preservation of the self-similar profile h requires that the factorUmδl/νt must
be independent of z. As Um ∼ z−1 and δl ∼ z, the turbulent viscosity is found to be
constant in the self-similar jet, νt = cst. This means that there is the same balance
between turbulent and viscous effects whatever the distance to the nozzle is. This
is an important result indicating that one has a complete similarity for the turbulent
round jet. The constant c ≡ Umδl/νt is thus introduced.

The turbulent closure can be introduced in expression (4.11) to provide

η

c

d f

dη
= − 1

δlUm

d

dz
(δ2l Um)

︸ ︷︷ ︸
=a

f
∫ η

0
f η′dη′

where the underlined factor is equal to the constant a. Therefore, the function f
verifies the following integral equation

η

c
f ′ + a f

∫ η

0
f η′dη′ = 0

where f ′ ≡ d f/dη. To integrate this differential equation, its is convenient to intro-
duce an auxiliary function F given by,

F(η) =
∫ η

0
f
(
η′) η′dη′

By definition, one has F ′ = η f and F ′′ = f + η f ′. The previous differential
equation can thus be written as

1

ac

ηF ′′ − F ′

η
+ F F ′

η
= 0

so that,

1

ac

[
(ηF ′)′ − 2F ′] + F F ′ = 0

http://dx.doi.org/10.1007/978-3-319-16160-0_2
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Noting that F(0) = 0 and F ′(0) = 0, a first integration gives

1

ac

[
ηF ′ − 2F

] + 1

2
F2 = 0 or

2ηF − η2F ′

F2 = ac

2
η

The previous equation can then be integrated a second time, which yields

η2

F
= ac

4
η2 + cst

To determine this integration constant, the values of F and of its derivatives at
the origin are used again. One has F(0) = 0, F ′(0) = 0 and F ′′(0) = f (0) = 1.
Therefore,

cst = lim
η→0

η2

F
= lim

η→0

2η

F ′ = lim
η→0

2

F ′′ = 2 and F (η) = 4η2

acη2 + 8

Finally, the expression of the f function describing the radial profile of the mean
velocity has been explicitly determined, and can be written as

f = F ′

η
= 1

(dη2 + 1)2
with d ≡ ac

8
(4.13)

Note that the condition f (1) = 1/2 associated with the definition of the jet half-
width requires that d = √

2 − 1.

4.2.5 Some Other Quantities

As already mentioned just above, the different constants involved in the self-similar
solution are linked through compatibility relations. Thus, the value of themomentum
flux Iz can be calculated at the nozzle exit,

Iz = πD2

4
ρU 2

j

and also in an arbitrary cross section of the jet using the self-similar solution for the
mean axial velocity. Hence,

Iz = 2πρU 2
mδ2l

∫ ∞

0
f 2ηdη = 2πρU2

mδ2l
4

3ac

and by using (4.12), c = (32/3)ab2. Combining this result with the requirement on
the constant d in expression (4.13), it yields
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b = 1

2a

[
3(

√
2 − 1)

]1/2
c = 8(

√
2 − 1)

a
(4.14)

The knowledge of only one constant is finally required to wholly determine the
mean axial velocity profile defined by (4.13). The spreading rate a of the jet is
generally chosen. The turbulent viscosity can also be explicitly calculated from the
value of the Reynolds number,

νt

ν
= ab

c

U j D

ν
= ab

c
ReD = 3

32b
ReD

A jet flow is also characterized by its entrainment, and the flow rate Q(z) provided
by the self-similar solution can be calculated. This volume flow rate is given by

Q = 2π
∫ ∞

0
Ūzrdr = 2πUmδ2l

∫ ∞

0
f ηdη = Q j

32ab

c

z − z0
D

where Q j = (πD2/4)U j is the nominal flow rate at the nozzle exit. This relation
can be recast in the following dimensionless form

Q

Q j
= ke

z − z0
D

with ke = 32ab

c
(4.15)

where the constant ke is directly proportional to the spreading rate. The entrainment
and the spreading rate are directly associated with the evolution of the mean radial
velocity Ūr , which is not zero even far outside of the jet. This velocity can also be
determined using the mass conservation. It can be shown that

Ur

Um
= g(η) = a

η

(

η2 f −
∫ η

0
f η′dη′

)

= aη

2

1 − dη2

(1 + dη2)2
d = ac

8

This velocity is positive in the jet core, in agreement with the decrease of the
mean axial velocity along the jet axis, and is negative for η ≥ 1.5, corresponding to
the entrainement of the surrounding ambient fluid. Note that Ūr tends towards zero
as −1/η when η → ∞.

4.2.6 Experimental and Numerical Results

Mean Velocity and Reynolds Stress Tensor
Table4.1 provides some self-similar parameters taken from experiments. The scat-
tering of these data can be attributed to the estimate of the virtual origin of the jet z0,
to a possible influence of the Reynolds number or also to the quality of the facility
for preserving the entrainment induced by the jet. The measured radial profile of
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Table 4.1 Measured self-similar parameters fromstationary/flyinghot-wire anemometry (s/fHWA)
or from laser-Doppler anemometry (LDA)

M ReD a b z0/D a2b2 Reference

0.15 8.6 × 104 0.086 5.4 3 0.22 Wygnanski et al.
[565] (sHWA)

0.12 6.7 × 104 0.08 5.9 −0.5 0.22 Hinze [8]

0.08 1.1 × 104 0.096 6.06 −2.5 0.34 Panchapakesan
et al. [549] (fHWA)

0.08 4.5 × 104 0.093 6.09 0.67 0.32 Shiri et al. [555]
(LDA)

0.16 9.5 × 104 0.094 5.8 4.0 0.30 Hussein et al. [539]
(LDA/fHWA)

0.16 9.5 × 104 0.102 5.9 2.7 0.36 Hussein et al. [539]
(sHWA)

Additional data can be found in Lipari and Stansby for water jets [547]
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Fig. 4.4 a radial profile of the mean longitudinal velocity Ūz/Um = f (η) measured by Hussein
et al. [539] (see also Table4.1), • laser-Doppler anemometry (LDA) results, � stationary hot-wire
anemometry (sHWA) results, self-similar profile f = 1/(dη2 + 1)2, Gaussian profile
f = exp(− ln 2 η2). b normalized turbulent viscosity νt/(Umδl ) computed from LDA results

the mean axial velocity is shown in Fig. 4.4a. The self-similar solution (4.13) is also
plotted, as well as the following Gaussian profile,

f (η) = exp(− ln 2 η2)

which is close to observed experimental results. Let us now verify some compati-
bility relations. From the LDA results of Hussein et al. [539], the normalized tur-
bulent viscosity can be directly computed to provide an estimate of the constant
c = Umδ/νt � 32, by recalling that c/(ab) = (ν/νt )ReD . The relation involving
the constants a and b can also be checked, namely (ab)2 = (3/4)(

√
2 − 1) � 0.31,

and values are reported in Table4.1. Note that this value is very close to the last
four experiments. Moreover, Ricou and Spalding [552] were able to perform a direct
measurement of the jet entrainment. They found a value of ke � 0.32 for the constant
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Fig. 4.5 Radial profile of Reynolds stresses measured by Hussein et al. [539] (see also Table4.1),
LDA results

involved in the expression of the volume flow rate (4.15). Note that the predicted self-
similar solution does not perfectly match experimental values. Thus, assuming that
a � 0.094 and according to the compatibility relations (4.14) and (4.15), one should
have b � 5.9, c � 35 and ke � 0.51. The complementarity between experiments
and numerical simulations will be discussed in Chap. 8, but an insightfull illustration
is given in the next section regarding the turbulent kinetic energy budget.

The normalized radial profiles of the Reynolds stresses are reported in Fig.4.5
from the data provided by Hussein et al. [539]. Only results obtained by laser-
Dopler anemometry have been retained here. They are found in good agreement
with flying hot-wire anemometry measurements, but not with stationary HWA data.
Indeed, a stationary hot-wire anemometer provide unreliable results far from the
jet centerline in reverse flow regions. Turbulense intensities of u′

z/Um � 0.28 and
u′

r/Um � u′
θ/Um � 0.22 are observed on the jet axis. On the whole, the turbulence

of a free jet is far more isotropic than in wall-bounded flows. Moreover, the shear
stress profile u′

r u′
z is shown in Chap.2, refer to Fig. 2.3.

Turbulent Kinetic Energy Budget
The turbulent kinetic energy budget has been measured and more recently com-
puted in the self-similar region of a round jet . Using boundary-layer approximations
and assuming a high enough Reynolds number to neglect the viscous diffusion, the
transport equation for the turbulent kinetic energy kt can be written as follows,

http://dx.doi.org/10.1007/978-3-319-16160-0_8
http://dx.doi.org/10.1007/978-3-319-16160-0_2
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∂z
− u′

r
2 ∂Ūr
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(4.16)

where εh is the homogeneous dissipation, introduced in Sect. 2.6. In this equation,
the term (a) represents the convection by the mean flow, the term (b) is the produc-
tion of kt , the terms (c) and (d) are the turbulence and pressure transport, and the
term (e) is the dissipation. The experimental determination of all these contributions
remain difficult, in particular for terms such as the pressure–velocity correlations for
instance. As a result, approximations need to be made to estimate the quantities that
cannot be measured with accuracy. As an illustration, the results of Panchapakesan
and Lumley [549] and of Hussein et al. [539] for a higher Reynolds number, see
Table4.1, are reported in Fig. 4.6. In Panchapakesan and Lumley, the pressure diffu-
sion term (d) is neglected, and the dissipation (e) is obtained as the closing balance
of Equation (4.16). In Hussein et al. [539], the energy dissipation is estimated from
the assumption of a local axisymmetry of small scales, and the pressure diffusion
is then obtained to close the budget. Serious discrepancies are observed between
these two approaches. Nowadays, the role of the different terms, in particular the
pressure–velocity correlation term, can be clarified using well-resolved numerical
simulations. A comparison is shown in Fig. 4.7 between the data of Panchapakesan
and Lumley and a large-eddy simulation performed by Bogey and Bailly [512] at the
same Reynolds number. The computed pressure diffusion term (d) is found rather
small, which finally supports the assumption made by Panchapakesan and Lumley.

The turbulent kinetic energy budget is characterized by an important convection
term (a) unlike in wall-bounded flows. This term is indeed equal to zero for a channel
or a pipe flow, and remains small for a boundary layer.Moreover, the convection term
(a) and the production term (b) have the same order of magnitude. Note also that

the term u′
r u′

θ
2 involved in the turbulence transport is usually approximated by u′3

r ,
since measurements are made in a plane containing the jet axis. The reader can refer
to the review of experimental data by Lipari and Stansby [547] and the simulation
results by Bogey and Bailly [512] for budgets of the Reynolds stresses and additional
remarks.

Integral Length Scales
The integral length scales L (1)

11 and L (2)
11 , see the relation (6.4) in Chap. 6, are found

to grow linearly with the axial location z. In the first ten diameters along the shear
layer at r = r0, one has

L (1)
11 � 2δθ L (2)

11 � δθ L (1)
22 � δθ

http://dx.doi.org/10.1007/978-3-319-16160-0_2
http://dx.doi.org/10.1007/978-3-319-16160-0_6
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Fig. 4.6 Turbulent kinetic energy budget across the self-similar region of a round jet, experimental
data of Panchapakesan and Lumley [549] at left, and of Hussein et al. [539] at right. ◦ convection
(a), � production (b),� dissipation (e), � turbulence diffusion (c) and � pressure diffusion (d). Note
that data in solid symbols are not directly measured. All the terms are made dimensionless using
Um and δl
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Fig. 4.7 Turbulent kinetic energy budget across the self-similar region of a round jet at ReD =
1.1 × 104 computed by large-eddy simulation, taken from Bogey and Bailly [512]. Experimental
data of Panchapakesan and Lumley [549], ◦ convection (a), � production (b), � dissipation (e),
� turbulence diffusion (c). The computed pressure diffusion (d), in solid gray line, is neglected in
Panchapakesan and Lumley. All the terms are made dimensionless using Um and δl

where compressibility effects are included in the local momentum thickness δθ(z),
as experimentally shown by Fleury et al. [527] for high speed subsonic jets. Thus,
no strong deviation is observed from the values expected in isotropic turbulence.
The two integral scales L (1)

11 and L (2)
11 can indeed be compared to L f and Lg with

L f = 2Lg in isotropic turbulence, see relation (6.27). The calculation of these scales
is usually done in a reference point located at the middle of the separation vector to
minimize inhomogeneous effects.

http://dx.doi.org/10.1007/978-3-319-16160-0_6
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Farther downstream, completemeasurements have been performed byWygnanski
and Fiedler [565] in the self-similar region. On the jet axis at z = 90D, the axial
evolution of the integral length scales is well represented by

L (1)
11 � 0.0385 z and L (2)

11 � 0.0157 z

which yields a ratio L (1)
11 /L (2)

11 � 2.4. Out of the axis, the observed scales are larger,
as illustrated by the following values measured at r/z = 0.1,

L (1)
11 � 0.062 z and L(2)

11 � 0.028 z

The ratio is again very close to the expected value for isotropic turbulence. Note
that the largest structures are not observed in the central zoneof the jet. Theproduction
region of the turbulent kinetic energy is located in an annular region, leading to an
intermittency on the jet axis associated with large structures generated in different
production regions, as already mentioned for pipe flows in Chap.3.

4.3 Similarity for a Plane Jet

A plane jet is obtained from a rectangular nozzle with a high aspect ratio, that is the
length-to-width ratio, which is assumed to be infinite in the analytical modelling. In
practice, the spanwise length must be at least larger than 20l, where l is the nozzle
width as shown in Fig. 4.8. The initial development of the plane jet at the nozzle
exit is quite similar to that of a circular jet, again with the particular role played by
instability waves in the two mixing layers. The mean flow is found self-similar far
downstream, for x1/ l ≥ 25.

l
Uj

x2

x1

δl Um

Ū1(x1, x2)
nozzle

Fig. 4.8 Nozzle exit of a plane jet and self-similar mean velocity profile far downstream. The
Reynolds number of the jet is defined as Rel = U j l/ν where U j is the exit velocity and l the nozzle
width

http://dx.doi.org/10.1007/978-3-319-16160-0_3
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In the self-similar region, the Reynolds averaged Navier-Stokes equations can
be simplified thanks to the boundary layer approximation. For a sufficiently high-
Reynolds number flow, one obtains for the longitudinal momentum conservation,

∂(Ū1Ū1)

∂x1
+ ∂(Ū1Ū2)

∂x2
= −∂u′

1u′
2

∂x2
(4.17)

whereas the integration of the averaged Navier-Stokes equation in the transverse

direction leads to P̄ + ρu′2
2 = P∞. Moreover, the mass conservation is reduced to

the incompressibility condition,

∂Ū1

∂x1
+ ∂Ū2

∂x2
= 0

The solution is sought in the form of self-affine profiles for Ū1 and u′
1u′

2

{
Ū1 = Um(x1) f (η)

−u′
1u′

2 = U 2
m(x1)h(η)

with η = x2
δl(x1)

and where Um is the maximal velocity on the jet axis and δl the local half-width of
the jet. The anaytical developments are quite similar to those of the circular jet. The
Reynolds shear stress can be calculated by integration of Eq. (4.17) in the transverse
direction, which yields

− u′
1u′

2

U 2
m

= h (η) =
(
U 2

mδl
)′

U 2
m

∫ η

0
f 2dη′ − (Umδl)

′

Um
f
∫ η

0
f dη′ (4.18)

The longitudinal momentum flux I1 is also conserved for a rectangular jet. Indeed,
it is straightforward to show that d I1/dx1 = 0 by using Eq. (4.17). As a result,

I1 =
∫ +∞

−∞
ρŪ 2

1 dx2 = ρU 2
mδl

∫ +∞

−∞
f 2dη = cst

and the first term on the right-hand side in Eq. (4.18) vanishes. Thus, to preserve
the self-similarity of the Reynolds shear stress, U 2

mδl = cst and (Umδl)
′/Um =

cst, which yields the following expressions for the half-width and for the mean
longitudinal velocity of a plane jet

δl

l
= a

x1 − x0
l

Um

U j
= b

√
l

x1 − x0
(4.19)

Notations are provided in Fig. 4.8 and a is the spreading rate, b the velocity decay
constant and x0 the virtual origin of the self-similar jet. To determine the velocity
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profile f from (4.18), the Reynolds shear stress needs to be modelled, which is
usually done through a turbulent viscosity,

−u′
1u′

2

U 2
m

= h(η) = νt

Umδl
f ′

Preservation of the self-similarity requires that νt/(Umδl) = cst ≡ 1/c but unlike
in the case of the round jet, the turbulent viscosity is no longer constant. It increases
with the distance from the nozzle νt/ν ∼ x1/21 , and a complete self-similar solution
cannot be obtained. The function f satisfies the following differential equation

f ′ + ac

2
f
∫ η

0
f dη′ = 0

and the solution can be written as

f (η) = 1

cosh2 (dη)
(4.20)

where d = √
ac/2 = 4ab2/3. By definition of η and f , there is also a compatibility

condition given by f (1) = 1/2, or equivalently d = cosh−1(
√
2).

For completeness, two additional results are mentioned for the self-similar plane
jet. The volume rate entrainment per unit length in the spanwise direction is

Q

Q j
= 3

2b

√
x1 − x0

l

where Q j = l U j . The transverse mean velocity can be determined from the mass
conservation,

Ū2

Um
= g (η) = a

2

(

2η f −
∫ η

0
f dη′

)

= a

2d

[
2dη

cosh2 (dη)
− tanh (dη)

]

This velocity is positive near the jet axis, but is negative near the edge of the jet
where the ambient fluid is entrained, and takes a significant value Ū2 � 0.06Um as
η → ∞ featuring a plane flow. Finally, the experimental studies by Heskestad [534],
Gutmark and Wygnanski [532] or Everitt and Robins [524] provide the following
constant values

a � 0.11 b � 2.5 c = Umδl

νt
� 30 (4.21)

Plane jets can be used for cooling walls in some applications, and the expression
of the turbulent viscosity needs to be modified close to the wall, as mentioned in
Sect. 2.5.

http://dx.doi.org/10.1007/978-3-319-16160-0_2
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4.4 Similarity for a Plane Wake

4.4.1 Far Wake Approximation

A self-similar solution can also be derived for wakes, but in a region far enough
from the wake-producing body, in a region where the mean flow is nearly parallel,
as shown in Fig. 4.9. Governing equations can then be simplified. The flow near the
obstacle is generally complex and strongly depends on the shape of the obstacle. For
example, the near wake of a circular cylinder is obviously different from that of a
square cylinder due to the way the separation of the boundary layers occurs.

To estimate the order of magnitude of the different terms in the averaged Navier-
Stokes equations, it must be pointed out that unlike free jets, two velocity scales are
required here. The first one, denoted Uconv, is used to characterize the convection
by the uniform mean flow at Uconv ∼ Ue1, refer to Fig. 4.9 for the notations. Note
that there is no external mean pressure gradient here. The second one Udiff is used to
characterize the diffusion. Hence Udiff ∼ Um , where Um is the axial mean velocity
deficit in the wake. Moreover, the transverse mean velocity scale is V , the length
scales in the longitudinal and transverse directions are (L , δl) and u is the turbulent
velocity scale.

The equation for the mass conservation is an obvious example where the diffusion
velocity scale appears, which gives for the mean transverse velocity,

V ∼ δl

L
Um

The averaged Navier-Stokes equation in the longitudinal direction is analysed as
follows,

Fig. 4.9 Sketch of a plane
far wake. The surface control
used to define the drag
coefficient (4.27) is shown in
dashed line. The
cross-section Σs for which
self-similarity is observed,
corresponds to
Um/Ue1 ≤ 0.1 D

Σl
Σe Σs

x2

x1

Ue1

Ue1

Ū1

Um

δl
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Ū1
∂Ū1

∂x1
+Ū2

∂Ū1

∂x2
= −1

ρ

∂ P̄

∂x1
−∂u′2

1

∂x1
−∂u′

1u′
2

∂x2
+ν∇2Ū1

Ue1
Um

L

U 2
m

L

u2

L

u2

δl
ν

(
Um

L2 ; Um

δ2l

)

(1) (2) (3) (4) (5)

(4.22)

The viscous terms are ignored in what follows by considering a sufficiently high
Reynolds number wake ReD = Ue1D/ν, where D is the diameter of the body cross-
section. Two additional assumptions are also necessary to continue the study. First,
onemust postulate that the diffusion velocity scaleUdiff is smaller than the convection
velocity scale Uconv by one order of magnitude,

Udiff ∼ δl

L
Ue1

Secondly, to ensure that a turbulent wake flow is examined, the largest convection
term (1) on the left-hand side in (4.22) must be of the same order of magnitude as
the dominant turbulent term (4) on the right-hand side,

Ue1
Um

L
∼ U 2

m

δl
∼ u2

δl

and thus u ∼ Um . It can be shown that the pressure term is negligible by considering
the averaged Navier-Stokes in the transverse direction, a similar demonstration has
already been developed for jets. The governing equation for the mean flow field is
then given by

Ū1
∂Ū1

∂x1
= −∂u′

1u′
2

∂x2

This equation can be further simplified in the far wake region by noting that
Ū1 � Uconv � Ue1 for the advection operator, and by introducing the deficit velocity
Ue1 − Ū1 in the wake. Hence,

Ue1
∂

(
Ue1 − Ū1

)

∂x1
= ∂u′

1u′
2

∂x2
(4.23)

The self-similar solution to this equation is sought of the form,

{
Ue1 − Ū1 = Um f (η)

−u′
1u′

2 = U 2
m h(η)

with η = x2
δl(x1)

where Um is the mean longitudinal velocity and δl is the half-width of the wake, as
illustrated in Fig. 4.9.
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4.4.2 Drag Coefficient

To define the drag coefficient CD , the integral equation for the momentum flux over
the control surfaceΣ = Σe ∪Σs ∪Σl shown in Fig. 4.9, is considered. This equation
can be written as

∫

Σ

ρŪ
(
Ū · n

)
dΣ = −Ffluid→body

if the pressure is assumed to be constant over Σ , and if the contribution of the
Reynolds shear stress can be neglected on the exit surface Σs . The drag force is
defined as the longitudinal component of F,

F1 =
∫

Σe

ρU 2
e1dΣ −

∫

Σs

ρŪ 2
1 dΣ −

∫

Σl

ρUe1
(
Ū · n

)
dΣ (4.24)

In this same control volume, the mass conservation is

−
∫

Σe

ρUe1dΣ +
∫

Σs

ρŪ1dΣ +
∫

Σl

ρŪ · n dΣ = 0

and illustrates the link between the mass flow deficit in the wake and the mass flux
exiting from the lateral surface Σl . By multiplying this equation by Ue1, it can be
combined with (4.24) to introduce the mean deficit velocity in the expression of F1,

F1 =
∫

Σs

ρŪ1
(
Ue1 − Ū1

)
dΣ = ρU 2

e1

∫

Σs

Ū1

Ue1

(

1 − Ū1

Ue1

)

dΣ (4.25)

In the far wake, one has F1 � ρUe1Q where Q is the volumetric flow rate deficit,
defined by

Q =
∫

Σs

(
Ue1 − Ū1

)
dΣ (4.26)

Note that this flow rate Q is conserved through any cross-section according
to (4.23). The drag coefficient CD of the obstacle is then defined from F1 by,

CD = F1
1
2ρU 2

e1S
(4.27)

where S is the cross-section area of the body. For two-dimensional plane wakes, the
drag per unit length in the spanwise direction is considered. As an illustration, for a
cylinder of diameter D, the section area is S = D × 1 = D and the drag coefficient
is written as,
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CD = 2δθ

D
� 2Q

Ue1D
where δθ =

∫ +∞

−∞
Ū1

Ue1

(

1 − Ū1

Ue1

)

dx2 (4.28)

is the momentum thickness.

4.4.3 Self-similar Solution for a Far Plane Wake

By integrating Eq. (4.23) in the transverse direction,

u′
1u′

2 = Ue1
∂

∂x1

∫ x2

0
(Ue1 − Ū1)dx ′

2

the self-similarity for the Reynolds shear stress can then be expressed as

− u′
1u′

2

U 2
m

= h (η) = −Ue1

U 2
m

d(Umδl)

dx1

∫ η

0
f dη′ + Ue1

Um

dδl

dx1
η f (4.29)

Moreover, the conservation of the momentum deficit I1 for a wake flow provides
the additional condition, δlUm = cst. Indeed,

I1 =
∫ +∞

−∞
ρUe1

(
Ue1 − Ū1

)
dx2 = ρUe1Umδl

∫ +∞

−∞
f dη = cst

The following laws are thus found for the spreading rate and the velocity deficit
of a far plane wake,

δl

D
= a

√
x1 − x0

D

Um

Ue1
= b

√
D

x1 − x0
(4.30)

where D is the diameter of the cross-section of the body, a and b are the spreading rate
and the decay constants of the wake. Equation (4.29) can be recast into a simplified
form thanks to the conservation of I1,

−u′
1u′

2

U 2
m

= Ue1

Um

dδl

dx1
η f

To determine the function f of the transverse mean velocity profile, a turbulent
viscosity model is used to express the Reynolds shear stress, −u′

1u′
2 = νt∂Ū1/∂x2,

which yields using self-similar variables,

−u′
1u′

2

U 2
m

= − νt

Umδl

d f

dη
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The turbulent viscosity is then found to be a constant. The differential equation
which must be satisfied by f is written as,

f ′ = −Ue1δl

νt

dδl

dx1
η f

and the solution is given by

f (η) = exp

(

−a2 Ue1D

4νt
η2

)

(4.31)

By definition, one obtains f (1) = 1/2 which provides a compatibility condition
for the constants, and leads to the following simple form for the transverse profile
of the mean velocity, f (η) = exp(− ln 2 η2). It is not necessary to immediately
impose this classical solution of diffusion problems,which here is obtained from self-
similarity considerations. As for free jets, various other results can be established.
The Reynolds shear stress profile, the flow rate deficit, and the turbulent viscosity
are only mentioned below,

−u′
1u′

2

U 2
m

= h (η) = a

2b
η f

Q

Ue1D
= 2b

√
πνt

Ue1D
� CD

2

νt

ν
� C2

D

16πb2
ReD

and are associated with compatibility relations for the constants,

a2b2 � ln 2

4π
C2

D
νt

ν
� a2

4 ln 2
ReD

Umδl

νt
= 4b

a
ln 2

The values of the two constants a and b are not universal. They depend on the type
of obstacle, which is well highlighted by the compatibility condition involving the
drag coefficient CD . Furthermore, the b constant cannot be expressed as a function
of a only. The ratio νt/ν remains constant throughout the whole wake for a given
body, and only depends on the Reynolds number ReD . Thus, νt has been introduced
in expression (4.31) of the function f . Finally, the calculation of the transverse
mean velocity Ū2 turns out to be also interesting. Using the conservation of I1 in a
cross-section, that is δlUm = cst, the continuity equation provides,

Ū2

Um
= − dδl

dx1
η f

There is no transverse velocity affinity for Ū2/Um . Indeed, it remains the term
dδl/dx1 which depends on x1 since the spreading rate is not linear for the plane
wake. This is a major difference with respect to free jets, for which dδl/dx1 = cst.
The velocity Ū2 is always negative. Fluid is driven from the external flow to fill the
central region of the wake, but Ū2 tends towards zero as x2 → ∞, in agreement with
the conservation of the flow rate deficit Q of the wake.
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Experimental studies, particularly the one of Wygnanski et al. [584] , deals with
wakes produced by symmetric obstacles, such as cylinders, plates or wing profiles.
For the classical case of a cylinder, the drag coefficient isCD � 1, andmeasurements
provide the values

a � 0.19 b � 1.24
Umδl

νt
� 18

Narasimha and Prabhu [576] used two small plates close to each another to obtain
a far wake developing faster than with a cylindrical body, and found approximately
the same results. These authors introduced another definition of the spreading rate,
namely δ2l /x1δθ, using the fact that δ2l is linear in x1 and that δθ is independent of
x1. This speading rate is equal to 2a2 in the self-similar region. For more complex
configurations, the case of asymmetric wakes for instance, one can refer to the studies
by Patel and Scheuerer [414] or Mehta [575]. The case of a wake developing inside
an exterior flowwith amean pressure gradient is examined byNarasimha and Prabhu
[576].

4.5 Similarity for a Far Axisymmetric Wake

The self-similar solution of an axisymmetric far wake is obtained in the same way.
Only the main results are pointed out in the following discussion. Under the same
assumptions used for the plane wake, the equation governing the mean axial velocity
is given by

Uez
∂Ūz

∂z
= −1

r

∂

∂r
( ru′

zu′
r )

where Uez is the velocity of the external uniform flow. It is convenient to recast this
equation by introducing the mean velocity deficit,

Uez
∂(Uez − Ūz)

∂z
= 1

r

∂

∂r
( ru′

zu′
r ) (4.32)

For axisymmetric wakes, the momentum thickness δθ is also introduced from
Eq. (4.25), but it is usually normalized by the perimeter of the body cross-section.
For a sphere of diameter D, one has for instance

πD × δθ = 2π
∫ ∞

0

Ūz

Uez

(

1 − Ūz

Uez

)

rdr (4.33)

and the drag coefficient is

CD = 8δθ

D
� 8Q

πD2Uez
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where Q is the flow rate deficit. The expression of the Reynolds shear stress is
obtained by integrating Eq. (4.32) in the radial direction,

−η
u′

zu′
r

U 2
m

= h (η) = − Uez

δlU 2
m

d(Umδ2l )

dz

∫ η

0
f η′dη′ + Uez

Um

dδl

dz
f η2

and self-similarity is only ensured if the two terms are independent of z on the right-
hand side. The first term vanishes by noting that the conservation of the momentum
deficit in a cross-section of the wake requires that Umδ2l = cst. It is thus straight-
forward to derive the two following laws for the development of an axisymmetric
wake,

δl

D
= a

(
z − z0

D

)1/3 Um

Uez
= b

(
D

z − z0

)2/3

(4.34)

where a and b are two constants linked to the body. The differential equation satisfied
by f (η) is given by

f ′ = −Uezδl

νt

dδl

dz
η f

with Umδl/νt = cst = c. As a result, the turbulent viscosity varies as νt/ν ∼ z−1/3,
and only a partial self-similar solution is here obtained. The integration yields,

f (η) = exp
(
−ac

6b
η2

)
(4.35)

A Gaussian profile is again found for the velocity deficit, as for the plane wake,
and the condition f (1) = 1/2 allows to simplify its expression as follows, namely
f = exp(− ln 2 η2). Furthermore, it can be demonstrated that

−u′
r u′

z

U 2
m

= h (η) = a

3b
η f

νt

ν
= ab

c
ReD

(
D

z − z0

)1/3

The flow rate deficit normalised with the blocked flow by the obstacle writes

Q

Uez S
= 24b

νt

Uez D

(
z − z0

D

)1/3

� CD

2

where S = πD2/4. Two compatibility conditions link the different constants,

a2b = ln 2

8
CD c = 6b

a
ln 2

and finally, there is no self-similar profile for the radial mean velocity
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z/δθ185145105

z/D49.638.828.1
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σ2
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σ4

Fig. 4.10 Flow visualization by the smoke wire technique of far wakes generated by axisymmetric
screens of solidity σ1 = 0.49, σ2 = 0.62, σ3 = 0.84 and by a solid disk, σ4 = 1. All obstacles
have the same drag and thus the same momentum thickness, δθ = 7.5 mm at Ue1 = 7 m.s−1,
see Sect. 4.5. Hence, the Reynolds number is Reδθ = 3500. Screen diameters are D1 = 37.5 mm,
D2 = D3 = 30.9 mm and the solid disk diameter is D = 28 mm. From Cannon and Glezer [571]

Ūr

Um
= −dδl

dz
η f

The experiments of Chevray [573] for an elongated ellipsoid of 6-to-1 ratio with
CD � 0.07, provide an order of magnitude of the spreading rate and decay velocity
constants associated with this wake,

a � 0.10 b � 0.60 c � 25
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The far wake visualization of a solid disk and three screens of different solidity
reported by Cannon and Glezer [571], are shown in Fig. 4.10. The solidity is the ratio
of solid to frontal area, which is less than one for a screen. Note the presence of large
scale structures for the solid disk and the screens with high solidity.

In practice, the most interesting wakes are those associated with axisymmetric
bodies powered by jets or propellers. The persistence of these wakes is often studied
in aeronautics or in submarine applications. Of course, the self-similar solution needs
to be revisited forwakes produced by self-propelled bodies, refer toNaudascher [577]
for instance.



Chapter 5
Vortex Dynamics

A statistical approach to turbulence was adopted in Chap. 2, in which averaged
Navier-Stokes equations were considered. Turbulence was found to be maintained
through a production term linked to mean velocity gradients. Wall-bounded flows
were studied this way in Chap.3, and free shear flows were similarly examined in
Chap.4. In the present chapter, a more physical point of view is introduced. It is
based on the vorticity field which is quite close to the structural eddies that one can
observe in a turbulent flow.

5.1 The Biot-Savart Law

Definitions and some classical results regarding vorticity are gathered in this first
paragraph. The vorticity field is defined by the relation ω = ∇ × u, which can
be written using suffix notation as ωi = εi jk∂uk/∂x j , where εi jk is the alternating
tensor. In what follows, a bounded region of vorticity is considered, also called a
vorticity blob. Under this assumption, it can be shown that

∫

V
ωi dx = 0 (5.1)

over a sufficiently large volume V , and for i = 1, . . . , 3. One starts by noting the
following identity,

∂

∂x j

(
ω j xi

) = ∂ω j

∂x j
xi + ω j

∂xi

∂x j
= ω jδi j = ωi

where ∂ω j/∂x j = 0 since the vorticity field is solenoidal by definition. Then, use
of the divergence theorem gives,
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∫

V
ωi dx =

∫

V

∂

∂x j

(
ω j xi

)
dx =

∫

Σ

ω j xi n j dx = 0 (5.2)

hence the announced result (5.1).
For an incompressible velocity field, ∇ · u = 0, and a potential vector such as

u = ∇ × A can be introduced, with the additional condition ∇ · A = 0 to ensure
uniqueness. This potential vector A verifies a Poisson equation

ω = ∇ × u = ∇ × (∇ × A) = ∇ (∇ · A) − ∇2 A = −∇2 A.

The integral solution to this equation is given by

A (x) = 1

4π

∫

V

ω ( y)
|x − y| d y

in free space [21]. The expression of the velocity can then be obtained by taking the
curl of A,

u (x) = 1

4π
∇x ×

∫

V

ω ( y)
|x − y| d y = 1

4π

∫

V
∇x

(
1

|x − y|
)

× ω( y)d y

where the suffix x indicates that the curl or divergence operator is applied at point
x. By noting that,

∂

∂xi

(
1

r

)

= − 1

r2
∂r

∂xi
= − 1

r2
ri

r
with r = x − y

the previous equation can be simplified, yielding the famous Biot-Savart law

u(x) = 1

4π

∫

V

ω( y) × (x − y)

|x − y|3 d y (5.3)

which provides the velocity field induced by a vorticity distribution. This lawwas first
derived in electromagnetism to calculate the magnetic field induced by an electric
current. This connection between velocity and vorticity is non local, which means
that every point y in the volume V contributes to the determination of the velocity
field at an arbitrary point x, not necessarily included in V , as illustrated in Fig. 5.1.
Note that a similar result has already been pointed out for the pressure field, refer to
expression (1.6).

The velocity field for an observer x in the far field is now examined. By expanding
the potential vector A as a Taylor series, one gets

http://dx.doi.org/10.1007/978-3-319-16160-0_1
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Fig. 5.1 Illustration of
Biot-Savart’s law. All the
points y inside the vorticity
blob V contributes to the
velocity field at point x

y

ω(y)

x r = x − y

u(x)

O V

A (x) = 1

4π

∫

V

ω ( y)
|x − y| d y � 1

4π

∫

V
ω (y)

(
1

x
+ x · y

x3

)

d y

� 1

4πx

{∫

V
ω ( y) d y +

∫

V
ω ( y)

x · y
x2

d y
}

as x → ∞. The first term is zero according to the relation (5.2). Therefore, one has

A (x) � 1

4π

1

x2

∫

V
ω ( y)

x · y
x

d y

and consequently u = ∇ × A ∼ O (
1/x3

)
when x → ∞. This rapid decrease in the

hydrodynamic velocity field can be compared to the slow decrease of the acoustic
field radiated by the same vorticity blob, which follows a 1/x law either for acoustic
velocity or pressure in the far field. Obviously, this compressible contribution does
not appear here since it has been assumed that ∇ · u = 0.

5.2 Vortex Stretching

Kelvin’s circulation theorem states that for an inviscid and homentropic flow, submit-
ted to body forces f which can be expressed from a potential f = ∇φ, the velocity
circulation Γ is conserved along a closed material curve C,

dΓ

dt
= d

dt

(∮

C
u · d l

)

= 0 (5.4)

as shown in Fig. 5.2. A brief demonstration is provided below. Starting from the
material derivative of the circulation, one has
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u(x)dt

u(x + δl)dt

δl

δl + δl ·∇ u dt
C at t + dt

C at t
Σ

Fig. 5.2 Illustration of Kelvin’s circulation theorem, the circulation Γ is conserved along a closed
material curve C, or equivalently, the flux of vorticity through the surface Σ closing C. Notice
that d(δl)/dt = δl · ∇u, this relation can be straightforwardly derived by considering the velocity
difference between the boundaries of δs , that is δs (t + dt) = δs (t) + u (x + δs) dt − u (x) dt

dΓ

dt
=

∮

C
du
dt

· d l +
∮

C
u · d

dt
(d l)

=
∮

C

(

−1

ρ
∇ p + ∇φ

)

· d l +
∮

C
u · (d l · ∇u)

=
∮

C

(

−1

ρ
∇ p + ∇φ

)

· d l +
∮

C
∇

(
u2

2

)

· d l

The second and third terms vanish for a closed curve C. Furthermore, if the flow
can be considered as homentropic, that is the entropy s is constant, the first term
is also zero. Indeed, the density ρ = ρ(p, s) is thus a function only of pressure
ρ = ρ(p). By introducing the auxiliary variable

Πp =
∫

dp

ρ(p)

the pressure gradient can be written as ∇Πp = (1/ρ)∇ p. The integration of this
term along a closed curve is thus zero and therefore, dΓ/dt = 0. Moreover, it is
straightforward to check that Πp is the specific enthalpy h for a homentropic perfect
gas flow.

Another interesting form of Kelvin’s circulation theorem may be written using
Stokes’ theorem,

dΓ

dt
= d

dt

(∮

C
u · d l

)

= d

dt

∫∫

Σ

(∇ × u) · dx = d

dt

∫∫

Σ

ω · dx = 0
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Fig. 5.3 Sketch of an
elementary vortex tube

L

RΣ
ω

where Σ is the surface closing the curve C. In other words, the flux of vorticity
through a material surface is constant. To more concretely illustrate this result, a
small elementary vortex tube of length L , radius R with a uniform vorticity ω over
its cross-section is considered, see Fig. 5.3. The conservation of the vorticity flux
πR2ω imposes that the product R2ω remains constant. Similarly, the conservation
of mass yields R2L = cst, and finally one gets

ω ∼ L ∼ 1

R2 (5.5)

The vortex energy is therefore increased by stretching the vortex tube at the
same time as the cross section decreases and the vorticity magnitude ω is amplified.
The velocity field induced by the vortex is indeed enhanced, resulting in a larger
kinetic energy. The vortex stretching is an essential mechanism for the production
of turbulent kinetic energy.

Fluid particles associated with an elementary tube vortex are stretched through
velocity gradients of the mean flow. As an illustration, consider the case of a mean
shear flow defined by Ū1 = S̄x2 and Ū2 = Ū3 = 0. According to relation (2.11), the
deviatoric rate-of-strain tensor is

S̄i j = 1

2

(
∂Ūi

∂x j
+ ∂Ū j

∂xi

)

= S̄

2

(
0 1
1 0

)

, and S̄d
i j = S̄

2

(
1 0
0 −1

)

where S̄
d
is the same tensor in a diagonal form obtained by a π/4 rotation of the

frame axes. The principal strain axes are thus also the axes of this rotated coordinate
system, as shown in Fig. 5.4. Material lines are stretched in the e1 + e2 direction, and
for a vortex tube, velocity fluctuations are then increased in the perpendicular plane.

Fig. 5.4 Deformation of a
fluid particle by a mean shear
flow Ū1 = S̄x2

Ū1

π
4

shrinking stretching

O
x1

x2

http://dx.doi.org/10.1007/978-3-319-16160-0_2
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5.3 Helmholtz’s Equation

The Helmholtz equation is the transport equation for vorticity, which can be estab-
lished as follows. As a starting point, the curl operator is applied to Navier-Stokes’
equation,

∇ ×
(

∂u
∂t

+ u · ∇u = −1

ρ
∇ p + ν∇2u

)

The flow is assumed to be incompressible, that is ∇ · u = 0, but with a variable
density ρ. A compressible form of the vorticity equation is derived in Sect. 5.8. The
convective term can be expressed as u · ∇u = ∇(u2/2) + ω × u. By using the
following vector identity,

∇ × (ω × u) = u · ∇ω − u∇ · ω − ω · ∇u + ω∇ · u

where ∇ · u = 0 and ∇ · ω ≡ 0, the vorticity equation can be rearranged as

∂ω

∂t
+ u · ∇ω = ω · ∇u − ∇ ×

(
1

ρ
∇ p

)

+ ν∇2ω

The pressure term can also be simplified, which leads to

∇ ×
(
1

ρ
∇ p

)

= ∇
(
1

ρ

)

× ∇ p + 1

ρ
∇ × (∇ p) = − 1

ρ2
∇ρ × ∇ p (5.6)

Moreover for a homentropic flow, the pressure is a function only of density, as
already mentioned in the previous section. The two vectors ∇ρ and ∇ p are thus
aligned and the so-called baroclinic term −(∇ρ × ∇ p)/ρ2 vanishes. The vorticity
equation, also known as Helmholtz’s equation, is then given by

∂ω

∂t
+ u · ∇ω = ω · ∇u + ν∇2ω (5.7)

Variations of the vorticity dω/dt are driven by the source term ω · ∇u, and by
viscous damping. Vortex stretching can thus only be associated with the termω ·∇u.
To demonstrate that [105], let us consider the evolution of the length of an elementary
part δs of a vortex tube. Its material derivative can be written as

dδs

dt
= δs · ∇u

Consequently for δs = δs ·α, where α = ω/ω is the unit vector aligned with the
vorticity vector of the considered element, see the illustration in Fig. 5.5, one has
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Fig. 5.5 Evolution of an
elementary tube vortex
δs = δsα, where α is the
unit vector aligned with the
vorticity vector ω

u(x)dt

u(x + δs)dt

δs(t + dt)
δs

ω = ωα

dδs

dt
= α · (δs · ∇u) = ωi

ω

(

δs
ω j

ω

∂ui

∂x j

)

= ωiω j

ω2

∂ui

∂x j
δs

Moreover, according to Helmholtz’s equation (5.7) for an inviscid flow, one has

ω · dω

dt
= ω · (ω · ∇u) which yields,

d

dt

(
ω2

2

)

= ωiω j
∂ui

∂x j

Hence, by comparison of the two previous expressions, it can be inferred that the
stretching or shrinking of an elementary vortex tube is gouverned by

1

ω2

d

dt

(
ω2

2

)

= 1

δs

dδs

dt

and by integration, this yields ω/δs = cst. This result is of course in agreement with
the expression (5.5). The physical important result is that the elementary length δs

of a vortex tube is proportional to its vorticity ω. Vortex intensity goes along with
stretching of vortex lines and consequently, with an increase in distance between fluid
particles. Note that the source term ω · ∇u in Helmholtz’s equation associated with
stretching/shrinking and also tilting, that is the change of orientation of the vorticity
vector, is zero for a two-dimensional flow. In other words, a two-dimensional flow
is a very particular situation. Vortex stretching, which has been identified as an
elementary mechanism for the production of kinetic energy, cannot occur.

Helmholtz’s equation (5.7) is in general not the preferred alternative to the Navier-
Stokes equation for numerical applications. At least two nonlinear terms must be
solved, namely one linked to the material derivative of ω, and the other one to the
source term ω · ∇u. The latter can also be expressed as follows,

(ω · ∇u)i = ω j
∂ui

∂x j
= ω j

(
ei j + ωi j

) = ω j ei j = ω j si j (5.8)

according to the definition (2.11). Indeed, the antisymmetric part of the rate-of-strain
tensor does not contribute to the stretching term. This can be shown by noting that,

http://dx.doi.org/10.1007/978-3-319-16160-0_2
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ω jωi j = ω j

2

(
∂ui

∂x j
− ∂u j

∂xi

)

= −ω j

2
εi jkωk = −ωk

2
εik jω j

having permuted the two dummy indices j and k. As εi jk = −εik j , the half sum of
the two previous expressions thus provides ω jωi j = 0. Finally, as with the pressure
in Navier-Stokes’s equation, vorticity and velocity are connected by the Biot-Savart
law (5.3), that is by a non-local relation.

Finally two additional examples are presented to introduce consequences of vortex
stretching. The first one is inspired by Tennekes and Lumley [26]. According to
expression (5.8), Helmholtz’s equation (5.7) can be recast as follows,

∂ω

∂t
+ u · ∇ω = ω · s + ν∇2ω (5.9)

This vorticity transport equation can be linearised around a known based flow
Ū to study the evolution of a vorticity disturbance ω′ associated with an induced
velocity field u′. Viscous effects are here neglected to simplify algebra, but could be
included [44]. Moreover, the based flow is assumed to be a pure strain flow, which
means that the eigenvectors of the strain rate tensor are alignedwith the frame axes. A
linear based flow is considered for simplicity, Ū1 = U0, Ū2 = S̄x2 and Ū3 = −S̄x3
where U0 and S̄ are two constants. By noting that Ω̄i ≡ 0, the linearization of
Eq. (5.9) gives,

∂ω′

∂t
+ Ū · ∇ω′ = ω′ · S̄

where the strain tensor S̄ has only two non-zero terms, S̄22 = S̄ and S̄33 = −S̄.
A stretching is applied in the x2 direction, ¯dω

′
2/d̄t = S̄ω′

2, and a compression or

shrinking is applied in the x3 direction, ¯dω
′
3/d̄t = −S̄ω′

3. The linearised vorticity
equation can directly be integrated in a Lagrangian frame with the initial conditions
ω′
1 = 0 and ω′

2 = ω′
3 = ω0 at t = 0. The final result can also be obtained more

formally from the following change of variables (t, x) → (τ , ξ) with

τ = t ξ1 = x1 − U0t ξ2 = x2e−S̄t ξ3 = x3eS̄t

which provides ∂ω′
2/∂τ = S̄ω′

2 and ∂ω′
3/∂τ = −S̄ω′

3. In both cases, the time

evolution of vorticity components is finally given by ω′
2 = ω0eS̄t and ω′

3 = ω0e−S̄t

and therefore, vorticity increases sinceω′2 = ω2
0 cosh(2S̄t). As illustrated in Fig. 5.6,

Fig. 5.6 Sketch of vortex
tubes submitted to a strain
flow in the x2 − x3 plane,
stretching along x2 and
compression along x3

ω2

ω3

ω2

ω3



5.3 Helmholtz’s Equation 121

the velocity field induced by ω′
2 is thus reinforced for components u′

1 and u′
3, and

the one induced by ω′
3 is reduced for components u′

1 and u′
2. As a final result, u′2

3 is
increased, u′2

2 is decreased and u′2
1 is expected to fairly increase.

A further view has been given by Bradshaw [3]. Stretching in the x3 direction for
instance, amplifies velocity in the x1 − x2 plane and also reduces the length scale
associated with the flow. As a result, stretching occurs for vorticity components in
the x1 − x2 plane, and velocity is then amplified in the x2 − x3 and x1 − x3 planes.
The process can be repeated several times as shown by the tree below,

direction of stretching
anisotropic x3

︷ ︸︸ ︷
x1 x2

︷ ︸︸ ︷
x2 x3

︷ ︸︸ ︷
x1 x3

︷ ︸︸ ︷
x3 x1

︷ ︸︸ ︷
x1 x2

︷ ︸︸ ︷
x2 x3

︷ ︸︸ ︷
x1 x2

almost isotropic
︷ ︸︸ ︷
x1 x2

︷ ︸︸ ︷
x2 x3

︷ ︸︸ ︷
x2 x3

︷ ︸︸ ︷
x3 x1

︷ ︸︸ ︷
x3 x1

︷ ︸︸ ︷
x1 x2

︷ ︸︸ ︷
x2 x3

︷ ︸︸ ︷
x3 x1

After only a few steps, velocity is equally amplified in all directions and char-
acteristic length scales of the flow become more and more smaller. This so-called
energy cascade leading to an isotropic state of turbulence, by which all the directions
are equivalent, is of course limited by molecular effects.

These two examples provide a caricatural view of vortex stretching to explain
energy transfer between large scales to smaller scales. Isotropic turbulence as well
as the cascade energy will be in depth discussed in Chaps. 6 and 7.

5.4 Two Numerical Illustrations

To supplement the previous section, two additional examples are briefly shown so as
to underline consequences of developing a turbulent flow in a two dimensional space.
In Fig. 5.7, two snapshots of the same flow are displayed, the numerical simulation
being performed in three and two dimensions using the same bluff body [574]. The
flow goes from the left to the right, and the boundary layer developing around the
leading edge is strongly detached. The difference between the two views is striking.
In the 2-D simulation, a quasi-periodic vortex shedding of large clockwise vortices
is observed from the separation bubble, no mixing occurs with counterclockwise
vortical structures and no breakdown of the two-dimensional coherence appears
downstream, unlike the 3-D simulation.

In a two-dimensional space, two typical evolutions can be distinguished for a
pair of vortices, depending on the sign of their vorticity. The plane mixing layer. is
an emblematic example to illustrate the evolution of co-rotative vortices. The mean
velocity field is well-described by a hyperbolic tangent profile, which is usually
imposed at the entrance of the computational domain,

http://dx.doi.org/10.1007/978-3-319-16160-0_6
http://dx.doi.org/10.1007/978-3-319-16160-0_7
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Fig. 5.7 Flow separation behind a rounded leading edge: instantaneous view of the spanwise
vorticity (ωz = ±5U∞/H ) provided by a 3-D direct numerical simulation in the top view, and by
a 2-D simulation in the bottom view. Case η = 0.125 where η is the ratio between the curvature
radius and the body height H , and with small inflow perturbations u′/U∞ = 0.1%. The Reynolds
number is Re = U∞ H/ν = 2000. From Lamballais et al. [574]

Ū1(x2) = U1 + U2

2
+ U1 − U2

2
tanh

(
2x2

δω(0)

)

where U1 � 0.30 c0 and U2 � 0.15 c0 in the present case, and c0 � 340m · s−1 is the
speed of sound. The Reynolds number is defined as Re = �Uδω(0)/ν � 5300 with
�U = U1 − U2, δω(0) is the initial vorticity thickness. The reader can also refer to
Sect. 1.5.2 for a further descriptionof this flow.Thenatural development of themixing
layer is numerically obtained by imposing a random excitation. Figure5.8 displays
four snapshots of the vorticity field at four consecutive times [470]. The initial devel-
opment of the mixing layer is dominated by the development of Kelvin-Helmholtz
instability waves, which grow and lead to the first roll-up at about x1 � 60δω(0),
and finally to vortices. The mixing layer then contains quasi-isolated co-rotating
vortices, but these vortical structures distort and interact with themselves thanks to
their induced velocity field. As shown in Fig. 5.8, a merging then occurs between
90δω(0) ≤ x1 ≤ 150δω(0), and finally produce a larger vortex as indicated by the
intersection between the two solid lines. This coalescence of coherent structures, the
so-called vortex pairing, was experimentally revealed byWinant and Browand [497].
An inverse energy cascade occurs since initial vortices of size λ0 or wavenumber
k0 = 2π/λ0 generate larger vortices of size 2λ0, corresponding to the first subhar-
monic k0/2. This is the only possible evolution in a two-dimensional space, and no
breakdown leading to a fully turbulent mixing layer can be observed. As a result, in
the present case, the linear expansion of the mean flow [474, 490]

dδω

dx1
= Kδ

U1 − U2

U1 + U2
with 0.170 ≤ Kδ ≤ 0.181

http://dx.doi.org/10.1007/978-3-319-16160-0_1
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Fig. 5.8 Numerical simulation of a two-dimensional mixing layer. Vorticity snapshots at four
consecutive times separated by 17δω(0)/Uc, where Uc is the convection velocity. The velocity of
local extrema of vorticity provides an estimation of this convection velocity Uc, as shown with the
dashed line. The two solid lines indicate a vortex pairing. From Bogey et al. [470]

originates from discrete events. Finally, the convection velocity Uc = (U1 + U2)/2
can be estimated by tracking extrema of the vorticity as illustrated by the dashed line.

Moreover, the evolution of a pair of counter-rotating vortices is quite different.
They form a dipole of vorticity [1, 159] which moves in an autonomous and chaotic
fashion. This situation is rarely found in practice, except for some geophysical flows.

5.5 Transport Equation for the Mean Vorticity

The Reynolds decomposition of the vorticity ωi = Ω̄i + ω′
i can be introduced in

Helmholtz’s equation (5.7) to derive a transport equation on the mean vorticity, as it
was done for theNavier-Stokes equations inChap.2. By observing that ∂ω′

j /∂x j = 0
from the definition of vorticity, and that ∂u′

j/∂x j = 0 for an incompressible turbu-
lence, it is straightforward to obtain

∂Ω̄i

∂t
+ Ū j

∂Ω̄i

∂x j
= Ω̄ j

∂Ūi

∂x j
+ ∂

∂x j

(
ω′

j u
′
i − ω′

i u
′
j

) + ν
∂2Ω̄i

∂x j∂x j
(5.10)

The underlined correlation terms are to bemodelled in order to close this transport
equation. For practical purposes, this equation is seldom solved to obtain a numerical

http://dx.doi.org/10.1007/978-3-319-16160-0_2
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solution of the mean velocity field. Formulations based on the Reynolds-averaged
Navier-Stokes equations are preferred for turbulence modelling.

5.6 Enstrophy

The enstrophy Eω is defined as the average of one half of the square fluctuating
vorticity, namely Eω = ω′

iω
′
i/2. A general transport equation can be established for

the enstrophy, by susbtracting Eq. (5.10) to Helmholtz’s equation (5.7), by multiply-
ing the result by ω′

i and then by applying the average operator. In order to simplify
algebra in what follows, it is assumed that the turbulent field is not sustained by a
mean flow, that is Ūi = 0 and thus Ω̄i = 0. Noting ω′2 = ω′

iω
′
i , this leads to

∂

∂t

(
ω′2

2

)

+ u′ · ∇
(

ω′2

2

)

= ω′ · (
ω′ · ∇u′) + ω′ · (

ν∇2ω′)

The last term associated with molecular viscous effects can be rearranged as,

ω′ · (
ν∇2ω′) = νω′

i
∂2ω′

i

∂x j∂x j
= −ν

∂ω′
i

∂x j

∂ω′
i

∂x j
+ ν

∂2

∂x j∂x j

(
ω′

iω
′
i

2

)

and consequently, the transport equation for Eω takes the form,

∂

∂t

(
ω′2
2

)

+ ∇
(

ω′2
2

u′
)

= ω′ · (ω′ · ∇u′) − ν
∂ω′

i

∂x j

∂ω′
i

∂x j
+ ν

∂2

∂x j∂x j

(
ω′2
2

)

for an incompressible turbulence. In order to highlight source terms, diffusion terms
are removed by assuming that the turbulence is homogeneous, that is mean quantities
are independent of space coordinates. The enstrophy is then governed by,

∂Eω

∂t
= ω′

iω
′
j

∂u′
i

∂x j
︸ ︷︷ ︸

(a)

− ν

(
∂ω′

i

∂x j

)2

︸ ︷︷ ︸
(b)

(5.11)

under the assumptions noted previously. The term (a) is connected to the stretching of
vortices as shown in Sect. 5.3, and the term (b) to viscous dissipation. Historically, the
term (a) was assumed to be zero by vonKármán [113], but Taylor [152] demonstrated
later that this term is not zero and furthermore, must be positive. It expresses that two
fluid particles initially close one from the other will be later separated by turbulence
in average. For isotropic turbulence, this term takes a very simple form given by
expression (6.44), making it experimentally measurable.

http://dx.doi.org/10.1007/978-3-319-16160-0_6
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The singular behaviour of two-dimensional turbulent flows can be again pointed
out, since the transport equation for enstrophy reduces to,

∂Eω

∂t
= −ν

(
∂ω′

i

∂x j

)2

The enstrophy can thus only decrease, and dynamics of 2-D isotropic turbulence
will be discussed in Sect. 7.7. This situation can nevertheless be encountered in
geophysical flows. Atmospheric turbulent perturbations are indeed mainly produced
by the solar radiation rather than by interactions with the mean flow.

As a final remark, the equation of enstrophy (5.11) can be closed as follows using
dimensional arguments,

ω′
iω

′
j

∂u′
i

∂x j
� AE3/2

ω

where A is a constant. Neglecting viscous effects to simplify calculations, the inte-
gration leads to the following time evolution for Eω ,

Eω

Eω0
= 1

[
1 − A

√
Eω0(t − t0)/2

]2

A singularity is thus obtained for a finite time evolution, and this problem holds
by including viscosity. It is still an open question to know if fluid dynamics equations
lead to a singularity, or if the singularity is induced by a too simple assumption [489],
and will be removed by including compressibility for instance.

5.7 Helicity

The helicity of a flow is usually defined from the following volume integral,

H =
∫

V
u · ω dx (5.12)

and the reader can refer to Moffatt and Tsinober [134] for a review of the properties
of this quantity. For instance, it can be shown thatH remains constant from Kelvin’s
circulation theorem (5.4). Note that H ≡ 0 for a two-dimensional flow.

Helicity is an indicator of the number of linkages of vortex tubes in the volume
V . To illustrate this connection between fluid dynamics and topology, the case of
two linked vortex tubes T1 and T2 is considered, as shown in Fig. 5.9. For this simple
flow, H is the sum of two integrals over each vortex tube,

http://dx.doi.org/10.1007/978-3-319-16160-0_7
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Fig. 5.9 Sketch of two
linked vortex tubes T1 and T2

C1 (S1)

T1

Γ1

Γ2

T2

H =
∫

V
u · ω dx =

∫

T1
u · ω dx +

∫

T2
u · ω dx

The vorticity is assumed to be constant in a section of the two vortices. Therefore,
the integration over the tube T1 results in a line integral over the closed curve C1

∫

T1
u · ω dx = Γ1

∮

C1

u · d l (5.13)

The circulation along C1 is equal to the vorticity flux through the surface S1
closing C1, associated with the tube T1. The only possible contribution originates
from the second vortex T2. If this vortex tube crosses S1, then this vorticity flux is
equal to Γ2, whereas in the opposite case, it is zero. Therefore,

Γ1

∮

C1

u · d l = Γ1

∫

S1
ω dx =

{
Γ1Γ2 if C1 and C2 are linked,
0 else.

The same result is obtained for the integration over the vortex tube T2 and hence
H = 2Γ1Γ2. More generally, the helicity is given byH = ±2nΓ1Γ2, where n is the
number of linkings, the sign± coming from the rotation direction associated with Γ1
and Γ2. As mentioned below,H is preserved under the same assumptions as Kelvin’s
circulation theorem.

Some statistical properties of helicity in the case of homogeneous and isotropic
turbulence are given in Sect. 6.6.

5.8 Equation for the Specific Vorticity�

A more general form of the transport equation of vorticity is shortly derived in what
follows. The flow is now assumed to be compressible. By applying the curl operator
to Navier-Stokes’ equation, it yields

http://dx.doi.org/10.1007/978-3-319-16160-0_6
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∂ω

∂t
+ u · ∇ω = ω · ∇u − ω∇ · u + 1

ρ2
∇ρ × ∇ p + ν∇2ω

when the spatial viscosity variations are neglected in the compressible form of the
viscous tensor, refer to expression (2.12). From the conservation of mass, the diver-
gence of velocity can be replaced by (1/ρ)dρ/dt , and usually, the transport equation
is written for the specific vorticity defined as ω/ρ. Indeed, one has

1

ρ

dω

dt
= ω

ρ
· ∇u − ω

ρ2
dρ

dt
+ 1

ρ3
∇ρ × ∇ p + ν

ρ
∇2ω

and finally, the transport equation for ω/ρ takes the form,

d

dt

(
ω

ρ

)

= ω

ρ
· ∇u + 1

ρ3
∇ρ × ∇ p + ν

ρ
∇2ω (5.14)

This equation for compressible flows is similar to Eq. (5.7) for incompressible
flows with variable density, if the vorticity is replaced by the specific vorticity ω/ρ.

5.9 Identification of a Vortex�

Identification and localization of vortices are often required for flow visualizations,
post-processing or application of a control algorithm for instance. The task occurs
both in numerical applications and in experiments, which provide snapshots of the
velocity field. The existence of a local maximum of vorticity or a local minimum of
pressure appears not to be an adequate condition, and the direct detection of swirling
fluid particles from close or spiralling streamlines [475], is also not satisfactory since
vortices are usually entangled in a complex way.

For an incompressible flow, the pressure satisfies Poisson’s equation (1.5), and
the source term of this equation can be recast as follows [471],

1

ρ
∇2 p = −∂ui

∂x j

∂u j

∂xi
= ωi jωi j − si j si j

since ei j = si j for a divergence-free flow. For a region dominated by ωi j , vortices
are thus associated with ∇2 p > 0. This has been formalised later with the so-called
Q-criterion [485], where

Q = 1

2
(ωi jωi j − si j si j ) (5.15)

is the second invariant of the velocity gradient tensor∇u. Indeed, the three invariants
usually denoted P , Q and R of a second-order tensor ξ are given by,

http://dx.doi.org/10.1007/978-3-319-16160-0_2
http://dx.doi.org/10.1007/978-3-319-16160-0_1
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⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

P = tr(ξ) = ξi i

Q = 1

2

[
tr2(ξ) − tr

(
ξ2

)] = 1

2

[
(ξi i )

2 − (ξ2)i i

]

R = det(ξ) = 1

6
(ξi i )

2 − 1

2
ξi i (ξ

2) j j + 1

3
(ξ3)i i

and for the velocity gradient tensor ξi j = ∂ui/∂x j , one gets

P = 0 Q = −1

2

∂ui

∂x j

∂u j

∂xi
R = det(∇u)

Vorticity regions are thus defined by iso-surfaces of Q > 0, as illustrated in
Fig. 1.5 for instance. To remove ambiguous results, Jeong and Hussain [487] have
proposed a new definition of a vortical motion, the so-called λ2-criterion, based on
the intermediate eigenvalue λ2 of the symmetric tensor siksk j +ωikωk j . A vortex core
is identified when λ2 < 0. This work has been pursued [482], and at the same time,
nonlocal criteria have also been investigated to identify a vortex, see for instance
Graftieaux et al. [481] and Berson et al. [469].

http://dx.doi.org/10.1007/978-3-319-16160-0_1


Chapter 6
Homogeneous and Isotropic Turbulence

The study of homogeneous and isotropic turbulences is very rewarding for two
reasons. On the one hand, it is possible to do an important part of it analytically,
and on the other hand, the smallest turbulent structures in most turbulent flows have
an almost isotropic behaviour. It is hoped that these small structures, often not rep-
resented in numerical simulations, can be modelled correctly.

6.1 Homogeneous Turbulence

A turbulent flow is said to be homogeneous when all its statistical properties are

invariant by spatial translation. Thus, the one-point statistical averages such as u′2
1

or u′
1u′

2 do not depend on the observation point x. The correlation function at two
points of two components of the velocity field only depends on the space vector r
separating the points

Rij (x, r, t) = u′
i (x, t) u′

j (x + r, t) = Rij (r, t) (6.1)

Figure 6.1 illustrates two widely used correlation functions. The time dependency
of the correlation functions are omitted in the following to simplify notations. More-
over, several equations seen in Chap. 2 can be simplified for homogeneous turbulence.
For example, the turbulent kinetic energy balance (2.20) becomes

ρ
∂kt

∂t
= −ρu′

i u
′
j
∂Ūi

∂x j
− τ ′

ij

∂u′
i

∂x j
= P − ρε (6.2)

The kinetic energy is thus locally supplied by the average flow and dissipated by
molecular viscosity, all of the spatial transfers corresponding to the (c), (d) and (e)
terms of the Eq. (2.20) being equal to zero. In this situation, the average flow Ūi (x)

must be compatible with the existence of homogeneous turbulence. As shown by
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A B

u1 u1

r = (r, 0, 0)

x1

x2

A

B

u1

u1

r = (0, r, 0)

Fig. 6.1 Example of correlation functions at two points A and B separated by vector r , at left
R11(r, 0, 0) and at right, R11(0, r, 0)

Burgers and Craya [105], a necessary condition is that ∂Ūi/∂x j = cst. Turbulence
then stays homogeneous while still being anisotropic. To be more precise, the most
general definition of the existence of homogeneous turbulence is ∂Ūi/∂x j = Λij(t),
i.e. the average velocity gradients must be constant, or else only function of time. The
description of several cases of anisotropic homogeneous turbulence can be found
in the work by Gence [107] and in the experiments of return to isotropy by Le
Penven [125].

In homogeneous turbulence, the correlation function Rij at two points and for two
components of the velocity field verifies the following properties,

(i) Rij(r) = Rji(−r). Indeed,

Rij(r) = u′
i (x)u′

j (x + r) = u′
i (x − r)u′

j (x) = Rji(−r)

(ii) Rii(r) = Rii(−r), just applying i = j to the previous equation. The correla-
tion function for the same velocity component at two points is then an even
function of the r variable between the points. To avoid any ambiguity in the
following, Greek characters are used for indexes without summation, noting for
the previous function for instance Rαα(r).

(iii) The Schwarz inequality is obtained for the correlation function by writing

(u′
i (x) + λu′

j (x′))2 = u′2
i (x) + 2λu′

i (x)u′
j (x′) + λ2u′2

j (x′) ≥ 0

or else for the reduced discriminant, u′
i (x)u′

j (x′)
2 − u′2

i (x) u′2
j (x′) ≤ 0 and

finally for the correlation function at two points,

u′
i (x)u′

j (x′) ≤
√

u′2
i (x)

√

u′2
j (x′)

This last expression permits us to define the correlation coefficient Rij, which
is dimensionless and always between −1 and 1,
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− 1 ≤ Rij(x, x′) = u′
i (x)u′

j (x′)
√

u′2
i (x)

√

u′2
j (x′)

≤ +1 (6.3)

6.1.1 Length Scales

To define the size of the largest eddies in the turbulent field, it is useful to have an
integral scale L characteristic of the distance on which the correlation function Rij is
not equal to zero. More precisely, the L (l)

ij scale definition is based on the integration
of the correlation coefficient Rij in the l direction indicated by the unit vector xl

L(l)
ij =

∫ ∞

0
Rij(r xl)dr (6.4)

Among all these scales, two are most useful: the longitudinal integral scale L (1)

11

which corresponds to i = j = 1 and r x1 = (r, 0, 0), and the transverse integral scale
L (2)

22 for i = j = 1 and r x2 = (0, r, 0). The longitudinal correlation R11(r, 0, 0)

is shown in Fig. 6.2. A micro-scale or Taylor scale is also built using the parabola
osculating the correlation function at the origin. To do this, a Taylor polynomial
expansion of the component u′

α of velocity at point x in direction β is used,

u′
α(x + r xβ) = u′

α(x) + r
∂u′

α

∂xβ

∣
∣
∣
∣
x

+ r2

2

∂2u′
α

∂x2
β

∣
∣
∣
∣
∣
x

+ · · ·

Multiplying this expression by u′
α and applying the average operator,

Rαα(r xβ) = u′2
α + r u′

α

∂u′
α

∂xβ
+ r2

2
u′

α

∂2u′
α

∂x2
β

+ · · ·

Fig. 6.2 Sketch of the
longitudinal correlation
function R11(r, 0, 0) and its
associated integral length
scale L1 and Taylor length
scale λ1

0 λ1 rx1

1

R11(r, 0, 0)

L1
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where the correlation function is given by Rαα(r xβ) = u′
α(x)u′

α(x + r xβ). The
previous expression can be written as,

Rαα(r xβ) = u′2
α + r

2

∂u′2
α

∂xβ
+ r2

4

∂2u′2
α

∂x2
β

− r2

2

(
∂u′

α

∂xβ

)2

+ · · ·

and can be simplified for homogeneous turbulence. Indeed, both the second and
third terms are equal to zero in this case, which gives the following expression of the
correlation coefficient

Rαα(r xβ) = 1 − r2

2 u′2
α

(
∂u′

α

∂xβ

)2

+ · · · (6.5)

Thus, Rαα has a horizontal tangent at the origin. The longitudinal Taylor scale
λ1 = λ

(1)
11 is then defined using the expression of the correlation coefficient for

α = β = 1

R11(r, 0, 0) = 1 − r2

λ2
1

+ · · · with
1

λ2
1

= −1

2

d2R11

dr2
1

= 1

2u′2
1

(
∂u′

1

∂x1

)2

(6.6)

Figure 6.2 illustrates both the osculating parabola and the value of λ1 obtained at
the intersection with the x1 axis. Of course, there are numerous Taylor scales for α
indexes and β directions in a three-dimensional turbulent field. The most used after
λ1 is the transverse Taylor scale λ2 = λ(2)

11, which corresponds to α = 1 and β = 2,

1

λ2
2

= −1

2

d2R11

dr2
2

= 1

2u′2
1

(
∂u′

1

∂x2

)2

(6.7)

Taylor length scales cannot be directly associated with a turbulent structure size
playing a particular role. These scales are nonetheless very useful, particularly to
give order of magnitudes to terms where products of turbulent quantities derivatives
are averaged. Section 6.5 gives a precise example for the average dissipation ε of
turbulent kinetic energy kt .

6.1.2 Spectral Tensor of the Velocity Field

Fourier analysis is very convenient for the study of homogeneous turbulence,
indeed the turbulence can be described in the spectral space whatever the obser-
vation point is. In the case of an inhomogeneous flow, another normal orthogonal
mode decomposition must be used [222], also called POD for Proper Orthogonal
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Decomposition, see Sect. 6.7. This problem is also present in numerical simulation,
where spectral methods can be used only for homogeneous turbulent flows.

A homogeneous turbulent velocity field u without mean velocity is now
considered, that is Ūi = 0. Hence u = u′ and u(x, t) = 0. Moreover, in order
to shorten the writing, the dependence on t is made implicit, noting for example
u′(x) = u′(x, t). The Fourier transform of the velocity field can then be defined by

⎧
⎪⎨

⎪⎩

û(k) = 1

(2π)3

∫

R3
u′ (x) e−i k·xdx

u′ (x) =
∫

R3
û(k)ei k·xdk

(6.8)

where k is the wavenumber vector. To simplify, we use improperly the integral sign,
reserved to good functions, while we consider distributions. The informed reader
can refer to the work of Schwartz [82]. Besides, the basic frame in Fourier space is
right-handed and orthonormal, with k1 corresponding to x1. This remark is essential
to understand the unidimensional spectra introduced later.

Incompressible Velocity Field
In the case of an incompressible turbulent velocity field, the condition ∇ · u′ = 0
becomes

∇ · u′ = 0 =
∫

i k · û(k)ei k·xdk, ∀ x

and then,
k · û(k) ≡ 0, ∀ k (6.9)

The decomposition of u′(x) in Fourier space is actually a sum of transverse waves.
This property is very often used to build synthetic turbulent fields to initialize the
turbulence in numerical simulation, to study the dispersion of particles or to analyse
the propagation of acoustic waves through a turbulent environment. In the local
frame of Fourier space represented in Fig. 6.3, the û(k) vector is then in the plane
perpendicular to the wave vector k, the rotation angle around k being random because
û(k) is itself random. In this local frame, some calculations become simpler. It was,
for example, used by Craya [105] to study sheared homogeneous turbulence.

6.1.3 Spectral Tensor

The spectral tensor φij is defined as the Fourier transform of the correlation function
Rij, i.e.
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Fig. 6.3 Basic frame
(k1, k2, k3) and local frame
(k̃1, k̃2, k̃3) in the Fourier
space. The Fourier
contribution û(k) is in the
plane (k̃1, k̃2). The
orthonormal local frame,
also known as the
Craya-Herring frame, is
defined by analogy with
spherical coordinates, k̃3 is
along the wavenumber k, k̃1
is tangent to the meridian
circle with increasing θ, k̃2 is
tangent to the parallel circle
with increasing ϕ

k1

k2

k3

k k̃1

k̃2

k̃3

θ

ϕ

⎧
⎪⎨

⎪⎩

φij(k) = 1

(2π)3

∫

Rij (r) e−i k·rd r

Rij (r) =
∫

φij(k)ei k·rdk
(6.10)

For instance, when i = j = 1 and r = 0,

u′2
1 =

∫

φ11 (k) dk

and φ11(k)dk represents the contribution in u′2
1 of the wave vectors between k and

k + dk. The spectral tensor verifies several properties, including the following

• û�
i (k)û j (k′) = φij(k′)δ(k − k′). Two Fourier components of the velocity field are

correlated only if they correspond to the same wavenumber. Indeed

û�
i (k)û j (k′) = 1

(2π)6

∫∫

u′
i (x)u′

j (x′) ei k·x e−i k′·x′
dx dx′

= 1

(2π)6

∫∫

Rij(r) e−i k′·r ei(k−k′)·x dx d r

where u′
i (x)u′

j (x′) = Rij(r) for homogeneous turbulence, with the notation r =
x′ − x. Besides,

1

(2π)3

∫

ei(k−k′)·xdx = δ(k − k′)
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and then it can be inferred that,

û�
i (k)û j (k′) = 1

(2π)3

∫

Rij (r) e−i k′·r δ(k − k′)d r = φij(k)δ(k − k′)

• φij(k) = φji(−k) = φ�
ji(k) provided by Rij(r) = Rji(−r). This results shows that

φij is a tensor with Hermitian symmetry.

• kiφij(k) = k jφij(k) = 0 for an incompressible velocity field. This result comes
from (6.9). In physical space, this property corresponds to

∂Rij(r)

∂ri
= ∂Rij(r)

∂r j
= 0

Given the previous properties, only four scalar functions are needed to describe
completely the spectral tensor φij. The result is particularly clear in the local frame
of Fig. 6.3, where the spectral tensor components are located in the plane perpendic-
ular to k, with only two diagnonal real components and two Hermitian symmetry
components out of the diagonal. Later in this chapter will be shown the fact that only
one function is needed when the turbulence is isotropic.

6.1.4 One-Dimensional Spectra

It is actually difficult to determine the spectral tensor φij(k). Indeed, it would be
necessary to measure all of the Rij correlations in the three dimensions and then apply
a Fourier transform. To have measurable quantities with the experimental techniques
as defined in Chap. 10, the longitudinal one-dimensional spectra are introduced,

E (1)
ij (k1) =

∫∫

φij(k) dk2dk3 (6.11)

where the upper index (1) indicates the wavenumber component which stays after
integration. Some examples are as follows

u′2
1 =

∫ +∞

−∞
E (1)

11 (k1) dk1 u′
1u′

2 =
∫ +∞

−∞
E (1)

12 (k1) dk1

More generally, the correlation function Rij can be expressed with the one-

dimensional spectrum E (1)
ij by:

Rij (r1, 0, 0) =
∫

R3
φij (k) eik1r1 dk =

∫ +∞

−∞
E (1)

ij (k1) eik1r1 dk1

http://dx.doi.org/10.1007/978-3-319-16160-0_10
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and reciprocally by the Fourier transform

E (1)
ij (k1) = 1

2π

∫ +∞

−∞
Rij (r1, 0, 0) e−ik1r1 dr1 (6.12)

From these relations can be inferred the longitudinal integral scale L1 of the
turbulence. Indeed, with k1 = 0 and i = j = 1 in expression (6.12),

E (1)
11 (k1 = 0) = 1

2π

∫ +∞

−∞
R11 (r1, 0, 0) dr1 = 1

2π
2 u′2

1 L(1)
11

and:

L1 ≡ L(1)
11 = π

E (1)
11 (0)

u′2
1

(6.13)

Similarly, we can also express the Taylor length scale λ1 with the one-dimensional
spectrum,

(
1

λ1

)2

≡
(

1

λ(1)

11

)2

=
∫ ∞

0

k2
1 E (1)

11(k1)

u′2
1

dk1

Transverse one-dimensional spectra can also be defined. For instance E (2)
11 (k2)

resulting from an integration of φ11(k) on k1 and k3 has been used by Kellogg and
Corrsin [115] to study the evolution of a special spectral peak generated by a zither
in addition to the standard grid producing turbulence.

6.1.5 Turbulent Kinetic Energy

The turbulent kinetic energy kt can be written, by definition, using the following
relations

kt = 1

2
u′2 = u′2

1 + u′2
2 + u′2

3

2
= 1

2
Rii (0) = 1

2

∫

φii(k)dk

The turbulent kinetic energy spectrum, noted E (k), is then introduced

E (k) = 1

2

∫

Σk

φii(k)dΣ kt =
∫ ∞

0
E(k)dk (6.14)

As Σk is the sphere of radius k in Fourier space, E(k)dk can be interpreted as
the contribution to kinetic turbulent energy of wavenumbers of modulus between k
and k + dk. Of course, the energy distribution over the sphere Σk is not necessarily
uniform for the turbulence can be anisotropic. In this representation, the tensor φii(k)

stays function of the direction of vector k.
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6.1.6 Enstrophy and Dissipation

It is also possible to calculate the spectral tensor Ωij of the vorticity, which is similar
to the tensor φij for the velocity field. By definition,

ω′
i (x)ω′

j (x + r) =
∫

Ωij (k) ei k·rdk (6.15)

The calculation of Ωij is not as easy. It can be demonstrated using the Fourier
transform of the vorticity ω̂ (k) = i k × û(k), that for an incompressible turbu-
lence [84]

Ωij(k) = k2
(

δij − ki k j

k2

)

φll(k) − k2φji(k) (6.16)

It is interesting to note that the vorticity spectrum Ωij(k) is expressed in terms
of the spectral tensor φij(k). Particularly, for i = j Eq. (6.16) becomes, Ωii(k) =
k2φii(k).

The enstrophy spectrum is then given by

ω′2
i

2
= 1

2

∫

Ωii(k)dk = 1

2

∫

k2φii(k)dk =
∫ ∞

0
k2
(

1

2

∫

Σk

φii(k)dΣ

)

dk

i.e. introducing the spectrum E(k) of turbulent kinetic energy,

ω′2
i

2
=
∫ ∞

0
k2 E(k)dk

The spectrum of the dissipation ε is directly related to the enstrophy spectrum,
and then to the turbulent kinetic energy spectrum. Indeed, for homogeneous and
incompressible turbulence

ρε = 1

2
μ

(
∂u′

i

∂x j
+ ∂u′

j

∂xi

)2

= μ
∂u′

i

∂x j

∂u′
i

∂x j
= 1

2
μ

(
∂u′

i

∂x j
− ∂u′

j

∂xi

)2

= μω′2
i (6.17)

because,
∂u′

i

∂x j

∂u′
j

∂xi
= ∂2u′

i u
′
j

∂xi∂x j
= 0

and in the spectral space,

ε = νω′2
i = ν(ω′2

1 + ω′2
2 + ω′2

3 ) = 2ν

∫ ∞

0
k2 E (k) dk (6.18)
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This last expression can also be obtained more directly from the Fourier transform
of the velocity field u′. According to (6.8), and by taking the conjugate for the second
equality

∂u′
i

∂x j
= i

∫

k j ûi (k)ei k·xdk = −i
∫

k′
j û

�
i (k′)e−i k′·xdk′

and thus,

ε = ν
∂u′

i

∂x j

∂u′
i

∂x j

= ν

∫∫

k j k
′
j ûi (k)û�

i (k′) ei(k−k′)·x dk dk′

= ν

∫∫

k j k
′
j φii(k)δ(k − k′) ei(k−k′)·x dk dk′

= ν

∫

k2φii(k)dk

= 2ν

∫ ∞

0
k2 E(k)dk

It must be remembered that for homogeneous turbulence, the energy distribution
for a given k is not uniform, but a function of the vector orientation k linked to turbu-
lence anisotropy. Some noteworthy simplifications are made for isotropic turbulence,
which is the point of Sect. 6.2.

6.1.7 Rapid Distortion of the Turbulence

Among the numerous problems of homogeneous turbulence, those where the turbu-
lence is suddenly subject to high mean velocity gradients can be distinguished. An
approach to study these problems, originally developed by Taylor and then Ribner
and Tucker [144] and Batchelor and Proudman [85], is to linearize the equations
assuming that there is not enough time for the turbulence to interact with itself. The
Rapid Distortion Theory (RDT) is based on the following hypothesis: the charac-
teristic time of the turbulence kt/ε must be larger than the characteristic time of the
distortion S−1 where S measures the intensity of the mean velocity gradients, i.e.

S
kt

ε
	 1 S =

√

2S̄ij S̄ij (6.19)

Among the problems usually considered are the turbulence subject to a pure
deformation (plane if λ = −1), to a pure shear or to a pure rotation, then the tensors
of the mean velocity gradients are respectively,
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∂Ūi

∂x j
=
⎛

⎝
S 0 0
0 λS 0
0 0 − (λ + 1) S

⎞

⎠

∂Ūi

∂x j
=
⎛

⎝
0 S 0
0 0 0
0 0 0

⎞

⎠ and
∂Ūi

∂x j
=
⎛

⎝
0 S 0

−S 0 0
0 0 0

⎞

⎠

Very often the viscous effects are neglected, though they cause no particular
trouble for they are linear, and then the equation governing u′

i can be written

∂u′
i

∂t
+ Ū j

∂u′
i

∂x j
= −u′

j
∂Ūi

∂x j
− 1

ρ

∂ p′

∂xi
(6.20)

The mean velocity gradients ∂Ūi/∂x j do not depend on x but can be a function
of time for homogeneous turbulence. However, it is still possible to return to a
Lagrangian description by a variable change, also called Rogallo transformation
[465]. An application of this transformation has been seen in Sect. 5.3 to study the
pure plane deformation of an eddy using the Helmholtz equation. Another application
is presented in Sect. 6.8, with a pure 3-D deformation and a complete turbulence
spectrum. The advantage of such an approach is to avoid using a closure for the
Reynolds tensor.

Among the essential results provided by RDT is the modelling of the rapid part
of the pressure which plays an important role. Indeed, with the Poisson Eq. (1.5)
governing the pressure fluctuations for an incompressible flow, one obtains

1

ρ
∇2 p′ = −2

∂Ūi

∂x j

∂u′
j

∂xi
︸ ︷︷ ︸

(a)

−∂u′
i

∂x j

∂u′
j

∂xi
︸ ︷︷ ︸

(b)

and two contributions can be distinguished: a rapid part (a) and a slow part (b). In
the case of RDT only the rapid contribution is studied and modelled. It is possible to
solve the RDT equations numerically and to compare them to direct simulations of the
Navier-Stokes equations. To study this topic further, the reader can for instance refer
to Cambon and Scott [92], and Sagaut and Cambon [147], for a general overview,
and also to the work by Cambon et al. [90, 148, 149].

6.2 Incompressible Isotropic Turbulence

Isotropic turbulence is homogeneous turbulence whose statistical properties are
invariant to any axial rotation. Its definition also often includes an invariance to
any symmetry. Actually, isotropic turbulence is a turbulent flow where no privileged

http://dx.doi.org/10.1007/978-3-319-16160-0_5
http://dx.doi.org/10.1007/978-3-319-16160-0_1
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observation direction can be found. The first analytical studies on isotropic turbulence
were carried out by Taylor [151–153].

To examine the turbulent field, a probing device must be defined. It must be of
fixed geometrical configuration, constituted of points if the turbulent quantity is a
scalar (temperature, pressure, concentration, …) and of points associated with unit
vectors if the measured quantity is a vector (velocity, …). For instance, for pressure-
velocity correlation, the pressure variation is considered at point A, and the scalar
product u′

B · b is considered at point B where the associated unit vector is b. The
random variables p′

A and u′
B ·b are then obtained. Turbulence is said to be isotropic if

the joint probability density of the random variables p′
A and u′

B · b is invariant to any
translation or rotation of the probing device, here A, B and b, whose geometry is kept
the same. The moments of these random variables then also verify these invariance
properties. Examples are given in the following.

6.2.1 Double Velocity Correlation at a Point

Let us first consider the particular form of the Reynolds tensor for isotropic turbu-
lence. The probing device is then constituted of only one point A and one associated
unit vector a, as illustrated in Fig. 6.4. When the probing device is placed such that a
is in the x1 direction, the scalar product u′

A · a gives u′
1. When the deviced is rotated

by π/2, vector a becomes parallel to the x2 direction and the scalar product u′
A · a

gives u′
2. Isotropy implies that it is impossible to statistically distinguish one result

from the other, i.e. u′2
1 = u′2

2 . More generally,

u′2
1 = u′2

2 = u′2
3 = u′2 with u′2 = u′2

Let us now consider the correlation of two velocity components at a same point.
The probing device is composed of two unit vectors a and b, both associated with
point A and the two random variables which are considered are u′

A · a and u′
A · b.

First the two vectors a and b are chosen respectively parallel to x1 and x2, then the

x1

x2

A

a

x1

x2

A

a

Fig. 6.4 Illustration of the probing device used to measure u′
A · a at point A, which gives u′

1 at left
and u′

2 at right when rotating by π/2
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x1

x2

A a

b

x1

x2

A

a

b

Fig. 6.5 Illustration of the probing device used to measure the double velocity correlation at point A

probing device is rotated by π/2 in the plane (x1, x2), as shows in Fig. 6.5. It can
then be inferred that u′

1u′
2 = −u′

1u′
2 and, consequently, the correlation u′

1u′
2 can

only be equal to zero. Similarly, it can be demonstrated that u′
1u′

3 = u′
2u′

3 = 0. The
Reynolds tensor for isotropic turbulence is thus diagonal and more precisely,

u′
i u

′
j = u′2 δij = 2kt

3
δij (6.21)

It can be shown for similar reasons that triple correlations of the velocity fluctu-
ations at a point are equal to zero, that is u′

i u
′
j u

′
k = 0.

6.2.2 Double Velocity Correlation at Two Points

The correlation of the velocity at two points A and B, separated by a vector r , is
now considered. A unit vector a associated with point A is used, as well as an unit
vector b associated with point B. The two vectors a and b are arbitrary. The random
variables given by the probing device are u′

A · a and u′
B · b, and they lead to the

following double correlation function

F = (u′
A · a)(u′

B · b)
√

u′2
A

√

u′2
B

= u′
i Au′

j B(r)

u′2 ai b j = Rij(r) ai b j

A representation theorem by Robertson [145] indicates that the bilinear form F
must be a function of only the probing device invariants, i.e. of distances and angles,
and then of only the following quantities r2 = riri , a · r = airi , b · r = b jr j ,
a · b = ai bi = ai b jδij, and of the volume (a × b) · r = εijkai b jrk . If grouped
together correctly, these invariants permit F to be both linear in ai and b j

F = Rij ai b j = α(r)rir j ai b j + β(r)δijai b j + γ(r)εijkai b jrk

Simplifying by ai b j , the form of the tensor of the correlation of the velocities at
two points can be obtained
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Rij (r) = α (r) rir j + β (r) δij + γ (r) εijkrk (6.22)

To the invariance for translation and rotation, is often added for isotropic tur-
bulence the invariance to reflection symmetry condition. For example, a symme-
try relative to the first bisector of the coordinate axes leads to R12(r1, r2, r3) =
R21(r2, r1, r3). But εijk does not obey the reflection symmetry since ε123 = −ε213,
and then it is necessary that γ = 0. By the way, this is equivalent to choosing a
turbulence without helicity, discussed in Sect. 6.6. Finally, the general form of a
second-order isotropic tensor is obtained,

Rij (r) = α (r) rir j + β (r) δij (6.23)

Expressed otherwise, the tensor of the double correlation of the velocities at two
points can be expressed with only two scalar functions. Instead of keeping α(r)

and β(r), it is better to choose two other functions whose physical interpretation is
known. Thus the longitudinal correlation R11(r) with r = (r, 0, 0) is first chosen
and this function is noted f (r). According to (6.23), it can be written

f (r) ≡ R11 (r, 0, 0) = α (r) r2 + β (r)

The second function is the transverse correlation R11(r) with this time r =
(0, r, 0). It is usually noted g(r) and, also according to (6.23), it can be written

g(r) ≡ R11 (0, r, 0) = β(r)

Using these new f (r) and g(r) functions to express the tensor of the correlation
of the velocities at two points, the following relation established by Kármán and
Howarth is obtained [114]

Rij(r) = ( f − g)
rir j

r2 + gδij (6.24)

Incompressible Turbulence
The incompressibility of the flow implies an additional condition, and thusRij(r) can
be expressed with only f (r). Indeed, for an incompressible homogeneous turbulence
∇ · u′ = 0, and

∂Rij (r)
∂ri

= 0

This result can be used on expression (6.24),

∂Rij (r)
∂ri

= ∂

∂ri

(
f − g

r2 rir j + gδij

)

= 0
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that is

(
f ′ − g′

r2 − 2
f − g

r3

)
∂r

∂ri
ri r j + f − g

r2

∂
(
rir j

)

∂ri
+ g′δij

∂r

∂ri
= 0

This expression can be simplified thanks to the two following relations,

∂r

∂ri
= ri

r
δij

∂r

∂ri
= r j

r

Hence,

f ′ r j

r
− 2 ( f − g)

r j

r2 + f − g

r2

(

r j
∂ri

∂ri
+ ri

∂r j

∂ri

)

= 0

f ′ r j

r
+ ( f − g)

r j

r2 (−2 + N + 1) = 0

f ′ + f − g

r
(N − 1) = 0 (6.25)

where N = 2 in 2-D and N = 3 in 3-D. In the two cases, the tensor of the correlations
Rij only depends on one scalar function. The 2-D case is developed in Sect. 7.7, and
for the 3-D case considered here

g = f + r

2
f ′ i.e. g = 1

r

d

dr

(
r2

2
f

)

(6.26)

This relation, often called the relation of Kármán and Howarth [114], permits us
to link the integral scales L1 and L2. Assuming that f (r) converges towards zero
rapidly enough when r → ∞, one has

L2 =
∫ ∞

0
gdr =

∫ ∞

0

(
f + r

2
f ′) dr = L1 +

[
rf

2

]∞

0
− 1

2

∫ ∞

0
f dr = L1

2
(6.27)

The longitudinal integral scale is thus twice as large as the transverse integral
scale for an incompressible isotropic turbulence. According to (6.26),

∫ ∞

0
rgdr =

∫ ∞

0
rfdr +

∫ ∞

0

r2

2
f ′dr

=
∫ ∞

0
rfdr +

[
r2

2
f

]∞

0
−
∫ ∞

0
rfdr

= 0

http://dx.doi.org/10.1007/978-3-319-16160-0_7
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Fig. 6.6 Sketch of the
functions f (r) et g(r) for an
incompressible and isotropic
turbulence in 3-D, and
relative position of the
Taylor length scale λ2

r0

1

f(r)

g(r)
λ2 r

The g function curve is expected to cross the abscissa axis. The curves of functions
f and g are shown in Fig. 6.6. To take this negative loop into consideration, the
following substitute integral scale can be defined

L̃2 =
∫ r�

0
g(r)dr, with g

(
r�
) = 0, and g(r) > 0 on [0, r�[.

This result can be explained with the incompressibility hypothesis. It is necessary
that the correlation

g(r) = u′
1(0, 0, 0)u′

1(0, r, 0)/u′2 = u′
2(0, 0, 0)u′

2(r, 0, 0)/u′2

changes its sign at least once with r for the mass to be conserved.
It is also possible to obtain a relation between the longitudinal Taylor scale λ1

and the transverse Taylor scale λ2 deriving relation (6.26) twice

g′ = f ′ + 1

2
f ′ + r

2
f ′′

and

g′′ = f ′′ + 1

2
f ′′ + 1

2
f ′′ + r

2
f ′′′

It can be inferred for r = 0 that g′′(0) = 2 f ′′(0), and considering the definition
of Taylor scales (6.6) and (6.7),

1

λ2
1

= − f ′′(0)

2

1

λ2
2

= −g′′(0)

2
and then, λ1 = √

2 λ2

In the scientific literature, the following notations are often used for an isotropic
homogeneous turbulence: L f = L1, Lg = L2. It is also the case for Taylor scales,
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λ f = λ1 and λg = λ2. In the following, these notations characteristic of an isotropic
homogeneous turbulence will be used.

6.2.3 Double Pressure-Velocity Correlations at Two Points

As for the tensor of the correlations of velocities, the general form of the pressure-
velocity correlations at two points for isotropic turbulence can be established. Two
points A and B are considered, vector b being associated with the latter. In A is
measured the pressure fluctuation p′

A and in B the velocity fluctuation u′
B through

the product u′
B · b. The following quantity is then considered

F = p′
A

(
u′

B · b
)

√

p′2
√

u′2
= p′

Au′
Bi√

p′2
√

u′2
bi = Pi (r)bi

The form F = Pi bi can be function of only the quantities r · b and r2. The
linearity in b then provides

F = Pi bi = α(r)ri bi

The b vector being arbitrary, the form of the pressure-velocity correlation can
only be Pi (r) = α (r) ri . It can be demonstrated that this correlation is equal to zero
for an incompressible turbulence. Indeed, the incompressibility of the velocity field
at point B leads to

p′
A

∂u′
Bi

∂xBi
= ∂

∂xBi

(
p′

Au′
Bi

)
= ∂

∂ri

(
p′

Au′
Bi

)
= 0 or

∂Pi

∂ri
= 0

Given the expression of Pi for isotropic turbulence, one has

3α (r) + α′ (r)
ri

r
ri = 0

which permits to integrate α(r) and express Pi (r) as

Pi (r) = C
ri

r3

where C is a constant. Besides, there is a singular point at r = 0 because Pi cannot
be infinite, hence C must be zero. Consequently, the pressure-velocity correlation at
two points vanishes in isotropic turbulence. This result can be interpreted rather well
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Fig. 6.7 Illustration of the
two-point triple velocity
correlation

r

A B

ui(x)uj(x)

uk(x)

because for isotropic turbulence, u′2
1 = u′2

2 = u′2
3 . Thus the pressure does not need

to redistribute energy to the different velocity components.

6.2.4 Triple Correlations of the Velocities at Two Points

The tensor of the triple correlations of the velocities at two points also takes a note-
worthy form for an incompressible isotropic turbulence. As illustrated in Fig. 6.7,
the form considered here is

Tij,k(r) = u′
i (x)u′

j (x)u′
k(x + r) or else Tij,k(r) = u′

i (x)u′
j (x)u′

k(x + r)

u′3
(6.28)

For similar reasons to those developed in Sect. 6.2.3, it can be demonstrated that
for an incompressible isotropic turbulence, this correlation can be expressed with
only one scalar function h

Tij,k(r) = (h − rh′)
rir j rk

2r3 − h

2

rk

r
δij + 1

4r

d

dr
(r2h)

(
δ jk

ri

r
+ δik

r j

r

)
(6.29)

Tij,k (r) is an odd function of r , unlike Rij(r) which is an even function, and
it can also be pointed out that the scalar function h(r) can be interpreted as
h(r) = T11,1(r, 0, 0). The details of the demonstration can be found in Batche-
lor [84]. Triple correlations between velocity at two points occur when studying the
dynamic behaviour of the double correlation because of the nonlinear character of
the Navier-Stokes equations.

6.2.5 Spectral Velocity Tensor

As in the case of homogeneous turbulence, the spectral tensor φij(k) plays a key
role in the description of the isotropic turbulence in Fourier space. Its expression can
be directly inferred from the general expression (6.23) of a second-order isotropic
tensor by Fourier transform. Then in spectral space,
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φij(k) = α(k)ki k j + β(k)δij

If the isotropic turbulence is also incompressible, it is necessary that kiφij ≡ 0,
i.e. α (k) k2 + β (k) = 0. The spectral tensor can then be expressed with only one
scalar function β(k),

φij(k) = β(k)

(

δij − ki k j

k2

)

(6.30)

The β(k) function can be expressed as a quantity that can be more easily inter-
preted. In the 3-D case, the spectrum E (k) of the turbulent kinetic energy defined
by (6.14) can be used. According to what was seen above,

φii = φ11 + φ22 + φ33 = 2β(k)

and by definition of E(k),

E(k) = 1

2

∫

Σk

φii(k)dΣ = 2πk2 φii(k)

And then β (k) = E (k) /4πk2, because the integration on the sphere of radius k
leads only to 4πk2φii(k). The expression of the spectral tensor of an incompressible
isotropic turbulence is finally,

φij(k) = E(k)

4πk2

(

δij − ki k j

k2

)

(6.31)

Usual One-Dimensional Spectra
The knowledge of the spectral tensor given by expression (6.31) permits to express the
one-dimensional spectrum E (1)

11 defined in Sect. 6.1.4, as a function of the spectrum
of turbulent kinetic energy E(k). For an incompressible isotropic turbulence,

E (1)
11 (k1) =

∫∫
E(k)

4πk2

(

1 − k2
1

k2

)

dk2dk3

To develop this expression, it is convenient to introduce the polar coordinates
(σ,ϕ) in the plane P perpendicular to the k1 axis, with k2 = k2

1 + σ2 as illustrated
in Fig. 6.8. Integrating with k1 fixed,

E (1)
11 (k1) =

∫∫
E(

√
k2

1 + σ2)

4π(k2
1 + σ2)

(

1 − k2
1

k2
1 + σ2

)

σdσdϕ

= 1

2

∫ ∞

0

E(
√

k2
1 + σ2)

(k2
1 + σ2)2

σ3dσ
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Fig. 6.8 Polar coordinates
introduced to obtain
expression (6.32)

k1

k2

k3

O

P

k

σ

ϕ

The variable change σ2 = k2 − k2
1, σdσ = kdk then provides,

E (1)
11 (k1) = 1

2

∫ ∞

k1

E(k)

k4 (k2 − k2
1)kdk

and finally,

E (1)
11 (k1) = 1

2

∫ ∞

k1

E(k)

k

(

1 − k2
1

k2

)

dk (6.32)

It is also possible to obtain an expression of the one-dimensional spectra E (1)

22 and
E (1)

33 in terms of E(k), noting that

E (1)
22 (k1) = E (1)

33 (k1) = 1

2

[
E (1)

22 (k1) + E (1)
33 (k1)

]

Then, using the same variable change as above, one obtains

E (1)
22 (k1) = E (1)

33 (k1) = 1

4

∫ ∞

k1

E(k)

k

(

1 + k2
1

k2

)

dk (6.33)

The two spectra E (1)

11 (k1) and E (1)

22 (k1) are shown in Fig. 6.9, in the simple case
where all the kinetic energy is concentrated on a wavenumber k0, i.e. E(k) = δ(k −
k0). The wave vectors which contribute to the energy have their ends on a sphere of
radius k0 and it is the incompressibility condition of the flow which implies different
one-dimensional spectra. Particularly, the fact that E (1)

11 is maximum for k1 = 0 tags
all the spectra measured in turbulence.

Let us add that combining the two previous relations, a link between the one-
dimensional spectra E (1)

11 and E (1)

22 is obtained,

E (1)
22 (k1) = 1

2
E (1)

11 (k1) − 1

2
k1

d

dk1
E (1)

11 (k1) (6.34)
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Fig. 6.9 One-dimensional spectra E (1)

11 (k1) and E (1)

22 (k1) for E(k) = δ(k − k0) according to
Eqs. (6.32) and (6.33): E (1)

11 (k1) = (1 − k2
1/k2

0)/(2k0) and E (1)

22 (k1) = (1 + k2
1/k2

0)/(4k0) for
|k1| ≤ k0 and E (1)

11 (k1) = E (1)

22 (k1) = 0 for |k1| > k0. The large difference between the two spectra
is due to the incompressibility condition. For example, for k1 = k0, i.e. a wave vector aligned with
the k1-axis, all the Fourier contributions are in the plane normal to the k1-axis, so that û1(k0) = 0
and E (1)

11 (k0) = 0, and û2(k0) and E (1)

22 (k0) are maximum. Similarly, one can consider k1 = 0 and
find that E (1)

11 (0) is maximum and E (2)

22 (0) is down to zero

This relation in spectral space permits to verify experimentally the isotropy of the
turbulence. More precisely, the range of wavenumbers for which the turbulence has
an almost isotropic behaviour can be determined. Hence, it bears more meaning than
the mere relation between integral scales Lg = L f /2.

Another interesting relation is that expressing the turbulent kinetic energy spec-
trum E(k) as a function of the one-dimensional spectrum E (1)

11 (k1), which can be
obtained experimentally. This relation is obtained deriving relation (6.32)

d

dk1
E (1)

11 (k1) = −
∫ ∞

k1

E(k)

k3 k1dk

and then deriving a second time with respect to k1,

d

dk1

(
1

k1

d E (1)

11(k1)

dk1

)

= E(k1)

k3
1

and finally,

E(k) = k2 d2 E (1)
11

dk2
1

∣
∣
∣
∣
∣
k1=k

− k
d E (1)

11

dk1

∣
∣
∣
∣
∣
k1=k

(6.35)
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6.2.6 Useful Other Results

Numerous other relations can be obtained for an incompressible and three-
dimensional isotropic turbulence, see for example Batchelor [84], Hinze [8] or Monin
and Yaglom [17]. Let us illustrate a few of them,

• Expression of the integral scale L f as a function of the spectrum of the turbulent
kinetic energy E ,

L f = 3π

4

∫ ∞

0

E(k)

k
dk

∫ ∞

0
E(k)dk

(6.36)

• Relation between the correlation function f and the spectrum of the turbulent
kinetic energy E ,

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

f (r) = 2

u′2

∫ ∞

0

(
sin(kr)

k3r3 − cos(kr)

k2r2

)

E(k)dk

E(k) = u′2
π

∫ ∞

0
f (r)k2r2

(
sin(kr)

kr
− cos(kr)

)

dr

(6.37)

• Relation between E(k) and the trace Rii (r) of the tensor of the double correlations,
without forgetting that Rii = u′2 Rii,

⎧
⎪⎪⎨

⎪⎪⎩

E(k) = 1

π

∫ ∞

0
Rii(r)kr sin(kr)dr

Rii(r) = 2
∫ ∞

0
E(k)

sin(kr)

kr
dk

(6.38)

• Expression of the dissipation as a function of the velocity field derivatives,

ε = 15

2
ν

(
∂u′

1

∂x2

)2

= 15ν

(
∂u′

1

∂x1

)2

(6.39)

• Expression of the dissipation as a function of the Taylor scales,

ε = 15ν
u′2
λ2

g

= 30ν
u′2

λ2
f

(6.40)

• Expression of the dissipation as a function of the one-dimensional spectrum,

ε = 30ν

∫ ∞

0
k2

1 E (1)
11 (k1)dk1 (6.41)
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• Average value of the product of two velocity derivatives,

Qijlm = ∂u′
i

∂xl

∂u′
j

∂xm
=
(

∂u′
1

∂x2

)2 (

δijδlm − 1

4
δilδjm − 1

4
δimδjl

)

(6.42)

• Expression of the enstrophy spectral tensor [97, 105],

Ωij (k) = k2φij (k) = E (k)

4π

(

δij − ki k j

k2

)

(6.43)

• Expression of the enstrophy production term,

ω′
iω

′
j

∂u′
i

∂x j
= −35

2

(
∂u′

1

∂x1

)3

= −35

2
h′′′ (0) (6.44)

Extending the method to temperature fluctuations in isotropic turbulence, a few
pertinent results have been established by Corrsin [103], and Kovasznay et al. [119]

• The correlation between temperature at a point and velocity at another point is
equal to zero, similarly to pressure-velocity correlation at two points.

• The correlation between the temperature fluctuations θ′
A and θ′

B at two points A
and B take the simple form,

θ′
Aθ′

B

θ′2 = m(r)

where r = (riri )
1/2 is the distance between the two points A and B.

• The three-dimensional power spectrum for the temperature fluctuation field has
also a simple form, similar to the trace of Rii(r),

φθ2(k) = G (k)

4πk2 with θ′2 =
∫ ∞

0
G(k)dk

• The one-dimensional spectrum of θ′2 is connected to G(k) by

G(1)

θ2 (k1) = 1

2

∫ ∞

k1

G (k)

k
dk and reciprocally, G(k) = −2k

dG(1)

θ2 (k1)

dk1

∣
∣
∣
∣
k1=k

6.3 Experimental Realization of Isotropic Turbulence

The realization of isotropic turbulence in a laboratory is a very useful tool. The
experimental study of such a flow permits a better understanding of the nonlinear
mechanisms when turbulence is not sustained by mean flow gradients. It also provides
quantitative data to refine numerical models.
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6.3.1 Experimental Configuration

It is not so easy to achieve isotropic turbulence in a laboratory. The main part of
the topic has been described by Comte-Bellot and Corrsin [100, 101]. The basic
configuration consists of placing a grid at the beginning of the working section of
a wind tunnel where the average velocity is constant. A representation is given in
Fig. 6.10. The jets between the bars can be seen, first they stay distinct and then
merge and mix, creating homogeneous turbulence downstream in planes parallel to
the grid.

The grids used are often composed of two planes of bars perpendicular to each
other, as shown in Fig. 6.11. The square section of the bars advantageously implies
that the separation of the boundary layers is fixed whatever the Reynolds number
is. This ensures stable and repetitive experiments. If the individual jets generated by
the grid gradually merge, we can expect that an accurate made grid will produce a
reasonably homogeneous field at large enough x1/M , where M is the mesh spacing

Fig. 6.10 Visualization of
turbulence behind a grid
using emission lines issued
from a wire placed upstream
of the grid. The wire is
varnished by portions and
covered with oil. Applying
an electric current, oil burns
and generates smoke from
the unvarnished parts of the
wire. From Corke and Nagib
in Van Dyke [28]

Fig. 6.11 A sketch of a
turbulence-generating grid
composed of square bars of
size d and mesh spacing M .
Typically, d = 1 cm and
M = 5 cm

M

d

U0
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of the grid. Experiments [709] have shown that the solidity of the grid defined by

σ = surface obstructed by the grid

initial surface
= d

M

(

2 − d

M

)

should not be too high, usually σ � 0.35 is a maximum. Otherwise the individual
jets coalesce successively into larger and larger jets because of a lack of fluid to drag.
The reference Reynolds number is based on M , which can vary from one grid to
another, and on the average velocity of the flow U0 which is adjustable,

ReM = U0 M

ν
� 104 − 105

The turbulence level achieved is not very high, u′/U0 � 2 %, for a distance of
30 M downstream of the grid. Thus it is important to have a large enough working
section, of approximately 20 M, to avoid a contamination by the boundary layers
developing along the walls of the wind tunnel. The length of the working section
must also be large enough, of approximately 100 to 200 M, to provide significant
time for the turbulence to evolve.

There is no reason that a grid perpendicular to the flow creates isotropic turbulence:
indeed there are only two symmetry axis. Measures with this configuration provide,

u′2
1 = 1.2 u′2

2 = 1.2 u′2
3 , the component u′

1 still being the largest because it is
primarily fed by the average flow around the bars. To render the three intensities
equal, the solution is to place a flow contraction of ratio c � 1.27 at a distance of
approximately 18 M of the grid, as indicated in Fig. 6.12. The main effect of the
contraction is to stretch the vortices of longitudinal axis, and thus to increase u′

2 and
u′

3. More precisely, the rapid distortion theory, presented in Sect. 6.1.7, can be used
and is developed in Sect. 6.8 to study the case of an axisymmetric contraction.

There are other devices which permit obtention of an almost isotropic turbulence
more intense than those created by grids. The innovative idea of Betchov [87] is to use
a chamber composed of multiple jets, whose turbulence is extracted by a fan.Grids

18M

c 1.27

Ū0

u 2
1 = 1.2u 2

2

u 2
2 = u 2

3

Ū1 = cŪ0

u 2
1 = u 2

2 = u 2
3

Fig. 6.12 Use of a contraction to generate isotropic turbulence, from Comte-Bellot and Corrsin
[100]
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with jets have also been suggested, as well as grids associated to small propellers.
The most recent and performing device is the one of Mydlarski and Warhaft [137,
138], where the turbulence is created by small flaps of irregular geometry fixed to a
grid and driven randomly.

6.3.2 The Turbulence Decay

The observation of the characteristics of turbulence at different distances x1 down-
stream of the grid corresponds to the time t which appears in the general equations of
turbulence dynamics. Besides, for each distance x1, the velocity Ū1 allows renewal
of the observed phenomenon. This is a simple case where the equivalence between

time average and ensemble average can be seen. To know u′2
1 (t) for instance, u′2

1 (x1)

is measured. As for the partial derivative ∂/∂x1 of any signal s, which appears for
example in the calculation of the dissipation, it can be expressed as a function of the
partial derivative with respect to time ∂/∂t using a frozen turbulence hypothesis on
a short period of time, which provides ds/dt � 0, i.e.

∂s

∂t
+ Ū1

∂s

∂x1
+ u′

1
∂s

∂x1
+ u′

2
∂s

∂x2
+ u′

3
∂s

∂x3
� 0

and then
∂s

∂t
� −Ū1

∂s

∂x1
(6.45)

keeping the main term where Ū1 is. This approximation is known as the Taylor
hypothesis. It is often used in laboratory experiments, even outside the field of homo-
geneous and isotropic turbulence. For spatial correlations Rij, the separation vector
r still corresponds to separations Δx1 = r1, Δx2 = r2 and Δx3 = r3 if two hot-
wires are used. However, if only one wire placed in A is used, the frozen turbulence
hypothesis associates to a time lag dτ a space shift r1 = −Ū1dτ , as if the second
measured point was upstream of A.

A thorough study of the turbulence decay can be found in Chap. 7, but some simple
and essential results can already be mentioned.

Decrease of Turbulence Intensity
The turbulence intensity is found to evolve according to

u′2

U 2
0

= 1

A

(
tU0

M
− t0U0

M

)−n

with 1.1 ≤ n ≤ 1.3 and A � 30 (6.46)

The Reynolds number ReM modifies only slightly n and A [135]. The distance
t0U0 represents a virtual origin located at a distance of some M downstream of
the grid.

http://dx.doi.org/10.1007/978-3-319-16160-0_7
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Evolution of Spatial Scales
The experiment provides the following laws for the evolution of integral and Taylor
scales,

Lg

M
� 0.06

(
tU0

M
− t0U0

M

)0.35 λg

M
� 0.02

(
tU0

M
− t0U0

M

)0.50

(6.47)

It is useful to point out that the exponents of these two relations are not the
same. This difference invalidates any simple similarity hypothesis using only one
length scale, as is the case for jets and wakes. This attempt, which can be easily
developed with the equations of Chap. 7, would imply that both Lg and λg scales obey
a t0.50 evolution. A simple similarity hypothesis would also force any characteristic
Reynolds number of the turbulence to stay constant, which can neither be inferred
from the experimental data.

Reynolds Number of the Turbulence
From the laws (6.46) and (6.47), Reynolds numbers characteristic of the turbulence,

built from Lg , λg and u′, with the simple notation u′ =
√

u′2, change slowly during
the turbulence decay,

ReLg = u′Lg

ν
� (t − t0)

−0.30 and Reλg = u′λg

ν
� (t − t0)

−0.15

At large t , when Reλg is down to approximately 5 to 10, the nonlinear effects
due to both inertia and pressure become negligible. Then viscous effects prevail and
lead to a rapid decay of the kinetic energy. This last period is called final period to
contrast with the initial period, which was studied above and is of course the most
important.

Experimental Value of the Dissipation ε
Equation (2.20), to which kinetic energy kt obeys, becomes for isotropic turbulence

dkt

dt
= −ε that is, ε = −3

2

du′2
dt

and various theoretical expressions of ε were given in Sect. 6.2.6. The experiment
here provides a very interesting independent result, without numerical coefficient the
following relation is verified,

ε = u′3

L f
(6.48)

http://dx.doi.org/10.1007/978-3-319-16160-0_7
http://dx.doi.org/10.1007/978-3-319-16160-0_2
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Table 6.1 Turbulence data from the experiments reported by Comte-Bellot and Corrsin [101]

tU0/M u′ cm · s−1 ε cm2 · s−3 L f cm εL f /u′3

M = 5.08 cm 42 22.2 4740 2.40 1.04

98 12.8 633 3.45 1.04

171 8.95 174 4.90 1.19

M = 2.54 cm 45 20.5 7540 1.20 1.05

120 10.6 731 1.80 1.10

240 6.75 145 2.14 1.01

385 5.03 48.5 2.40 0.91

A comparison with relation (6.48) is shown in the last column. The length L f is deduced from the
measurement of L (2)

11 for the case M = 2.54 cm

Table 6.1 illustrates this result with the data of Comte-Bellot and Corrsin [101],
see also Sreenivasan [193]. This expression shows that the dissipation is actually
set by the large structures of the turbulence characterized by the two quantities u′
and L f . Small structures must then adapt themselves to the amount of energy to be
dissipated. Particularly, small structures are finer for a smaller molecular viscosity.

Characteristic Time of the Turbulence
Relation (6.48) can be written as

ε = u′2

L f /u′

The quantity Θ ≡ L f /u′ is obviously a time scale, which has a double interest.
First, it is built on the characteristics of the energy-containing eddies and second, it
rules the turbulence decay in the initial period. Figure 7.8 of Chap. 7 shows that this
time also represents an integral scale as a time correlation in the frame moving with
velocity Ū1. Thus this characteristic time far exceeds a simple conjuncture using a
dimensional analysis.

6.4 Particle Dispersion by Homogeneous Turbulence

As an introduction, in Chap. 1, the role of turbulence as an efficient transport agent
was pointed out. Two fundamental dispersion problems are considered here. They
were expressed by Taylor [211, 212]. One deals with free-space dispersion by homo-
geneous and stationary turbulence carried by a constant and uniform velocity while
the other deals with dispersion in a very long circular pipe. In both cases, the point is
to predict the concentration reduction of a contaminating agent that would of course
stay located horizontally to the source point if there was no turbulence.

http://dx.doi.org/10.1007/978-3-319-16160-0_7
http://dx.doi.org/10.1007/978-3-319-16160-0_1
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6.4.1 Free-Space Dispersion

Figure 6.13 illustrates particle dispersion under the effect of a turbulent field, the
average size of the cloud created by the arrival points of the particles, some t time
after the particles were issued, is searched for. The position X(a, t) reached at time
t by the particle which was at A of coordinates a at t = 0, is given by

X(a, t) = a + Ū t +
∫ t

0
v(a, t ′) dt ′ (6.49)

where v(a, t ′) is the velocity encountered by the particle in each point of its trajectory.
This velocity is said to be Lagrangian, and is associated with the Euler velocity u by

v(a, t ′) = u
[
X(a, t ′)

]

To simplify notation, the prime symbol is omitted for velocity variations as well
as the initial position a. The coordinates of the cloud barycenter are obtained using
the statistical average of the different trajectories, X̄i (t) = ai + Ūiδi1t , and then

Xi (t) − X̄i (t) =
∫ t

0
vi (t

′)dt ′

It is assumed that the average velocity is constant and has only one non-zero com-
ponent Ū1. As for the underlying turbulent field, it is assumed to be homogeneous,
with the Eulerian meaning of the word, as well as stationary. The random velocity
vi (t ′) thus becomes stationary for it can be admitted that it corresponds to an Eulerian
velocity taken at different times and at different points of the field.

x1

x2

Ū1

A

A

2 (X1 − X̄1)2

2 (X2 − X̄2)2

Fig. 6.13 Trajectories of particles released at point A in a turbulent field carried by a constant
and uniform mean velocity Ū1. Several realizations are presented showing the positions reached
after the same elapsed time t . Without turbulence, all the particles would be at point A′ such that
AA′ = Ū1t
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Fig. 6.14 Domains D and
D′ used to compute the
variance of the particle
separations

t1t

t2

t

0

D

t10

τ

t

−t

D

t − τ

t + τ (τ < 0)

The average quadratic value of a particle distance to the barycenter is,

[
Xα(t) − X̄α(t)

]2 =
∫∫

D
vα(t1) vα(t2) dt1 dt2

where D is the square area [0, t] × [0, t] represented in Fig. 6.14. The α index is
equal to 1, 2 or 3, without summation, to be able to take into account an anisotropic
turbulence. As vα(t) is stationary, it is interesting to apply the variable change t1 = t1
and τ = t2 − t1, which leads to the new domain D′ where the integration in t1 is
obvious:

[
Xα(t) − X̄α(t)

]2 =
∫∫

D′
vα(t1)vα(t1 + τ ) dt1 dτ = v2

α

∫∫

D′
RL

αα(τ )dt1 dτ

= v2
α

∫ 0

−t
(t + τ )RL

αα(τ ) dτ + v2
α

∫ t

0
(t − τ )RL

αα(τ ) dτ

= 2 v2
α

∫ t

0
(t − τ )RL

αα(τ ) dτ (6.50)

= 2 v2
α t

∫ t

0

(
1 − τ

t

)
RL

αα(τ ) dτ (6.51)

The double covariance between the velocity variations of the particle at two times
is said to be Lagrangian since the particle is followed in its movement, andRL

αα is the

Lagrangian correlation coefficient. Also v2
α = u′

α
2 because of the homogeneity and

stationarity hypothesis on the turbulent field. For large t , and if RL
αα(τ ) decreases

fast enough with τ , the following approximation value can be made

[
Xα(t) − X̄α(t)

]2 � 2 u′
α

2 × ΘL
αα × t (6.52)
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sometimes called Taylor formula, where

ΘL
αα =

∫ ∞

0
RL

αα (τ ) dτ

The reader can verify that this is correct as soon as t 	 ΘL
αα for a correlation

with an exponential form, RL
αα (τ ) = e−τ/ΘL

αα . The most essential result that can be

inferred from expression (6.52) is that particle dispersion is governed by u′
α

2 ×ΘL
αα

which is called turbulent dispersion coefficient, expressed in m2 · s−1. It can be
pointed out that the Xi (t) values have an almost Gaussian probability density for a
sufficiently large t , i.e. for t 	 ΘL

αα, by application of the central limit theorem to
the sum of the elementary movements which are almost independent of each other.

One of the key points of the problem is the expression of the Lagrangian integral
scale ΘL

αα as a function of the fundamental parameters of isotropic turbulence, i.e.
L f and u′. For a grid turbulence, two types of experiment have been conducted,

• A very fine thread is placed in the working section and is slightly heated to tag
the passing fluid particles. The transverse profiles of temperature are measured
at different distances downstream, and it can be inferred that such a profile is

connected to (X2 − X̄2)2. Far enough downstream, this quantity grows linearly
with the distance from the wire, and the slope then provides ΘL

22. The experiments
of Shlien and Corrsin [208] are conducted in the isotropic turbulence field described
in Sect. 6.3, at 42 and 98 M from the grid, where respectively Reλg = 71 and 65,
and they obtain ΘL

22 � 1.25L f /u′.
• Tiny solid particles are individually injected upstream of the grid and their trajec-

tory is monitored. Snyder and Lumley [209] use hollow glass spheres and place
approximately ten cameras along the working from section 73 M where Reλg = 51.
They then obtain ΘL

22 � L f /u′. Sato and Yamamoto [207] use small polystyrene
particles in a water tunnel and follow completely their trajectory with a video
camera. They obtain ΘL

22 � 0.6–0.3 L f /u′ for Reλg = 20–70 respectively.

A numerical approach is also possible. Yeung and Pope [213] use direct sim-
ulations of isotropic turbulence on cubes of sizes 643 and 1283. They find that
ΘL

22 � 0.72L f /u′, for a range of Reynolds numbers Reλg that can be compared
to the one of the experiments.

Thus, for isotropic turbulence, ΘL
αα � L f /u′, and finally the dispersion coeffi-

cient has the simple value u′2
α ×ΘL

αα � u′ × L f . For instance, with u′ = 0.22m ·s−1,
L f = 0.024 m and t = 1 s, the average size of the cloud as a standard deviation for
the half-width is of approximately 2 × 0.10 m, i.e. more than 8 times the integral
scale L f .
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6.4.2 Longitudinal Dispersion in a Circular Pipe

In the case of particles injected into a pipe, the size of the dispersion cloud can
also be estimated if the pipe is long enough. Along their random trajectory, the
particles necessarily wander across the whole section because of the radial velocity
fluctuations and of the walls which confine trajectories, as indicated in Fig. 6.15.
Thus the particles see a stationary and homogeneous field, and the result (6.52) can
be used again. The cloud moves at the bulk velocity Ud of the flow, and the velocity
variations responsible for the longitudinal dispersion are in each point, on the one
hand the difference between the local mean velocity and Ud and, on the other hand,
the longitudinal velocity fluctuations. Hence,

v1(t
′) = Ū1(X2, t ′) − Ud + u′

1(X, t ′)

The longitudinal movement of a particle can then be written,

X1(t) =
∫ t

0

[
Ū1(X2, t ′) − Ud + u′

1(X, t ′)
]

dt ′

which leads for a pipe of section S to

[
X1(t) − X̄1(t)

]2 � 2 v2
1 × ΘL

11 × t

with

v2
1 � 1

S

∫

S
(Ū1 − Ud)2 dS

︸ ︷︷ ︸
(a)

+ 1

S

∫

S
u′

1
2 dS

︸ ︷︷ ︸
(b)

x1

x2 ≡ r

Ud

2 (X1 − X̄1)2

Fig. 6.15 Particle dispersion in a long pipe when the fully developed regime is reached. Trajectories
are confined by the walls and at large t , the particles form a cloud homogeneous in the radial direction
and centered at x1 = Ud t , where Ud is the bulk velocity
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The result must now be expressed as a function of the characteristic scales of
the flow, i.e. the radius R of the pipe and the friction velocity uτ . The term (a) is
associated with the mean velocity profile which is convenient to describe using a
power law, Ū1/Ū1axe = (1 − r/R)n , for describing the whole cross section of the
flow. Chosing n = 6.6 for a Reynolds ReD around 2 × 104 close to that used by
Taylor in his experiments [212], we obtain

(a) = 1

6.62 U 2
d = 1

6.62 17.52 × u2
τ � 7.03 u2

τ

with Ud/uτ � 17.5, see Fig. 3.3 in Chap. 3. To assess the (b) term, a linear approx-

imation of the distribution of u′2
1 /u2

τ is used as a function of the distance to the
wall given in Chap. 3, namely u′

1/uτ � 1 + 1.5r/R, which provides after integra-
tion (b) � 4u2

τ . The main dispersion agent is thus represented by the (a) term. The
physics involved is that the transverse velocity fluctuations force the particles not to
follow purely longitudinal trajectories.

For the Lagrangian integral scale, the conjecture ΘL
11 � R/uτ can be given using

the basic scales R and uτ of a pipe flow, which permits to write

[
X1(t) − X̄1(t)

]2 � 2 × [(a) + (b)] × R

uτ
× t � 2 × 11.03 × R × uτ × t

This expression is a priori an approximation, but is actually confirmed by Taylor
theory [212]. The reader can refer to the complete demonstration, using the frame
moving with the bulk velocity, a dispersion coefficient in a section and a mean
velocity profile which covers a large range of Reynolds numbers. In the end, the
formula demonstrated by Taylor is

[
X1(t) − X̄1(t)

]2 = 2 × 10.1 × R × uτ × t (6.53)

Figure 6.16 illustrates the passage of a polluting cloud far downstream of the
injection point, above an electrical conductibility probe, the pollutant being salt. The
time interval between the half-concentration fronts is equal to Δt = 0.316 s. This
value is then confirmed by formula (6.53). Using the previous numerical application
to assess the friction velocity, it can be written:

[
X1(t) − X̄1(t)

]2 = 2 × 10.1 × 4.76 × 10−3 × 2.22

17.5
× 7.35 � 8.97 × 10−2 m2

and then for a Gaussian cloud,

Δt = 2
√

2 ln 2

√
8.97 × 10−1

2.22
� 0.318 s

http://dx.doi.org/10.1007/978-3-319-16160-0_3
http://dx.doi.org/10.1007/978-3-319-16160-0_3
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Fig. 6.16 Time trace of a
salt cloud in a water pipe
recorded at x1 = 16.31 m
from the source.
D = 9.525 × 10−3 m,
Ud = 2.22 m · s−1 and
ReD = 1.9 × 104. The
concentration is maximum at
time t = 7.35 s. From Taylor
[212]

where the factor
√

2 ln 2 associates the half-width b to the standard deviation σ =
b/

√
2 ln 2 for a profile of the form e−x2/(2σ2)/(σ

√
2π).

In the radial direction, i = 2, the blockage by the walls leads to an uniform
distribution of the pollutant. Besides, the variance derivative with respect to t having
to be equal to zero, the formula (6.50) shows that the correlation curve RL

22(τ ) must
have a negative loop, which has indeed been observed by Sullivan [210] in a free
surface water channel.

To accelerate mixing in industrial pipes, more efficient techniques than natural
turbulence have been developed, using chaotic regimes, as described by Ottino [80,
206]. Particularly, there is the Partitioned Pipe Mixer (PPM) technique, where lon-
gitudinal plates divide the pipe in two, with a 90◦ offset between them, forming a
shifted lattice.

For dispersion in even more complex situations, as in the atmospheric boundary
layer with its different stability conditions, the review of Hunt [202] or the book of
Blackadar [201] can be read.

6.5 Approximate Expression of the Dissipation for an
Inhomogeneous Turbulence�

The dissipation rate ε of the turbulent kinetic energy defined in Sect. 2.4.2 can be
written as

ρε = τ ′
ik

∂u′
i

∂xk
= 2μs′2

ij = 2μ
1

4

(
∂u′

i

∂x j
+ ∂u′

j

∂xi

)2

= μ
∂u′

i

∂x j

∂u′
i

∂x j
︸ ︷︷ ︸

(a)

+μ
∂u′

i

∂x j

∂u′
j

∂xi
︸ ︷︷ ︸

(b)

http://dx.doi.org/10.1007/978-3-319-16160-0_2
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for an incompressible turbulence, and two terms (a) and (b) are in evidence. We
will show that term (a) prevails as soon as the Reynolds number is high enough. The
orders of magnitude of terms (a) and (b) are,

(a) = ∂u′
i

∂x j

∂u′
i

∂x j
∼ u′2

λ2 (b) = ∂u′
i

∂x j

∂u′
j

∂xi
= ∂2(u′

i u
′
j )

∂xi∂x j
∼ u′2

L2

Hence, (a)/(b) ∼ L2/λ2. According to relation (6.40), ε = 15νu′2/λ2
g and

knowing that ε = u′3/L f for isotropic turbulence,

(a)

(b)
∼ L2

f

λ2
g

= ReL f

15

Therefore, term (a) becomes more and more important compared to term (b) when
the Reynolds number increases, and ε can then be approximated by

ε � εh = ν
∂u′

i

∂x j

∂u′
i

∂x j
(6.54)

This expression is exact for homogeneous turbulence, and it is thus denoted by
εh . In the literature, this term is sometimes referred as pseudo-dissipation but this
denomination is misleading.

6.6 Helicity�

During the definition of isotropic turbulence in Sect. 6.2, it was pointed out that
statistical properties must be independent of any rotation but also of any reflection
symmetry, of the setting of points A and B and of their associated vectors a and b.
If the reflection symmetry condition is not maintained, then the tensor of the double
correlations at two points resumes its complete form (6.22),

Rij(r) = α(r)rir j + β(r)δij
︸ ︷︷ ︸

(1)

+ γ(r)εijkrk
︸ ︷︷ ︸

(2)

(6.55)

The kinetic energy is still represented by the terms (1) since in the term (2), the
application of i = j leads to γ(r)εiikrk = 0. Then the already introduced functions
f (r) and g(r) keep their meaning and their role. As for the γ(r) function, it can
be expressed only with the correlation h(r) = R23(r, 0, 0) represented in Fig. 6.17
because

h(r) = R23(r, 0, 0) = 0 + 0 + γ(r)r
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A B

u1 u1

R11(r,0, 0)

A B

u2 u2

R22(r,0, 0)

A

B
u2

u3

R23(r,0, 0)

Fig. 6.17 The correlation h(r) = R23(r, 0, 0) is specific to helicity. It is shown along the corre-
lations f (r) = R11(r, 0, 0) and g(r) = R22(r, 0, 0) introduced in Sect. 6.2.2. Note that this h(r)

should not be confused with the h(r) involved in expression (6.29)

The R23(r, 0, 0) function is of course equal to the other two, R31(0, r, 0) and
R12(0, 0, r), which can both be inferred from the first one by circular permutation.
Thus, (6.55) can be written as,

Rij(r) = [ f (r) − g(r)]
rir j

r2 + g(r)δij + h(r)εijk
rk

r
(6.56)

The function h(r) is then directly linked to the helicity (5.12) defined in Chap. 5.
Indeed, introducing [14] h̄e = u′

i (x)ω′
i (x), one has

h̄e = lim
x′→x

u′
i (x)ω′

i (x′)

= lim
x′→x

u′
i (x) εijl

∂u′
l

∂x ′
j
(x′)

= u′2 lim
r→0

εijl
∂Ril

∂r j

= u′2 lim
r→0

εijl
∂

∂r j

[
( f − g)

rirl

r2 + gδil + h εilk
rk

r

]

Inside the brackets, the second term leads to εijlδilg
′r j/r . Yet, for any fixed j ,

εijlδil = 0, because for i �= l, δil = 0 and for i = l, εijl = 0. Regarding the first
term, the derivatives of ri and rl with respect to r j introduce respectively δij and
δl j , which leads to contributions equal to zero for the same reasons as above. Also,
the derivative of ( f − g) with respect to r j provides εijl( f ′ − g′)rirlr j/r3 and, for
each fixed j , there are two equal and opposite terms which neutralize themselves:
for example for j = 2, (ε123 + ε321) ( f ′ − g′)r1r2r3/r3 = 0. Finally, taking into
account that εijlεilk = −εil j εilk = −2δ jk , one obtains

http://dx.doi.org/10.1007/978-3-319-16160-0_5
http://dx.doi.org/10.1007/978-3-319-16160-0_5
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h̄e = −2u′2 lim
r→0

δ jk

(

h′ rk

r

r j

r
+ h

r
δk j − h

r2 rk
r j

r

)

= −2u′2 lim
r→0

(

h′ + 3
h

r
− h

r

)

The Taylor series of h(r) at r = 0 being h � 0 + h′r +O(r2), h′ � h/r , and the
outcome is simply,

h̄e = −6u′2 lim
r→0

(
h

r

)

which provides an explicit relation between the helicity h̄e and the new double
correlation at two points h(r).

The spectral tensor is now considered. The Fourier transform of (6.56) leads to,

φij(k) = E(k)

4πk2

(

δij − ki k j

k2

)

︸ ︷︷ ︸
(1)

+ i εijkγH (k)
kk

k︸ ︷︷ ︸
(2)

where (1) is the classic term seen previously, and the (2) term is associated with
helicity. The latter is a purely imaginary quantity, which corresponds to the fact
that in a Fourier transform, the real part of the spectrum is associated with the even
part of the correlation and the imaginary part is associated with the odd part of the
correlation.

Just as the spectrum E(k) of kinetic energy was introduced considering the integral
of φii on the k space, the spectrum H(k) of helicity is now defined considering the
integral on k of φilεijlik j . Indeed this term corresponds to the Fourier transform of

u′
iω

′
i = u′

i εijl∂u′
l/∂x j . Then,

h̄e = i2
∫

εijlεilkγH (k)
kk

k
k j dk

Using i2 = −1 and εijlεilk = −εil j εilk = −2δ jk , one has

h̄e = 2δ jk

∫

γH (k)
kk

k
k j dk = 2

∫ ∞

0
4πk2γH (k)k dk

The spectrum H(k) of helicity is introduced, it is defined by

h̄e =
∫ ∞

0
H(k) dk and then γH (k) = H(k)

8πk3
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and the spectral tensor form is,

φij(k) = E(k)

4πk2

(

δij − ki k j

k2

)

+ i εijk
H(k)

8πk3

kk

k

The realizability condition for E(k) is E(k) ≥ 0, which is expected when con-
sidering the physical meaning of E(k). For H(k), Moffatt [132] shows that it must
verify |H(k)| ≤ 2k E(k).

The separation, in terms of energy, of E(k) and H(k) must not lead us to think
that each quantity changes over time in an independent way. On the contrary, the
equations governing E(k) and H(k) are linked, and are complex both to write and
solve. For this matter, one can refer to the book of Lesieur [14].

In terms of physics, helicity corresponds to the fact that a vortex is convected
by an axial velocity component, this implies a structure developing in an helicoidal
way, such as wingtip vortices forming off plane wings. For usual flows, it is generally
thought that the large coherent structures of the flows are tridimensional, and have
an important helicity as well as a reduced dissipation. The dissipation would more
likely appear between these large structures, in thin vorticity layers, as suggested by
Tsinober and Levich [155] and Moffatt [488]. Some significative data is obtained
by direct numerical simulation, as undertaken by Hussain [486] for a mixing zone.
The direct measurement of helicity is very difficult for it requires complex multiple
sensors, as the vorticity probes developed by Wallace and Foss [743] or the elec-
tromagnetic probes of Kholmyansky et al. [116] tuned upstream of turbulence grids
equipped with propellers rotating in a known direction.

6.7 Proper Orthogonal Decomposition�

The Fourier analysis developed above requires infinite turbulent fields. But flows are
actually limited to a finite area. The frontier of the turbulent flow can be either a
wall, as is the case for pipes and cavities, or a free boundary, as for jets or wakes.
Depending on the confinement directions, the Fourier analysis must be replaced by a
new decomposition in nonhomogeneous directions. A series of orthogonal functions
is chosen to represent well, in terms of average quadratic error minimization, the
turbulent kinetic energy integrated on the D domain occupied by the turbulent flow.
This technique is named Karhunen-Loève development [223, 224] or more generally
POD for Proper Orthogonal Decomposition.

Besides the main objective which is to ensure an analysis of the flow while sticking
to physical mechanisms, POD also aims at enabling a prediction of the flow using
the notion of dynamical systems. The first theoretical bases have been established by
Aubry et al. [215], Berkooz et al. [216], Holmes et al. [222], Lumley [77], Newman
[225], or Sirovich [230]. The POD is actually developing rapidly since complete
velocity fields are available by numerical simulation of the flow, see Chap. 8, or by
particle image velocimetry, see Chap. 10.

http://dx.doi.org/10.1007/978-3-319-16160-0_8
http://dx.doi.org/10.1007/978-3-319-16160-0_10
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Definition and Properties of the Modes

The one-dimensional case is first examined so as to simplify the presentation, by
considering a turbulent signal u′

1(x1, t). This signal is assumed to be centered and
stationary, and its decomposition can be expressed as

u′
1(x1, t) =

∞∑

n=1

an(t)φn(x1) (6.57)

where φn(x1) is the non-random modal function of rank n, and an(t) its random
coefficient. The functions φn(x1) verify an orthogonality condition expressed by a
scalar product on a given domain D occupied by the flow

∫

D
φn(x1)φm(x1)dx1 = δnm (6.58)

while the functions an(t) verify an orthogonality condition on the statistical average,
that is

an(t)am(t) = λnδnm

and thus a2
n = λn . At a point of the field, the average kinetic energy defined by a

statistical average, apart from a prefactor 1/2, is given by

u′2
1 (x1, t) =

∞∑

n=1

an(t)φn(x1)

∞∑

m=1

am(t)φm(x1)

=
∞∑

n=1

∞∑

m=1

anam φn(x1)φm(x1)

=
∞∑

n=1

λn φn(x1)φn(x1)

Integrating on the domain D, one gets

∫

D
u′2

1 (x1, t)dx1 =
∞∑

n=1

λn

The value λn thus represents the contribution of the nth mode to the average kinetic
energy of the considered turbulent field on the domain D. The decomposition (6.57)
is all the more efficient than the number of modes necessary to represent this energy
is small. It can be observed that the quadratic average of the projection of the field
on a given mode is

(∫

D
φn(x1)u′

1(x1, t)dx1

)2

= λn
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and that the reverse formula of (6.57) is given by

an(t) =
∫

D
u′

1(x1, t)φn(x1)dx1 (6.59)

The spatial covariance R(x1, y1) of the velocities at two points x1 and y1, still
defined by a statistical average, can be transformed in the same way, which provides

R(x1, y1) = u′
1(x1, t)u′

1(y1, t)

=
∞∑

n=1

an(t)φn(x1)

∞∑

m=1

am(t)φm(y1)

=
∞∑

n=1

∞∑

m=1

an(t)am(t) φn(x1)φm(y1)

=
∞∑

m=1

λm φm(x1)φm(y1)

and by taking the scalar product (6.58) with φn(y1) on the domain D, it yields

∫

D
R(x1, y1)φn(y1)dy1 = λnφn(x1) (6.60)

The two quantities φn and λn are therefore defined by a Fredholm type integral
equation. Actually, the minimization of the quadratic error between u′

1(x1, t) and its
approximation by the series (6.57) leads to this equation and to the specified orthogo-
nality conditions. Besides, the kernel R(x1, y1) being non-negative and symmetrical,
the eigenvalues λn are assured to be non-negative, finite and countable. The details
of these theoretical developments are explained by Newman [225].

The modes φn(x1) can be directly obtained by discretizing integral (6.60) on a
computational grid. The φn(x1) are found seeking the eigenvalues of the matrix of
spatial correlations R(x1, y1). The dimension of this matrix however increases very
quickly with the refinement of the mesh.

Turbulent fields provided by numerical simulation of the Navier-Stokes equations
can be used to compute the matrix R. Experimentally, hot wire combs or particle
image velocimetry (PIV) provide simultaneous measures at several points in space.
This last non-intrusive technique has been considerably enhanced since the apparition
of CCD cameras, and POD is particularly suitable. The details of the process are
considered in the following.

Mode Determination by the Method of Snapshots

The turbulent field u′
1(x1, t) is observed at nt different times sufficiently distant from

each other for the samples to be independent, and the covariance R(x1, y1) at two
points to be approximated by an average on the nt samples. The Fredholm equation
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(6.60) can then be written as

∫

D

1

nt

( nt∑

k=1

u(k)
1 (x1)u

(k)
1 (y1)

)

φn(y1)dy1 = λnφn(x1) (6.61)

where u(k)
1 (x1) is the kth snapshot of the turbulent field u′

1(x1). Thus, according to
expression (6.59), one has

∫

D
u(k)

1 (y1)φn(y1)dy1 = a(k)
n

and (6.61) becomes
1

nt

nt∑

k=1

a(k)
n u(k)

1 (x1) = λnφn(x1)

The modes φn(x1) are therefore a linear combination of the nt snapshots, which
permits to write

φn(x1) =
nt∑

k=1

A(k)
n u(k)

1 (x1) or else φn(y1) =
nt∑

l=1

A(l)
n u(l)

1 (y1) (6.62)

Injection of these two expressions in the initial Eq. (6.61) provides,

∫

D

1

nt

( nt∑

k=1

u(k)
1 (x1)u

(k)
1 (y1)

)( nt∑

l=1

A(l)
n u(l)

1 (y1)dy1

)

= λn

nt∑

k=1

A(k)
n u(k)

1 (x1)

Then introducing the correlation matrix C (kl) of size nt ×nt between the different
snapshots

C (kl) = 1

nt

∫

D
u(k)

1 (y1) u(l)
1 (y1)dy1

the previous equation can be recast as follows

nt∑

k=1

nt∑

l=1

C (kl) A(l)
n u(k)

1 (x1) = λn

nt∑

k=1

A(k)
n u(k)

1 (x1)

or equivalently in matrix form,

(C A)T U = λAT U

with C is the matrix of the C (kl), An is the vector of the A(l)
n and U is the vector of

the u(k)
1 . This equation can finally be written as
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C An = λn An (6.63)

The eigenvalues of the matrix C (kl) thus provide the nt first eigenvalues λn . This
number corresponds to the number of snapshots. The corresponding eigenvectors
A(k)

n associated with snapshots u(k)(x1) by relation (6.62), provide the modes φn(x1).
As the matrix C is of order nt , with generally nt � 100, the calculations are easy.
This method of snapshots has been introduced by Sirovich [230].

Extension to 2 or 3 Dimensions

In the decomposition (6.57), both u′(x, t) and φ(x) are vectors dependent on coor-
dinates x1, x2 and x3, the coefficient an(t) remaining a shared coefficient. This
decomposition is now explained for the two-dimensional case,

u′
1(x1, x2, t) =

∞∑

n=1

an(t)φn,x1(x1, x2)

u′
2(x1, x2, t) =

∞∑

n=1

an(t)φn,x2(x1, x2)

noting u′
1 and u′

2 the velocity components and φn,x1 and φn,x2 those of mode
φn(x1, x2). A scalar product such as (6.58) then becomes,

∫

D

[
φn,x1(x1, x2)φm,x1(x1, x2) + φn,x2(x1, x2)φm,x2(x1, x2)

]
dx1dx2 = δnm

which leaves to the λn values the meaning of their contribution to kinetic energy

u2
1 + u2

2, still apart from a prefactor 1/2. In the method of snapshots, the matrix C (kl)

also involves the kinetic energy of the components, that is in two-dimension

C (kl) = 1

M

∫

D

[

u(k)
1 (x1, x2) u(l)

1 (x1, x2) + u(k)
2 (x1, x2) u(l)

2 (x1, x2)

]

dx1dx2

and Eq. (6.63) providing eigenvalues of C is preserved. Rowley et al. [226] study
the case of a 2-D cavity excited by a grazing flow, for instance. They obtain eigen-
modes by the method of snapshots applied to the velocity fields provided by a direct
numerical simulation.

Possibility of Complex Modes

Until now only real modes have been considered. However, some authors use complex
modes, such as Holmes et al. [222] in a general approach, Aubry et al. [215] for the
boundary layer or Citriniti and George [220] for the mixing layer. The integrals on
domain D then imply a scalar product of the form 〈 f, g�〉 where � is the conjugate
imaginary part. Thus the complex coefficient an is given by 〈u′

1,φ
�
n〉. It can then

be inferred that the real part of an is associated with the real part of φn , and the
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imaginary part of an to the imaginary part of φn . Indeed, using an = rn + icn and
φn = �n + iΨn , it can be written that,

rn(t) + icn(t) =
∫

D
u′

1(x1, t) [�n(x1) − iΨn(x1)] dx1

and then,

rn(t) =
∫

D
u′

1(x1, t)�n(x1) dx1 cn(t) = −
∫

D
u′

1(x1, t)Ψn(x1)

When counting the modes, rank n is sometimes subdivided to consider the Φn

and Ψn that would correspond to cos(nx1) and sin(nx1) for a homogeneous direction,
suggesting an idea of phase shift. All quantities then become real again. This approach
is for instance retained by Rowley et al. [226] where two POD modes correspond to
only one Rossiter frequency for cavity flow oscillations.

Construction of a Dynamical System

The construction of a dynamical system requires knowledge of the equations of
the fluid movement, for example the Navier-Stokes equations. For the modes to
appear, the equations need to be multiplied by the mode φn considered and integrated
on the domain D of the flow. This constitutes a projection named the Galerkin
projection, which is, for instance, detailed by Holmes et al. [222] The pressure term,
the fluid incompressibility, and the limit conditions of domain D require a particular
treatment. In the end a system of differential equations governing coefficients an(t)
is obtained. This system is generally nonlinear, as the Navier-Stokes equations by
which it is provided, and its solving is similar to the one of chaotic regimes mentioned
in Sect. 1.2 of the introduction chapter. It is hoped that the dynamics of the turbulent
field considered can here be followed with only a few modes.

To illustrate the Galerkin projection and the obtention of a dynamical system,
the 1-D Burgers equation studied by Chambers [218] and Holmes et al. [222] is
considered. The equation and its limit conditions at x = 0 and x = 1 are,

∂u

∂t
= ν

∂2u

∂x2 − u
∂u

∂x
with u(0, t) = u(1, t) = 0

The modes of type
√

2 sin(nπx) are known to verify the limit conditions and are
used for the decomposition of the velocity field, which can then be written,

u(x, t) =
∞∑

n=1

an(t)
√

2 sin(nπx)

http://dx.doi.org/10.1007/978-3-319-16160-0_1
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The Galerkin projection corresponding to mode p provides for the term ∂u/∂t ,

∫ 1

0

∑

n

ȧn(t)
√

2 sin(nπx)
√

2 sin(pπx)dx = ȧp

for the viscous term ν∂2u/∂x2,

−ν

∫ 1

0

∑

n

an(t)(nπ)2
√

2 sin(nπx)
√

2 sin(pπx)dx = −ν(pπ)2ap

and, for the nonlinear term u∂u/∂x ,

∫ 1

0

{∑

n

an
√

2 sin(nπx)
∑

k

akkπ
√

2 cos(kπx)
√

2 sin(pπx)

}

dx

=
∑

n

∑

k

2
√

2kπanak

∫ 1

0
sin(nπx) cos(kπx) sin(pπx)dx

=
∑

k

kπ√
2

ak[a(p−k) + a(p+k) − a−(p−k) − a−(p+k)]

In these calculations, simplifications due to integrals of products of sinus and
cosinus on interval [0,1] are taken into account. Finally:

ȧp = −ν(pπ)2ap − π√
2

∑

k

kak[a(p−k) + a(p+k) − a−(p−k) − a−(p+k)]

Limited to three modes, the system becomes

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ȧ1 = −π2νa1 + π√
2
(a1a2 + a2a3)

ȧ2 = −4π2νa2 − π√
2
(a2

1 − 2a1a3)

ȧ3 = −9π2νa3 − π√
2

3a1a2

The nonlinear terms characteristic of dynamical systems appear clearly. A sim-
ilar example is the one of Kuramoto-Sivashinsky equation which was proposed to
modelize interface instabilities and flame fronts,

∂u

∂t
+ ∂2u

∂x2 + ∂4u

∂x4 + 1

2

(
∂u

∂x

)2

= 0 0 ≤ x ≤ L
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with the periodic limit conditions,

u(0, t) = u(L , t) and
∂u

∂x
(0, t) = ∂u

∂x
(L , t)

The reader can refer to the work by Holmes et al. [222], with regard to obtaining
the dynamical system, with the different possible truncations, and the associated
instability study.

6.8 Rapid Distortion: The Case of an Axisymmetric
Contraction�

The effect of a rapid contraction on an initially isotropic turbulence has been very
thoroughly studied by Batchelor [84], who calculated the anisotropy which appears
both in the spectral tensor and in the levels of longitudinal and transverse velocity
fluctuations. This typical problem also illustrates vorticity dynamics in the case of a
Lagrangian approach as well as the interest of Fourier transforms.

To have a Lagrangian approach, the notations u′(a) and ω′(a) are used for the
velocity and vorticity fluctuations of a fluid particle located at point a upstream of the
contraction, and the notations u′′(x) and ω′′(x) are used for velocity and vorticity
at point x where the same fluid particle is located downstream of the contraction.
These fluctuations are measured with respect to axis in uniform translation, with the
average upstream velocity for u′(a) and with the average downstream velocity for
u′′(x).

During the movement of the particle, its vorticity respects the elongation modi-
fications imposed by the deformation, as seen in Chap. 5 when inertia and viscous
forces are neglected, i.e.

ω′′

δs′′ = ω′

δs′ or ω′′
i (x) = ∂xi

∂a j
ω′

j (a) (6.64)

The strain tensor ∂xi/∂a j expressed for an axisymmetric nozzle of contraction
ratio c is,

∂x1

∂a1
= c

∂x2

∂a2
= 1√

c

∂x3

∂a3
= 1√

c
and

∂xi

∂a j
= 0 for i �= j

Introducing εjpq symbol to express the components of the vorticity vector,
Eq. (6.64) becomes for the i component,

ω′′
i (x) = ∂xi

∂a j
εjpq

∂u′
q(a)

∂ap

http://dx.doi.org/10.1007/978-3-319-16160-0_5
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Using the curl of the two members of the equation with respect to x, and consid-
ering the r component of the result, with ()r = εrsi∂ω′′

i /∂xs , for an incompressible
flow, is obtained

− ∇2u′′
r (x) = εjpq

∂xi

∂a j
εrsi

∂al

∂xs

∂2u′
q(a)

∂ap∂al
(6.65)

because the strain tensor ∂xi/∂a j is constant. In the left hand-side, the Laplacian
directly comes from the classic differential formula,

∇ × (∇ × u) = ∇(∇ · u) − ∇2u

The right hand-side is more complex. It implies functions at point a, thus it is
necessary to keep εjpq, εrsi and the strain tensor, expressed in its direct and reciprocal
form. Equation (6.65) can be solved by introducing the Fourier transforms of both
upstream and downstream fields. These are respectively defined by

u′(a) =
∫

û′
(k) ei k·a dk and u′′(x) =

∫

û′′
(ξ) eiξ·x dξ

and necessarily,

ξ · x = k · a that is, ξi = k j
∂a j

∂xi

The reciprocal strain tensor which appears is defined by,

∂a1

∂x1
= 1

c

∂a2

∂x2
= √

c
∂a3

∂x3
= √

c and
∂ai

∂x j
= 0 for i �= j

which provides

ξ1 = k1

c
, ξ2 = k2

√
c, ξ3 = k3

√
c and ξ2 = k2

1/c2 + c(k2
2 + k2

3)

The Fourier contribution, û′′
r (ξ), to the field downstream of the contraction can

then be expressed as

ξ2û′′
r (ξ) = −εjpqεrsi

∂xi

∂a j

∂al

∂xs
kpkl û

′
q(k)

The multiple indexes do not constitute a great difficulty, for they can actually
only take a limited number of values: the usual conditions on εrsi and εjpq apply,
and besides only the cases where i = j and l = s must be considered so that the
components of the deformation tensor are not equal to zero. For instance, for the
axial component r = 1, only four combinations are possible,
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s = l = 2, i = j = 3, p = 1, q = 2 s = l = 2, i = j = 3, p = 2, q = 1

s = l = 3, i = j = 2, p = 3, q = 1 s = l = 3, i = j = 2, p = 1, q = 3

which leads to,

û′′
1(ξ) = k2

2 + k2
3

ξ2 û′
1 − k1k2

ξ2 û′
2 − k1k3

ξ2 û′
3

The contribution û′′
r (ξ), multiplied by the conjugate quantity corresponding to the

l index, provides the components of the spectral tensor φ′′
lr (ξ) downstream of the

contraction. The products û′
q(k)û′�

m(k) which appear correspond to the components of
the spectral tensor φ′

mq(k) of the upstream turbulent field. In the following, isotropic
turbulence is chosen for the upstream side, thus

φ′
ij(k) = E(k)

4πk2

(

δij − ki k j

k2

)

which leads to, after the calculations are undertaken, for the downstream spectral
tensor

φ′′
11(ξ) = E(k)

4πξ4 (k2
2 + k2

3)

φ′′
22(ξ) + φ′′

33(ξ) = E(k)

4πk2ξ4

(

cξ4 + k2k2
1

c3

)

The integration with respect to ξ of the first relation provides the energy of the
longitudinal fluctuations downstream of the contraction. When compared to the cor-
responding upstream value,

κ1 = u′′
1

2

u′
1

2
=
∫

φ′′
11(ξ) dξ

∫
φ′

11(k) dk
=
∫

E(k)(k2
2 + k2

3)/ξ4 dk
∫

E(k)(k2
2 + k2

3)/k4 dk

To apply the integrations, the spherical coordinates (k,φ, θ), chosen so that k1 =
k cos θ and (k2

2 +k2
3)1/2 = k sin θ, are introduced. The integrals with respect to k and

φ appearing in both the numerator and denominator simplify and only the integrals
with respect to θ remain. Hence,

κ1 =
[∫ π

0

sin3 θ

(c−2 cos2 θ + c sin2 θ)2
dθ

]

×
[∫ π

0
sin3 θ dθ

]−1

= 3

4c2

[
1 + α2

2α3 ln

(
1 + α

1 − α

)

− 1

α2

]

where α2 = 1 − c−3

� 3

4c2 (ln 4c3 − 1) for c ≥ 3
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Applying the same for the transverse components, the following can be obtained,

κ2 = u′′
2

2 + u′′
3

2

u′
2

2 + u′
3

2

= c
∫ π

0

[
1 − c−4 cos2 θ(c−2 cos2 θ + c sin2 θ)−2

]
sin θdθ

×
[∫ π

0
(1 + cos2 θ) sin θdθ

]−1

= 3c

4
+ 3

4c2

[
1

2α2 − 1 − α2

4α3 ln

(
1 + α

1 − α

)]

� 3

4
c for c ≥ 3

The possibility to use the approximated forms of κ1 and κ2 for c ≥ 3 comes
from a mere numerical comparison between the exact and approximated formulas.
Figure 6.18 represents the values of κ1 and κ2 as a function of the contraction ratio c.
The increase of the energy of the transverse components and the decrease of the
energy of the longitudinal components due to the privileged elongation of vortices
with a direction close to the nozzle axis can be observed. As for kinetic energy after
contraction, it still increases, the downstream/upstream ratio being (κ1 +2κ2)/3 > 1
for c ≥ 1. However, the turbulence intensity

√
kt/Ū1 decreases when c increases

thanks to the increase of the mean velocity. The downstream/upstream ratio is given
by σkt = √

(κ1 + 2κ2)/3/c, and is also represented in Fig. 6.18. As a final remark,
it must be pointed out that the effect of a convergent nozzle of ratio c is not similar
to the effect of a divergent nozzle of ratio 1/c since the expressions of κ1 and κ2 are
not linear in c. Lee [121] has done several numeral predictions on this subject.

1 3 5 7 9
0

2

4
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10

c

10 × σkt

κ2

(κ1 + 2κ2)/3

10 × κ1

Fig. 6.18 Effect of an axisymmetrical contraction on isotropic turbulence; c is the contraction
ratio, κ1 the downstream/upstream ratio of the turbulent kinetic energy of longitudinal fluctuations,
κ2 a similar ratio for the lateral fluctuations. The turbulence intensity represented by σkt is less
downstream of the contraction due to the mean velocity increase
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Considering again the nozzle of ratio c � 1.27 used by Comte-Bellot and Corrsin
[100], the previous expressions cannot be applied rigorously because the turbulence
upstream of the nozzle is anisotropic, and besides evolves along the nozzle, which
is necessarily progressive. The effect of a convergent nozzle of ratio c = 1.27 on

isotropic turbulence gives u′′
1

2 = 0.82u′
1

2 and u′′
2

2 = 1.13u′
2

2, that is an anisotropy

ratio of u′′
2

2
/u′′

1
2 � 1.38. If this anisotropy is entirely transferred to the upstream

turbulence, thus assuming that u′′
1

2
/u′′

2
2 = 1, then u′

1
2
/u′

2
2 � 1.38. Experimentally

an upstream anisotropy of approximately 1.20 is observed, as indicated in Sect. 6.3.



Chapter 7
The Dynamics of Isotropic Turbulence

It has been shown in the previous chapter how the description of an isotropic turbulent
field can be simplified for an incompressible flow. In physical space, only one scalar
function f (r) is necessary to describe the two-point velocity correlations Ri j (r).
In the Fourier space, only the turbulent kinetic energy spectrum E(k) is necessary
to describe the corresponding velocity spectral tensor φi j (k). In this chapter, we
consider how these functions E(k) and f (r) evolve with time in a decaying turbu-
lent field.

7.1 Kolmogorov Theory

Kolmogorov had the brilliant idea to draw attention to the small scales of a turbulent
field. He then pointed out their universal behaviour. His theory is called the univer-
sal equilibrium of small structures and it is certainly the major contribution of the
twentieth century to turbulence study.

The Dissipation Scales
In the first chapter were already introduced the length scale lη and the velocity scale
uη which characterize the dissipative eddies and verify

Re = lηuη

ν
= 1

Length lη can be interpreted as the smallest dimension of the structures or eddies
that can be encountered in a turbulent flow. Below this scale, no mechanical energy
subsists as it is transformed into thermal energy due to molecular viscosity. The
smallest size of dissipative eddies whose length is lη is uniquely defined by the rate
of energy to be dissipated ε and by the fluid viscosity ν. Looking for a dimensional
description of the form lη ∼ εανβ , one necessarily finds α = 3/4 and β = −1/4.
Similarly for the velocity, uη = (εν)1/4, and as announced above lηuη/ν = 1.
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The corresponding Kolmogorov time scale is therefore τη = lη/uη = ν1/2ε−1/2.
Keeping also in mind the fundamental relation (6.48) obtained experimentally, it
appears that two types of scales are available. One characterizes the structures bearing
the kinetic energy and the other characterizes the smallest structures of the flow. These
two types of scales are gathered below,

eddies bearing
kinetic energy

⎧
⎪⎪⎨

⎪⎪⎩

u′ (velocity)

L f (length)

L f /u′ (time)

⎧
⎪⎨

⎪⎩

kt ∼ u′2

ε ∼ u′3

L f

smallest
dissipative

scales

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

uη = ν1/4ε1/4 (velocity)

lη = ν3/4ε−1/4 (length)

τη = ν1/2ε−1/2 (time)

Reη = lηuη

ν
= 1

Spectrum of Isotropic Turbulence
Let us now consider the spectrum of turbulent kinetic energy for isotropic turbulence,
as drawn in Fig. 7.1. The function E(k) reaches its maximum for wavenumbers of
approximately 1/L f , i.e. for eddies of size L f , where L f is the integral length scale.
On the same figure also appears the dissipation spectrum Dν(k) = 2νk2 E(k). The
end of the dissipation spectrum is located at klη ∼ 1, whereas its maximum is at
kλg ∼ 1. In order to characterize the separation between the turbulent kinetic energy
spectrum and the dissipation spectrum, the ratio between integral and Kolmogorov
scales is considered,

L f

lη
= L f

ν3/4ε−1/4 = L f

ν3/4(u′3/L f )−1/4 =
(

u′L f

ν

)3/4

0 kkLf ∼ 1 klη ∼ 1

E(k)

kλg ∼ 1

Dν(k)

Fig. 7.1 Sketch of the turbulent kinetic energy spectrum E(k) and of the dissipation spectrum
Dν(k) = 2νk2 E(k)

http://dx.doi.org/10.1007/978-3-319-16160-0_6
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and finally,
L f

lη
= Re3/4

L f
where ReL f = u′L f

ν
(7.1)

In these expressions, u′ represents the root mean square value of the velocity

fluctuation. We recall that in isotropic turbulence, u′2
1 = u′2

2 = u′2
3 . The Reynolds

number ReL f
is built from the scales u′ and L f , and is thus associated with large

structures. The Reynolds number based on the transverse Taylor length scale λg is
also of interest. Using relation (6.40) of Sect. 6.2.6, it can be expressed as

Reλg = u′λg

ν
= λ2

g/ν

λg/u′ = 15
L f /u′

λg/u′ = 15
L f

λg
∼ time of large eddies

time of intermediate eddies

and,

Re2
λg

= u′λg

ν
× 15

L f

λg
= 15 ReL f (7.2)

From these results, it can be noted that the larger the turbulent Reynolds number
is, whatever the length scale it is based on is, the more the spectra of turbulent kinetic
energy and of dissipation are separate. To illustrate this, the spectra of turbulent
kinetic energy and of dissipation obtained for a grid turbulence [101], are shown
in Fig. 7.2.

Moreover, an estimate of the Kolmogorov scale lη is useful to choose the upper
frequency to respect when acquiring experimental data, or to set the mesh size for
numerical simulations [282]. Let us give as an example a boundary layer whose its
Reynolds number is Reδ = Ue1δ/ν = 105. Assuming that u′/Ue1 � 10 % and
that L f � 0.1δ, relation (7.1) leads to lη/δ � 5.6 × 10−4 which shows that the
Kolmogorov scale lη is really small compared to the boundary layer thickness.

Fig. 7.2 Kinetic energy and dissipation spectra normalized by the Kolmogorov scales for the
Comte-Bellot and Corrsin [101] experiments in grid turbulence. Measurements are made at
U0t/M = 42, refer also to Table 6.1, u′ = 22.2 cm · s−1, ε = 4740 cm2 · s−3, lη = 0.029 cm,
λg = 0.484 cm, L f = 2.40 cm, ReL f = u′L f /ν � 355 and Reλg = u′λg/ν � 72. Note that one
decade in wavenumber separates the maxima of the two spectra

http://dx.doi.org/10.1007/978-3-319-16160-0_6
http://dx.doi.org/10.1007/978-3-319-16160-0_6
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Universal Equilibrium Spectra for Small Structures
The turbulence scales adapted to small structures can be used to normalize the spectra.
Thus, E(k)/(lηu2

η) is represented as a function of the dimensionless wavenumber klη .
A single curve limited to klη � 1 is found for the small structures, whatever the type of
flow and the Reynolds number is, provided that it is large enough. Figure 7.3 obtained
from data by Chapman [173] and Saddoughi and Veeravalli [668, 669] synthesizes
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η
u
2 η
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∼ k−5/3
1

Re g

23 boundary layer (Tielman, 1967)
23 cylinder wake (Uberoi & Freymuth, 1969)
37 grid turbulence (Comte Bellot & Corrsin, 1971)
72 grid turbulence (Comte Bellot & Corrsin, 1971)
130 homogeneous shear (Champagne et al., 1970)

+ 170 pipe flow (Laufer, 1954)

+ 282 boundary layer (Tielman, 1969)
308 cylinder wake (Uberoi & Freymuth, 1969)
401 boundary layer (Sanborn & Marshall, 1965)
540 grid turbulence (Kistler & Vrebalovich, 1966)

. 600 boundary layer (Saddoughi, 1994)

. 780 round jet (Gibson, 1963)
850 boundary layer (Coantic & Favre, 1974)

. 1500 boundary layer (Saddoughi, 1994)
⊕ 2000 tidal channel (Grant et al., 1962)
♦ 3180 return channel (CAHI Moscow, 1991)

Fig. 7.3 Universal equilibrium of spectra for small structures. The figure deals with the one-
dimensional spectrum E (1)

11 (k1)/(lηu2
η). Use is made of the data collected by Chapman [173] and

Saddoughi and Veeravalli [669]. For all the curves, the emergence of an inertial subrange towards
smaller k1 with increasing Reynolds number is observed
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0 kkLf ∼ 1 klη ∼ 1

E(k)

E(k) = CK
2/3k−5/3

kλg ∼ 1

Dν(k)

Fig. 7.4 Sketch of the turbulent kinetic energy spectrum E(k) and of the dissipation spectrum
Dν(k) = 2νk2 E(k) for high Reynolds number isotropic turbulence. The inertial subrange takes
place between these two spectra

numerous experiments available in the literature. For large structures, this universal
zone extends to values of klη increasingly small for a rising Reynolds number.

Inertial Zone of the Spectra
When the turbulent Reynolds number ReL f or Reλg is extremely large, the small
wavenumbers associated to eddies containing energy are clearly separated from
the large wavenumbers associated with eddies dissipating this energy, as shown
in Fig. 7.1. In these conditions, there is a zone, said inertial zone, for which no dissi-
pation appears. The structures of this inertial zone only transfer the kinetic energy to
dissipate, set by large structures, to smaller structures that dissipate it. In the general
form of the spectrum, where E(k) = f (k, ν, ε), the molecular viscosity ν no longer
appears. Then, apart from a constant prefactor, an expression of the spectrum of
the form E ∼ εαkβ can be searched for. The only acceptable combination for the
exponents α and β in terms of dimension is then α = 2/3 and β = −5/3, leading to

E(k) = CK ε2/3k−5/3 (7.3)

This law was established by Kolmogorov [182], formulated from the second-
order longitudinal structure function, see Sect. 7.6.2, and CK � 1.5 is known as
the Kolmogorov constant [194, 669]. This law is well confirmed experimentally as
shown in Fig. 7.3. Particularly, Grant et al. [178] have led a series of measurements
in the Discovery Passage, along the Canadian west coast. The Reynolds number
based on the depth of the channel and the average velocity was of approximately
Re � 2.8×108, which must be compared to Reynolds numbers about Re � 5×105

obtained in wind tunnels [637]. In Fig. 7.3, the plot deals with the one-dimensional
spectra E (1)

11(k1) which are directly measurable. However, it is easily shown that if

E (1)

11(k1) ∼ k−5/3
1 , then also E(k) ∼ k−5/3 by using the relation (6.35).

From a phenomenological point of view, dissipation is conserved through the
energy cascade, as illustrated in Fig. 7.4. For eddies of size l and velocity ul in
the inertial zone, one observes a quasi-isotropic behaviour with u2

l /(l/ul) ∼ ε.

http://dx.doi.org/10.1007/978-3-319-16160-0_6
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The turbulent kinetic energy associated with eddies of size l ∼ 1/kl is then u2
l ∼

(εl)2/3 ∼ kl E(kl), and the Kolmogorov law E(kl) ∼ ε2/3k−5/3
l is retrieved. It should

be noted here that since E is expected to be a power function of k, it is convenient
to introduce the following k-weighted spectrum k E(k)

∫

E(k)dk =
∫

k E(k) d(ln k) (7.4)

The area under the curve k E(k) represents the energy, and integrating with a con-
stant d(ln kl), the kinetic energy associated with eddies of size l is u2

l ∼ kl E(kl). This
representation often leads to a linear scale for the ordinates, examples are provided
later in Figs. 7.6 and 10.13 for instance.

As was stated in the introduction to this section, the inertial zone is present only if
the spectra of turbulent kinetic energy and dissipation are separate enough. In the case
of free jets for instance, Gibson [531] using work by Corrsin, estimates that in terms
of Reynolds number, it is necessary that Reλg = u′λg/ν ≥ 500 or ReL f

≥ 1.7 × 104

using relation (7.2), that is ReD = U j D/ν ≥ 4.2×105 for an inertial zone to appear.

7.2 Equation of Kármán and Howarth

The equation of Kármán and Howarth [114] governs the time evolution of the two-
point velocity correlations. The method to find this equation is the following. The
velocity and pressure at point A are noted u′

A and p′
A and at point B, u′

B and p′
B . The

vector linking points A and B is noted r = x B − x A. The Navier-Stokes equation is
written at point A for component u′

Ai , and is then multiplied by the component u′
B j

of velocity at point B,

u′
B j ×

(
∂u′

Ai

∂t
+ ∂u′

Ai u
′
Ak

∂xAk
= −1

ρ

∂ p′
A

∂xAi
+ ν

∂2u′
Ai

∂xAk∂xAk

)

Developing and taking into account that u′
B j is independent from the spatial

variable x A, one obtains

u′
B j

∂u′
Ai

∂t
+ ∂u′

Ai u
′
Aku′

B j

∂xAk
= −1

ρ

∂ p′
Au′

B j

∂xAi
+ ν

∂2u′
Ai u

′
B j

∂xAk∂xAk

Then the same operation is applied at point B, with the Navier-Stokes equation
written in x B for the component u′

B j ,

u′
Ai

∂u′
B j

∂t
+ ∂u′

B j u
′
Bku′

Ai

∂xBk
= −1

ρ

∂ p′
Bu′

Ai

∂xB j
+ ν

∂2u′
B j u

′
Ai

∂xBk∂xBk

http://dx.doi.org/10.1007/978-3-319-16160-0_10
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These two expressions are then added, and the ensemble average is applied
to obtain

∂u′
Ai u

′
B j

∂t
+ ∂u′

Ai u
′
Aku′

B j

∂xAk
+ ∂u′

B j u
′
Bku′

Ai

∂xBk
=

−1

ρ

(
∂ p′

Au′
B j

∂xAi
+ ∂ p′

Bu′
Ai

∂xB j

)

+ ν

(
∂2u′

Ai u
′
B j

∂xAk∂xAk
+ ∂2u′

B j u
′
Ai

∂xBk∂xBk

)

This equation can be simplified noting that for isotropic turbulence, the pressure-
velocity correlations at two points are equal to zero and that the following relations
are verified

∂

∂xBk
= ∂

∂rk
and

∂

∂xAk
= − ∂

∂rk

which leads to

∂u′
Ai u

′
B j

∂t
+ ∂

∂rk

(
−u′

Ai u
′
Aku′

B j + u′
B j u

′
Bku′

Ai

)
= 2ν

∂2u′
Ai u

′
B j

∂rk∂rk

This relation can be transformed introducing the tensors of double and triple veloc-
ity correlations at two points Ri j (r, t) and Ti j,k(r, t). Particularly, u′

Ai u
′
Aku′

B j =
Tik, j (r) and u′

B j u
′
Bku′

Ai = Tjk,i (−r) = −Tjk,i (r) since Tjk,i is an odd function in
r for isotropic turbulence, see Eq. (6.29) and Fig. 7.5. Hence,

∂Ri j

∂t
︸ ︷︷ ︸

(1)

= ∂

∂rk
(Tik, j + Tjk,i )

︸ ︷︷ ︸
(2)

+ 2ν
∂2 Ri j

∂rk∂rk︸ ︷︷ ︸
(3)

(7.5)

Equation (7.5) can again be transformed writing Ri j as a function of f and Ti j,k

as a function of h. These two relations are given by (6.24) and (6.29) respectively.
Using the spherical coordinates for operators ∂/∂rk and ∂2/∂r2

k , one finally obtains
the equation of Kármán and Howarth [114],

r

A B

uAi

uBj

uBk −r

B A

uBi

uAj

uAk

Fig. 7.5 Triple velocity correlations involved in Eq. (7.5)

http://dx.doi.org/10.1007/978-3-319-16160-0_6
http://dx.doi.org/10.1007/978-3-319-16160-0_6
http://dx.doi.org/10.1007/978-3-319-16160-0_6
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∂

∂t
(u′2 f )

︸ ︷︷ ︸
(1)

= u′3
(

4h

r
+ h′

)

︸ ︷︷ ︸
(2)

+ 2νu′2
(

4 f ′

r
+ f ′′

)

︸ ︷︷ ︸
(3)

(7.6)

where u′2 = 2kt/3 is a function of time t , and f and h are functions of r and t .
In expressions (7.5) and (7.6), the term (1) corresponds to the time variation of the
second-order moment of the velocity fluctuations. The term (2) introduces a new
unknown, the triple moments of the velocity field associated with the nonlinear
interaction of turbulence with itself. Finally, the term (3) represents the dissipation
by molecular viscosity.

Hence an assumption is needed for the triple moments so as to resolve the equation
governing the second order moment. One can think of writing an equation for the
third-order moment, but this will bring fourth-order moments in the equation gov-
erning the third-order moment and so on. There is some analytical developments in
the literature to close Eq. (7.6). Nonetheless, the closure in spectral space is preferred
because the necessary hypotheses can more easily be interpreted.

7.3 Lin Equation

The Lin equation is the equivalent of Eq. (7.5) in spectral space. First it must be
remembered that

Ri j (r, t) =
∫

φi j (k, t) ei k·rdk

where φi j is the spectral tensor and, similarly, the Fourier transform of the tensor of
triple correlations is introduced,

Tik, j (r, t) = −i
∫

Ψik j (k, t)ei k·rdk

With these definitions, the Fourier transform of Eq. (7.5) is

∂φi j

∂t
= kk(Ψik j + Ψ jki ) − 2νk2φi j

and applying i = j , one obtains

∂φi i

∂t
= 2kkΨiki − 2νk2φi i

Lin’s equation is actually the time evolution of the spectrum E of the turbulent
kinetic energy. For isotropic turbulence, the spectral tensor φi j can be expressed in
terms of E by
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φi j (k) = E(k)

4πk2

(

δi j − ki k j

k2

)

and thus, φi i (k) = E(k)

2πk2

and the equation established by Lin [127] is beautifully compact,

∂

∂t
E(k, t) = T (k, t) − 2νk2 E(k, t) (7.7)

The nonlinear term T (k, t) = 4πk2kkΨiki (k, t) is associated with the triple corre-
lations of velocity variations. The time variation of spectrum E is then due to term T ,
corresponding to an energy transfer between structures of different sizes, and to the
linear viscosity term 2νk2 E(k). This equation is not closed since term T is unknown.
The expression of spectrum E is determined once the transfer term T is modelled.
Lin’s equation can really be interpreted after integration on all wavenumbers. Indeed,

∂

∂t

∫ ∞

0
E(k, t)dk

︸ ︷︷ ︸

∂kt/∂t

=
∫ ∞

0
T (k, t) dk − 2ν

∫ ∞

0
k2 E (k, t) dk

︸ ︷︷ ︸
ε

Moreover for isotropic turbulence, the Eq. (2.20) of kinetic energy kt simplifies in

∂kt

∂t
= −ε

and then, by comparison ∫ ∞

0
T (k, t)dk = 0

The quantity T (k, t) corresponds to the rate of energy transferred to successively
smaller and smaller scales of the turbulent field. The function S(k, t) defined by

S(k, t) = −
∫ k

0
T (k′, t)dk′

represents the energy transferred from all the wavenumbers smaller than k to
wavenumbers larger than k, as illustrated in Fig. 7.6 for Reλg = 2078. This term
S thus corresponds to a kinetic energy flux from large structures towards small struc-
tures. The transfer term T is always negative for klη < 0.02, and thus corresponds to
an energy transfer from large eddies to small ones. In this figure are also represented
the spectrum E(k) of the turbulent kinetic energy kt and the spectrum Dν(k) of the
dissipation ε.

The transfer term T (k) has been measured for instance by Van Atta and Chen
[197], and their results are plotted in Fig. 7.7. Transfer terms computed from Comte-
Bellot and Corrsin [101] data, have also been reported for the same range of moderate
Reynolds numbers.

http://dx.doi.org/10.1007/978-3-319-16160-0_2
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Fig. 7.6 Energy cascade at Reλg � 2078 according to Lin’s equation (7.7) computed by an EDQNM
simulation (refer to Fig. 7.17 for details). The energy spectrum E(k) and the flux S(k) are also
represented. Note that all terms are multiplied by k according to (7.4). At very high Reynolds
number only T (k) � 0 in the inertial subrange, and S(k) � ε corresponds to the amount of energy
which will be dissipated by the small eddies
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Fig. 7.7 The transfer term T (k) according to Van Atta and Chen [197] measured at x1/M = 48
for two cases of grid turbulence, (• U0 = 15.7 m · s−1, M = 2.54 cm, Reλg = 49.4; and ◦ U0 =
7.7 m · s−1, M = 5.08 cm, Reλg = 34.6), and also calculated from Comte-Bellot and Corrsin [101]
data (� at x1/M = 42, M = 5.08 cm, Reλg = 71.6; ♦ at x1/M = 98, M = 5.08 cm, Reλg = 65.3).
Normalisation is made using Kolmogorov scales

7.4 Lin Equation Closures

Numerous closures have been proposed in the scientific literature for the term T (k, t)
of Lin equation (7.7). The simplest hypothesis consists in neglecting the term,
T (k, t) = 0. Of course, this is not realistic as it assumes that for each class of
eddies in the range [k, k + dk], there is a mere viscous dissipation independent from
the other classes. In other words, there is no nonlinear interaction. This closure is
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valid only for the final period of decay when all small structures have disappeared
and only the largest remain. Assuming the spectrum has the form E(k) ∼ k4 when
k → 0, it can then be shown [84] that the turbulent kinetic energy decreases very
rapidly in this final period as

kt (t) ∼ (t − t0)
−5/2 t → ∞

Among the different other closures that have been developed and analysed by
Hinze [8], some must be mentioned such as those of Obukhov [139], Heisenberg
[179], Kovasznay [117] and that of Pao [140, 141], which remains one of the most
interesting. Pao’s idea was to propose a power law for the energy flux term S, with
the constraint that S(k, t) = ε in the inertial zone. Hence,

S(k, t) = −
∫ k

0
T (k′, t)dk′ = 1

CK
ε1/3k5/3 E(k, t)

where CK is the Kolmogorov constant. The kinetic energy spectrum obtained after
integration of Lin equation then is,

E(k) = CK ε2/3k−5/3 exp

[

−3CK

2
(klη)

4/3
]

(7.8)

Some alternative expressions exist to cover also the wavenumbers before the
inertial zone. A general form for the turbulent kinetic energy spectrum [20, 102] is

E(k) = α1CK (εL f )
2/3(kL f )

−5/3 fe(kL f ) fη(klη)L f

where fe(kL f ) describes the production part, and thus fe → 1 as kL f → ∞.
Particularly, the von Kármán spectrum [181] is given by

fe(kL f ) =
[

α2kL f√
1 + (α2kL f )2

]4+5/3

(7.9)

with E(k) ∼ k4 as k → 0. The values of the two constants α1 and α2 are determined
by imposing that relations (6.14) and (6.36) must be satisfied by the function E(k),

http://dx.doi.org/10.1007/978-3-319-16160-0_6
http://dx.doi.org/10.1007/978-3-319-16160-0_6
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by using ε = u′3/L f and by taking CK = 3/2. It can be shown that

α1 = 110

27π1/6

(
Γ (5/6)

Γ (1/3)

)5/3

� 0.80 α2 = 1√
π

Γ (1/3)

Γ (5/6)
� 1.34

and the spectrum peak is reached for kL f = √
12/5/α2 � 1.16. Though there is now

a large number of possibilities offered by numerical simulations, expression (7.9)
still remains very useful for modelling purposes. The dissipation part is described
by the function fη(klη), with fη → 1 as klη → 0. For example, one has fη(klη) =
exp[−(3CK /2)(klη)4/3] for Pao’s spectrum (7.8). Other choices [8, 109] and more
complete discussions [20, 102, 130] can be found to continue this topic.

7.5 Characteristic Times of Turbulence

7.5.1 The Memory Time of Turbulence

The time scale Θ = L f /u′ which characterizes the energy containing eddies, has
been found experimentally to be important as it fixes the rate of decrease of the
kinetic energy (6.48). It is interesting to see that this same time can also be found by
integration of the time correlation function

R11(Δt) = u′
1(t, x)u′

1(t + Δt, x + Ū1Δt)

the turbulence being observed in a frame associated with the average velocity Ū1
in the working section. The wind tunnel experiment for the realization of isotropic
turbulence is described in Sect. 6.3. Experimentally, the measurement of space-time
correlations requires two probes separated by a distance Δx1 in the longitudinal
direction. The correlation optimum is obtained when the time lag Δt , with which the
second signal is observed with respect to the first, verifies Ū1Δt = Δx1 as illustrated
in Fig. 7.8. The time provided by the integration of R11(Δt) is called an integral time
or memory time of turbulence. It closely matches the time provided by Θ = L f /u′
for isotropic turbulence [101].

7.5.2 The Spectral Times of Turbulence

The memory time notion considered on signal u′
i can be extended to the Fourier

components constituting the signal u′
i . A frequency analysis of u′

i and use of the

http://dx.doi.org/10.1007/978-3-319-16160-0_6
http://dx.doi.org/10.1007/978-3-319-16160-0_6
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Fig. 7.8 Left sketch of the time correlation between two hot-wire probes separated by Δx1 in
dashed lines. On each curve, the maximum occurs at τpeak = Δx1/Ū1. The envelope of these
curves in solid line, close to the maxima, represents the time correlation in the frame moving at Ū1.
The area under the curve gives the memory time of turbulence, around L f /u′. The case Δx1 = 0 is
the time autocorrelation for which the integral scale is of the order of L f /Ū1. This time very short
compared to the memory time of turbulence, permits to quickly renew the turbulence passing over
the probes. Right time correlation in a convected frame at the mean velocity Ū1 for fluctuations u′

1
in grid turbulence; 
 � Favre et al. [612, 613], � Frenkiel and Klebanoff [106], • M = 5.08 and
◦ M = 2.54 Comte-Bellot and Corrsin [101]

Fig. 7.9 Illustration of
Taylor’s hypothesis [136,
153] formulated by
expression (7.10)

2π/k1

Ū1

mean
velocity

passing
frequency f

(fixed probe)

Taylor hypothesis (6.45) permit to link the frequency f to the longitudinal component
of the wavenumber

k1 = 2π f

Ū1
(7.10)

where k1 ≥ 0 and f ≥ 0 here, as illustrated in Fig. 7.9. The turbulence being
isotropic, these results involving k1 can be transferred to the wavenumber modulus
k, as was already undertaken for spectra in Sect. 6.2.5.

Figure 7.10 illustrates the correlation curves obtained by Comte-Bellot and Corrsin
[101]. Here, the notation R (k,Δt) without index is similar to E(k). For a given
wavenumber modulus k, coherence over time is followed for all the contributions of
velocities tangent to the sphere of radius k. Figure 7.10 also represents the integral
time existing under each curve corresponding to a given wavenumber modulus. This
can be compared to other classic times reported in Fig. 7.10 (right),

http://dx.doi.org/10.1007/978-3-319-16160-0_6
http://dx.doi.org/10.1007/978-3-319-16160-0_6
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Fig. 7.10 Left filtered time-correlation corresponding to Comte-Bellot and Corrsin [101] exper-
iments reported in Fig. 7.8 (right). The wavenumber modulus varies from k = 0.25 cm−1 (�) to
k = 10.10 cm−1 (♦). The overall time correlation is plotted in solid line. Right comparison with
predictions, Heisenberg time τH , Onsager time τO and • Comte-Bellot and Corrsin
[101] measurements. Note the rapid decrease of all these curves when k increases. The viscous time
τν and the Kolmogorov time τη are also indicated

τO = [
k3 E(k)

]−1/2
Onsager time

τH = [
u′k

]−1 Heisenberg time

τν = [
k2ν

]−1
Viscous time

τη = ν1/2ε−1/2 Kolmogorov time

It can be pointed out that the two first times are built using either data character-
istic of the spectrum, for instance Onsager time with k and E(k), or joint data where
kinetic energy and wavenumber appear, for instance Heisenberg time with u′ and k.
The mechanisms responsible for the coherence loss of structures of given wavenum-
ber k are still not completely known. Comte-Bellot and Corrsin have analysed the
convection, rotation, and deformation exerted by structures larger than k and the
diffusion provided by structures smaller than k.

7.6 Further Details on Kolmogorov Theory�

7.6.1 Structure Functions of Velocity�

The spectral analysis developed in Sect. 7.1 allowed us to introduce the inertial zone
of the universal equilibrium of small structures, and to find the range of wavenumbers
to which this balance applies. An expression of this equilibrium in physical space is
now searched for. However a simple use of double correlations defined in Chap. 6 is
not possible. Indeed these correlations deal with all separations r and not only with
the range L f � r � lη which corresponds to the inertial subrange of Kolmogorov.
Besides, the mere introduction of E(k) = CK ε2/3k−5/3 in relation (6.37) which gives
f (r) leads to a divergent integral. Thus the problem has to be considered differently.

http://dx.doi.org/10.1007/978-3-319-16160-0_6
http://dx.doi.org/10.1007/978-3-319-16160-0_6
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Instead of the velocity fluctuation themselves, the difference between velocity
fluctuations at two points x and x + r is considered at the same time t , that is
u′(x + r, t) − u′(x, t), as suggested by Kolmogorov [184]. Velocity differences
permit to be free from the large scale movements, and are then characteristic of the
small and medium structures of turbulence. This approach leads to define structure
functions. The second order structure function has the general form

Fi j (r, t) = [u′
i (x + r, t) − u′

i (x, t)][u′
j (x + r, t) − u′

j (x, t)]

The simplifications implied by rotational invariance are easily found, which leads
to a local isotropy of the turbulence, as was done for a global isotropy of the field
using the tensor Ri j of velocity correlations. All details are available in Monin and
Yaglom [17]. In the following, time dependency will be omitted to simplify writing.

The form of Fi j in the inertial zone is now searched for, and particularly that of
the contracted tensor Fii ,

Fii (r) = [
u′

i (x + r) − u′
i (x)

]2

Developing this yields

Fii (r) = 6u′2 − 2u′2Ri i (r)

where only the distance r occurs as expected from isotropy. But, according to (6.14)
and (6.38) respectively,

3

2
u′2 =

∫ ∞

0
E(k) dk and u′2Ri i (r) = 2

∫ ∞

0
E(k)

sin(kr)

kr
dk

one obtains

Fii (r) = 4
∫ ∞

0

[

1 − sin(kr)

kr

]

E(k) dk

The inertial subrange concerns the distances r lying in the range L f � r �
lη , and so as in the integral above, the contribution of small wavenumbers can be
neglected due to the term 1− sin(kr)/(kr), and the contribution of large wavenumbers
can be neglected since E(k) decreases very rapidly for an increasing k. The part
associated with the zone in k−5/3 thus provides the main contribution to the integral,
which can then be approximated by

Fii (r) � 4
∫ ∞

0

[

1 − sin(kr)

kr

]

CK ε2/3k−5/3 dk

To integrate, the variable change kr = x is used

http://dx.doi.org/10.1007/978-3-319-16160-0_6
http://dx.doi.org/10.1007/978-3-319-16160-0_6
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Fii (r) � 4CK (εr)2/3
∫ ∞

0
(x − sin x)x−8/3 dx

and integrating by parts two times,

Fii (r) � 4CK (εr)2/3 3

5
× 3

2

∫ ∞

0
x−2/3 sin x dx

Finally,

Fii (r) � 9

5
CK Γ

(
1

3

)

(εr)2/3 � 4.82 CK (εr)2/3

using

∫ ∞

0
xμ−1 sin(ax) dx = Γ (μ)

aμ
sin

(μπ

2

)
and Γ

(
1

3

)

� 2.68

In the inertial zone, there is thus a variation in (εr)2/3, which could be predicted
by dimensional analysis and besides, the numerical factor is associated with the Kol-
mogorov constant CK . In a similar way, though with longer calculations, the second
order longitudinal structure function with longitudinal separation can be obtained

F11(r, 0, 0) = 2u′2 [1 − f (r)] = 27

55
CK Γ

(
1

3

)

(εr)2/3

For the third order structure function, which seems more complex, an exact result
is finally obtained because the numerical factor is known but is nontrivial

F111(r, 0, 0) = 6u′3h(r) = −4

5
εr L f � r � lη (7.11)

This result is often called the second Kolmogorov law or law in −4/5. To obtain
relation (7.11), first the third order structure function F111(r, 0, 0) is expanded taking
into account that the triple velocity correlation at two points is an odd function, as
indicated in Sect. 6.24, which leads to

F111(r, 0, 0) = [
u′

1(x + r) − u′
1(x)

]3

= −3u′2
1 (x + r)u′

1(x) + 3u′
1(x + r)u′2

1 (x) = 6u′3h(r)

Then, the Kármán and Howarth equation (7.6) is invoked with f (r) and h(r)

expressed in terms of F11 and F111 using F11 = 2u′2 [1 − f (r)] and F111 =
6u′3h(r), which gives

http://dx.doi.org/10.1007/978-3-319-16160-0_6
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∂

∂t

(

u′2 − F11

2

)

= 1

6

(

F ′
111 + 4

r
F111

)

− ν

(

F ′′
11 + 4

r
F ′

11

)

In the first part of the equation, as time does not appear explicitly in F11 but only
through ε under an almost equilibrium hypothesis, only the derivative of u′2 remains,
that is ∂u′2/∂t = −2ε/3, yielding

−2ε

3
× 6 �

(

F ′
111 + 4

r
F111

)

− 6ν

(

F ′′
11 + 4

r
F ′

11

)

Multiplying by r4 and integrating give

−4

5
εr � F111 − 6νF ′

11

In the inertial zone, where viscosity ν can be neglected, relation (7.11) is indeed
recovered. Maurer et al. [188] brought support to this law. They conducted exper-
iments between two discs rotating in pressurized helium at low temperature, on a
large range of Reynolds numbers 20 ≤ Reλg ≤ 2100.

7.6.2 Refinement of Kolmogorov Theory�

In experimental investigations with large Reynolds numbers, particularly in the
atmosphere, it was observed that some quantities, as the high moments of the velocity
derivatives and the structure functions of high order, depend on the Reynolds number,
showing that an effect of the integral scale L f of turbulence is present. The previous
classical theory must then be refined to introduce a function of L f /r , while keeping
the already introduced average dissipation rate ε. Apart from a numerical constant
omitted to simplify the writing, results of the following form are searched for

[
u′

i (x + r, t) − u′
i (x, t)

]p ∼ (εr)p/3 × F(L f /r) (7.12)

where F depends on the order p. The obtaining of F is one of the current problems
of turbulence. It demands a knowledge of the spatial irregularities of the instanta-
neous dissipation, or of its intermittency in a time tracking. Several theories describe
instantaneous dissipation in terms of probability distributions. They also debate on
the geometry of vortex filaments and the reduced space they can occupy. F con-
tains the randomness of the dissipation and thus becomes function of order p. Three
approaches have essentially been suggested and they are compared considering the
exponent ζp with which r appears in the pth order structure function. The following
results are currently available
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ζp = p

3
classical theory

ζp = p

3
+ μ

18

(
3p − p2

) log-normal distribution for the
dissipation, and μ � 0.20

ζp = p

3
+ (3 − D)

(
1 − p

3

)
fractal volumes for the dissipation,
and D � 2.8

ζp = p

9
+ 2 − 2

(
2

3

)p/3 log-Poisson distribution for the
dissipation

(7.13)

Figure 7.11 illustrates the dependency of ζp on the order p of the structure function
compared to experimental results. This figure leads to several interesting conclusions.
First of all, whatever the approach is, the case p = 3 provides ζp = 1 according to the
theory expressed by (7.11). For p < 3, the refinement effect is not very marked. Thus
the spectra corresponding to a kinetic energy, i.e. to p = 2, are only slightly affected.
In particular, this confirms the classical law E(k) ∼ k−5/3 which thus appears to
be very solid. This law indeed applies to a large number of different circumstances,
from laboratory experiments to tests at sea or in the atmosphere, as shown in Fig. 7.3.
For p > 3, the internal intermittency effect becomes all the more important as the
considered moment is high. This led to numerous studies, by Van Atta and Park
[199] up to p = 9, by Anselmet et al. [170] up to p = 18 and Maurer et al. [188]
up to p = 8.

The case p = 2 and its application to spectrum E(k) is now briefly considered
again. As a function of ζ2, the dependency of E(k) with kL f can be expressed in the
general form

E(k) = CK ε2/3k−5/3(kL f )
−(ζ2−2/3)

0 3 6 9 12 15 18
0

1

2

3

4

K41

p

ζ p

Fig. 7.11 Values of exponent ζp according to rank p of the longitudinal structure function:
classic Kolmogorov theory (K41), log-normal law, fractal approach and

log-Poisson law, see Eq. (7.13). Symbols corresponds to experimental data collected by Frisch [174],
in particular those of Anselmet et al. [170] which are close to the log-Poisson law
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The exponent −(ζ2 − 2/3) is obtained noting that p/3, that is 2/3 here, must be
subtracted since it is already taken into account in the passage to spectral space, and
that a sign change must be undertaken because the exponent ζp corresponds to r ,
while k implies r−1. This leads to, considering expressions (7.13),

E(k) = CK ε2/3k−5/3 classical theory

E(k) = CK ε2/3k−5/3(kL f )
− μ

9 log-normal distribution

E(k) = CK ε2/3k−5/3(kL f )
− 3−D

3 fractal approach

E(k) = CK ε2/3k−5/3(kL f )
−0.03 log-Poisson distribution

As for the expressions of ζp , the log-normal distribution case, which has an historic
interest and permits explicit and simple calculations, is developed in the following
paragraph. For more recent approaches, one can refer to the work of Frisch [174]. It
must be added that for an approach using a fractal volume, as suggested by Frisch
[175], the reader must study first non-integer dimension geometry, as for example
the famous Menger sponge. In this case a cube is excavated along three directions
perpendicular to the center of the faces following an iterative process leading to a
reduced volume which becomes fractal. With an excavation section at each iteration
of 1/3 × 1/3 of edge length, the remaining matter occupies a volume of non-integer
dimension D = ln 20/ ln 3 � 2.73. Finally the approach using a log-Poisson distri-
bution involves a hierarchy of structures associated with the energy cascade and to
vorticity filaments. It was suggested by She and Lévêque [190] and She and Waymire
[191]. Despite the theoretical complexity, which goes beyond the objectives of this
tutorial book, it must be pointed out that the curve obtained for ζp is the closest to
experiments, without any necessary additional constant.

7.6.3 Overview of the Log-normal Distribution of the
Dissipation�

The basis of a log-normal distribution for the dissipation εr in a small volume of
dimension r relies on a fragmentation process as shown in Fig. 7.12. The idea was
suggested by Obukhov [189] and Kolmogorov [184]. For each realization of the
turbulent field, the dissipation εr can be written as

εr = α1 × α2 × · · · × αn × ε0

with α1,α2, . . . ,αn being random. ε0 corresponds to the dissipation in a volume of
dimension L0, which is the initial state of the fragmentation. Numbersα1,α2, . . . ,αn

are positive, because a dissipation is always positive and, besides, they are almost
independent of each other if the overlap between successive volumes is neglected.
Using the logarithm:
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Fig. 7.12 Sketch for one realization illustrating the fragmentation of the volume where energy is
dissipated. There is a ratio of 8 at every iteration. The series α1, α2, . . . , αn represents the ratio
between the energy dissipated in two successive volumes. These numbers are random and positive.
The last rank n corresponds to the spatial dimension r . This approach is useful to establish the
log-normal law

ln εr = ln ε0 + ln α1 + ln α2 + · · · + ln αn︸ ︷︷ ︸
x

The variable x is then a sum of independent random variables, and according to
the central limit theorem x can be assumed to have a normal probability density if n is
large enough. Then it can be written that ln εr = ln ε0 + x or else εr = ε0 exp(x) with

p(x) = 1
√

2πσ2
x

exp(−x2/2σ2
x )

The variable change from x to εr is then merely of the form y = ε0 exp(x), and this
y notation will be kept for a few lines so that the calculation is more understandable.
For the same reasons, the notations x and y are improperly used for the non-random
values appearing in the probability distributions. The distribution of y can be inferred
from the one of x with the classical variable change in a probability distribution,
which provides

P(y) = p(x)

|∂y/∂x | = 1
√

2πσ2
x

exp[−(ln y − ln ε0)
2/2σ2

x ]
y
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The moments of y can now be calculated. For instance, for order q

yq =
∫ ∞

0
yq P(y) dy

The variable change x = ln y − ln ε0 is quite natural, it is equivalent to y =
ε0 exp(x). Hence,

yq = ε
q
0

1
√

2πσ2
x

∫ +∞

−∞
exp(qx − x2/2σ2

x ) dx = ε
q
0 exp(q2σ2

x/2)

using
∫ +∞

−∞
exp[−(ax2 + bx + c)] dx =

√
π

a
exp[(b2 − 4ac)/4a]

For q = 1, ȳ becomes the usual dissipation rate ε, which appears in all kinetic
energy equations. It corresponds to a statistical average on any volume, then partic-
ularly on volume r . This permits to link ε to ε0, which had no physical meaning by
itself

ȳ = ε0 exp(σ2
x/2) = ε and thus, ε0 = ε exp(−σ2

x/2)

which then provides

yq = εq exp
[
q(q − 1)σ2

x/2
]

(7.14)

For the variance σ2
x , one uses σ2

x = μ ln(L f /r) introduced for structure functions
and σ2

x = μ ln(kL f ) for spectra, see expression (7.13). This logarithmic form has
two advantages. First, it permits a large variation range, with σ2

x � 0 for large
separations, r ∼ L f , and σ2

x large for r � L f . Secondly, it allows to continue with
simple calculations. The final form of yq is then the following

yq = εq
(

L f

r

) μ
2 q(q−1)

(7.15)

For an energy spectrum, ε2/3
r needs to be determined, that is y2/3, from which the

refined Kolmogorov law is easily inferred, the dependency in L f /r being the same
as the one in kL f

E(k) = CK ε2/3(kL f )
μ
2 × 2

3 ×( 2
3 −1) k−5/3 = CK ε2/3k−5/3(kL f )

−μ/9

The structure function of rank p involves ε
p/3
r , that is q = p/3, which provides

[
u′

i (x + r, t) − u′
i (x, t)

]p ∼ (εr)p/3 ×
(

L f

r

) μ
2 × p

3 ×(
p
3 −1)
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and then,

ζp = p

3
− μ

2
× p

3
×

( p

3
− 1

)
= p

3
+ μ

18
(3p − p2)

This is the formula announced in Sect. 7.6.2. The value of μ is still to be obtained.
Van Atta and Chen [198] use the spectrum φεε of the dissipation which becomes in
the inertial zone φεε(k) ∼ ε2k−1+μ in 3-D and similarly, φ(1)

εε (k1) ∼ ε2k−1+μ
1 for

the one-dimensional spectrum in k1 or in frequency. This provides μ � 0.50. More
recent measurements, particularly those of Anselmet et al. [170] provide μ � 0.20.
Because of this small value of μ, it can be seen that only the higher moments are to
be considered to decide between the different theories. It must be added, so as not
to leave the reader with a wrong idea, that the log-normal approach is not the most
satisfactory one, and numerous useful comments on this topic can be found in Frisch
[174].

7.7 Homogeneous and Isotropic Two-Dimensional
Turbulence�

A two-dimensional turbulent field verifies u′
i �= 0 for i = 1, 2, the third component

u′
3 being always equal to zero. For the vorticity vector, only the component ω′

3 differs
from zero. This case must not be mixed up with that of the average plane turbulent
flows, studied in Chaps. 3 and 4, for which the third axis is a principal direction or a
homogeneity direction, however with u′

3 �= 0.
Whenever an isotropy hypothesis is introduced, the double velocity correlations

at two points can be expressed by the relation (6.24). The two basic scalars f (r)

and g(r), which notations are kept, have however different properties. Thus the
application of the incompressibility condition (6.25) with N = 2 provides

g = f + r f ′ or else g = d

dr
(r f ) (7.16)

By integration of g = f + r f ′, it can be obtained that Lg = 0, still assuming a
rapid enough decrease of f (r) when r → ∞. The negative loop of the correlation
g(r) is more important than that in the 3-D case. This corresponds to the importance
of recirculation flows due to the confinement in a plane. Deriving g = f + r f ′, the
new relation between Taylor scales is obtained, i.e. λ f = √

3 λg .
The spectral tensor φi j always has the form (6.30), but indexes i and j only take

values 1 or 2, and the wavenumber only has two components k1 and k2. The expression
of φi j as a function of the spectrum E(k) of kinetic energy is thus modified because:

on the one hand kinetic energy is kt = (u′2
1 + u′2

2 )/2, and as a result, φi i = β(k) and
on the other hand the integration surface in the k space is reduced to the circle of
radius k, and then Σk = 2πk. Finally,

φi j (k) = E(k)

πk

(

δi j − ki k j

k2

)

(7.17)

http://dx.doi.org/10.1007/978-3-319-16160-0_3
http://dx.doi.org/10.1007/978-3-319-16160-0_4
http://dx.doi.org/10.1007/978-3-319-16160-0_6
http://dx.doi.org/10.1007/978-3-319-16160-0_6
http://dx.doi.org/10.1007/978-3-319-16160-0_6
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The one-dimensional spectra keep their usual definition, but their expressions
as a function of E(k) are modified. Particularly those provided by integration of
φ11(k1, k2) and of φ22(k1, k2) over k2, with k1 fixed, are now

E (1)
11 (k1) = 2

π

∫ ∞

k1

E(k)

k2

√

k2 − k2
1 dk

E (1)
22 (k1) = 2

π

∫ ∞

k1

E(k)

k2

k2
1√

k2 − k2
1

dk
(7.18)

The relation between these two spectra, which can always serve as a test to char-
acterize the isotropy of the different scales of the field, is

E (1)
22 = −k1

d E (1)
11

dk1
(7.19)

Additional relations can also be obtained as in Sect. 6.2.6 for the 3-D case. Several
are provided by Sommeria [169]. Here are only mentioned the relations between f (r)

and E(k), where Bessel functions appear, which is classical in 2-D,

f (r) = 2

[∫ ∞

0
E(k) dk

]−1 ∫ ∞

0
E(k)

J1(kr)

kr
dk

E(k) = u′2
2

k
∫ ∞

0

∂

∂r
(r2 f ) J0(kr) dr

The only non-zero component Ω33 of the spectral tensor of the curl is now calcu-
lated. The fluctuating component ω′

3 being ∂u′
2/∂x1−∂u′

1/∂x2, its Fourier transform
is ω̂3 = ik1û2 − ik2û1, which provides,

Ω33(k) = ω̂�
3ω̂3 = k2

1 û�
2û2 + k2

2 û�
1û1 − k1k2

(
û�

1û2 + û�
2û1

)

= k2
1φ22 + k2

2φ11 − k1k2 (φ12 + φ21)

and using (7.17),

Ω33 (k) = E(k)

πk

[

k2
1

(

1 − k2
2

k2

)

+ k2
2

(

1 − k2
1

k2

)

+ 2
k2

1k2
2

k2

]

= k2

πk
E (k)

To find the spectrum Ω(k) of the enstrophy, it can be written that

ω
′2
3

2
= 1

2

∫

IR2
Ω33(k)dk = 1

2

∫ ∞

0

k2

πk
E(k) 2πk dk =

∫ ∞

0
k2 E(k) dk

http://dx.doi.org/10.1007/978-3-319-16160-0_6
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and then,

Ω(k) = k2 E(k) with
ω

′2
3

2
=

∫ ∞

0
Ω(k) dk

As for the dynamics of the two-dimensional turbulence, it is characterized by the
absence of elongation of vortex filaments, as was already noted in Chap. 5, which
leads to a specific behaviour. To understand this new situation, the approach devel-
oped by Batchelor [156] is the most direct one, and is based upon three equations
where both the dissipation rate ε of turbulent kinetic energy and the dissipation rate
εω of enstrophy appear. The first equation corresponds to the usual time evolution
of turbulent kinetic energy for a homogeneous field without average velocity, i.e.
according to (6.17)

− ε = ∂

∂t

(
u

′2
i

2

)

= −νω
′2
3 (7.20)

The second equation deals with the time evolution of enstrophy. It is provided by
Eq. (5.11), which now only concerns ω′

3 and in which the elongation term (a) is equal
to zero,

− εω = ∂

∂t

(
ω

′2
3

2

)

= 0 − ν

(
∂ω′

3

∂x j

)2

(7.21)

The absence of elongation of the vortex filaments renders impossible a cascade of
kinetic energy towards small structures, but is compatible with a transfer of kinetic

energy to large structures. Besides, ω
′2
3 decreases faster for a 2-D turbulence than for

a 3-D turbulence. For large Reynolds numbers, as ν → 0, according to the turbulent
kinetic energy given by (7.20), ε → 0, and consequently, u′2

i = cst.

In Eq. (7.21), it must also be noted that the role of (∂ω′
3/∂x j)2 is similar to the one

of ω′2
3 in Eq. (7.20). It is then useful to remind that for a 3-D turbulence, the dynamics

of ω′2
i was considered to understand the evolution of u′2

i . The time evolution of

(∂ω′
3/∂x j)2 is now looked for to understand the one of ω′2

3 . To do this, the Helmholtz
equation (5.7) which governs ω′

3 is used,

∂ω′
3

∂t
+ u′

j
∂ω′

3

∂x j
= ν

∂2ω′
3

∂x j∂x j

The derivative ∂/∂xk of this equation provides

∂

∂t

(
∂ω′

3

∂xk

)

+ ∂u′
j

∂xk

∂ω′
3

∂x j
+ u′

j
∂2ω′

3

∂x j∂xk
= ν

∂2

∂x j∂x j

(
∂ω′

3

∂xk

)

http://dx.doi.org/10.1007/978-3-319-16160-0_5
http://dx.doi.org/10.1007/978-3-319-16160-0_6
http://dx.doi.org/10.1007/978-3-319-16160-0_5
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This last relation is then multiplied by ∂ω′
3/∂xk , and the statistical average is

applied taking into account both incompressibility and homogeneity. The third term
in the left hand side simply gives

u′
j

∂ω′
3

∂xk

∂2ω′
3

∂x j∂xk
= 1

2
u′

j
∂

∂x j

(
∂ω′

3

∂xk

)2

= 1

2

∂

∂x j

[

u′
j

(
∂ω′

3

∂xk

)2 ]

= 0

Transforming the molecular viscosity term, as in Sect. 5.6, the following equation
is finally obtained

1

2

∂

∂t

(
∂ω′

3

∂xk

)2

= −∂ω′
3

∂x j

∂ω′
3

∂xk

∂u′
j

∂xk
︸ ︷︷ ︸

(a′)

− ν

(
∂2ω′

3

∂x j∂xk

)2

︸ ︷︷ ︸
(b′)

(7.22)

In Eq. (7.22), the term (a′) is similar to term (a) of Eq. (5.11). The vorticity gradi-
ents can then benefit from a production term. One can imagine that the iso-ω′

3 contours
in the plane containing the velocity variations are distorted, becoming more and more
folded and close to one another, enabling an enstrophy transfer to small structures.
As a result, for large Reynolds numbers, a direct enstrophy cascade processes can be
considered. For the spectrum Ω(k), the Kolmogorov reasoning can thus be invoked,
which leads to search an expression of the form

Ω(k) ∼ εα
ω kβ

The dimensional analysis then provides α = 2/3 and β = −1. Remembering
relation Ω(k) = k2 E(k), one can then obtain the kinetic energy spectrum

E(k) ∼ ε2/3
ω k−3

The direct numerical simulations provide interesting details. Herring et al. [162]
have studied the transfer function T (k) of kinetic energy, reproduced in Fig. 7.13.
It can clearly be seen that only the large structures are provided with energy. This
phenomenon, characteristic of the 2-D case, is called inverse energy cascade.

When turbulence is properly forced around an average wavenumber, as in the
analytical approach of Kraichnan [164] or in numerical simulations [157, 160, 161,
168], a double cascade phenomenon is visible: the one of type enstrophy towards
small structures and the one of type kinetic energy towards large structures as illus-
trated in Fig. 7.14. Note that the region in k−5/3 corresponds to an inverse energy
cascade in 2-D, and not to a direct cascade as in 3-D. Note also the very useful result
brought by numerical simulations since dimensional analysis only gives power laws
without providing the direction of transfers.

Also, the behaviour of two eddies, whether they are co-rotating or counter-rotating,
was already discussed in Sect. 5.4 for the case of the mixing layer. The calculations

http://dx.doi.org/10.1007/978-3-319-16160-0_5
http://dx.doi.org/10.1007/978-3-319-16160-0_5
http://dx.doi.org/10.1007/978-3-319-16160-0_5
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Fig. 7.13 Dimensionless spectral energy transfer rate in 2-D turbulence for ReL f = 58.6 in
a periodic square of side 2π (test case I), • numerical simulation, test-field model from
Herring et al. [162]. Note the inverse cascade of energy towards large structures, at variance with
3-D turbulence (refer to Fig. 7.7)

k

E(k)
∼ 2/3k−5/3

∼ 2/3
ω k−3

kLf ∼ 1 kK

ω

injection

Fig. 7.14 Double energy cascade in forced 2-D turbulence at high Reynolds number, ε is the
dissipation of kinetic energy and εω is the dissipation of enstrophy. According to Kolmogorov
similarity, the first inverse cascade obeys a k−5/3 law, and the second cascade a k−3 law. For the
k−5/3 law, the Kolmogorov constant is of the order of 10 at variance with 1.5 for 3-D turbulence.
The new limit associated with the k−3 law is given by kK = (εω/ν3)1/6. From Lesieur [167]

of Couder and Basdevant [159] for a plane wake have also shown the coalescence
of two co-rotating whirlwinds and the fact that two counter-rotating vortices form
a dipole by mutual inductance, and move away very rapidly along almost straight
trajectories. This phenomenon is also observed in Fig. 5.7 for the 2-D simulation
of flow separation behind a rounded leading edge. For isotropic turbulence, it is

http://dx.doi.org/10.1007/978-3-319-16160-0_5
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not impossible that a similar behaviour may appear at certain times, only due to
a random arrangement of the vortices which will make them behave one way or
the other. This problem, linked to internal intermittence and still pending, is well
described in Lesieur [14].

In laboratory experiments, the tests require important confinements, as in the
soap film by Couder [158], and Couder and Basdevant [159], the application of
an intense magnetic field by Sommeria [169], or the effect of a strong rotation by
Hopfinger [163]. The two-dimensional turbulence caught the attention of geo- and
astrophysicists as the circumferential extension of the flow is easily 100 times larger
than its thickness, permitting the tangential movements to become preponderant.

7.8 Fourier Transform of the Navier-Stokes Equations�

To develop more sophisticated closures, the Navier-Stokes equations expressed in
wavenumber space are often used. Let us first remember that the Navier-Stokes equa-
tions when written in physical space, for an incompressible turbulent field without
mean velocity, are

⎧
⎪⎪⎨

⎪⎪⎩

∂u′
i

∂xi
= 0

∂u′
i

∂t
+ ∂u′

i u
′
j

∂x j
= −∂ p�

∂xi
+ ν

∂2u′
i

∂x j∂x j
where p� = p′

ρ

and that the velocity field can be represented by the three-dimensional Fourier integral

u′
i (x, t) =

∫

IR3
ûi (k, t)ei k·xdk

The Navier-Stokes equations in wavenumber space can therefore be written

⎧
⎨

⎩

iki ûi = 0
∂ûi

∂t
+ ik j ûi u j = −iki p̂ − νk2ûi

The second equation can be simplified. Particularly, the pressure term p̂ can be
eliminated using Poisson’s equation (1.5) seen in Chap. 1, that is

∂2 p′

∂xk∂xk
= −∂2u′

j u
′
l

∂x j∂xl

http://dx.doi.org/10.1007/978-3-319-16160-0_1
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The Fourier transform gives k2 p̂ = −k j kl û j ul . Hence,

(
∂

∂t
+ νk2

)

ûi = −ik j ûi u j + iki
k j kl

k2 û j ul

= −ik j

(

δil − ki kl

k2

)

û j ul

= −ik j Pil(k)û j ul (7.23)

where the tensor Pi j (k) = δi j − ki k j/k2 is introduced. This operator projects any
vector q in a plane perpendicular to k, that is Pi j (k)qi k j = 0. The nonlinear term
û j ul is still to be evaluated. By definition of the inverse Fourier transform given in
expression (6.8)

û j ul (k) = 1

(2π)3

∫

u′
j (x)u′

l(x)e−i k·xdx

and, besides, it is also known that

⎧
⎪⎨

⎪⎩

u′
j (x) =

∫

û j ( p)ei p·xdp

u′
l(x) =

∫

ûl(q)eiq·xdq

Hence,

û j ul (k) =
∫∫∫

û j ( p)ûl(q)
1

(2π)3 e−i(k− p−q)·xdx
︸ ︷︷ ︸

δ(k − p − q)

dp dq

Finally, the Navier-Stokes equation in the wavenumber space can be written as

(
∂

∂t
+ νk2

)

ûi (k) = −ik j Pil (k)

∫∫

û j ( p)ûl(q)δ(k − p − q) dp dq

= − i

2
Pi jl(k)

∫∫

û j ( p)ûl(q)δ(k − p − q) dp dq (7.24)

where the tensor Pi jl(k) = kl Pi j (k)+k j Pil(k) is introduced to render the expression
symmetrical. The time evolution of the Fourier contribution ûi (k, t) is therefore due
both to its dissipation and to its nonlinear interaction with two other wavenumbers
p and q such that k = p + q. Such a group of three is called a triad and can be
represented by triangles which can take various shapes as illustrated in Fig. 7.15.
Equation (7.24) shows again, under a different form that it is possible, for a fixed k,
to excite larger wavenumbers, but also smaller ones. Triads have been introduced by
Batchelor [84] and Kraichnan [165, 186].

http://dx.doi.org/10.1007/978-3-319-16160-0_6
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Fig. 7.15 Sketch of triads where k = p+q. For a given wavenumber with modulus k, the moduli p
and q of wavenumbers p and q must lie in the gray domain Δk , defined by |p − q| ≤ k ≤ p + q

7.9 Closure with the EDQNM Hypothesis�

Equation (7.24) is the starting point of more sophisticated closures than the ones
where spectrum E(k, t) is considered. Indeed an expression of the triad interactions
directly responsible for the transfer term T (k, t) in Lin equation (7.7) is now searched
for. One of the most common hypotheses to close the problem is the EDQNM (Eddy-
Damped Quasi-Normal Markovian) hypothesis. In this paragraph, an overview of the
emergence of this approach is given.

First of all a description of the time evolution of the correlation ûi (k)ûk( p)

between the spectral contributions of two independent vectors k and p is established.
The reason to consider ûi (k)ûk( p) is that this quantity is linked to the spectral tensor
φik(k), see Sect. 6.1.3, by the relation

ûi (k)ûk( p) = φik(k)δ(k + p) (7.25)

and then linked to the kinetic energy spectrum E using expression (6.31).
As previously stated, omitting the time dependency to simplify notations, it can

be inferred from relation (7.24) that
[

∂

∂t
+ ν(k2 + p2)

]

ûi (k)ûk( p) = − i

2
Pi jl(k)

∫∫

l+r=k
û j (l)ûl(r)ûk( p) d l d r

− i

2
Pkjl( p)

∫∫

l+r= p
û j (l)ûl(r)ûi (k) d l d r (7.26)

To determine the time evolution of ûi (k)ûk( p), the triple velocity correlations
appearing in (7.26) must be closed. Millionshchikov [131] and Proudman and Reid
[143] have suggested the introduction of a hypothesis of quasi-normality, which

http://dx.doi.org/10.1007/978-3-319-16160-0_6
http://dx.doi.org/10.1007/978-3-319-16160-0_6


208 7 The Dynamics of Isotropic Turbulence

states the following. It is assumed that the four random variables ûi , û j , ûk and ûl

follow a Gaussian distribution for the fourth-order correlation

ûi û j ûk ûl = ûi û j ûk ûl + ûi ûk û j ûl + ûi ûl û j ûk (7.27)

but without implying that the third-order ûi û j ûk be zero, which would normally
be the case for Gaussian random variables. This permits the retention of a transfer
term not equal to zero in Eq. (7.26). Would it not be the case, turbulence could only
decrease over time because of molecular viscosity.

To close the double correlations Eq. (7.26), an additional equation concerning
these triple correlations is then written. This equation of course involves fourth-order
correlations, but these can be expressed in terms of double correlations using (7.27).
The equation of triple correlations is built similarly to (7.26),

[
∂

∂t
+ ν(k2 + p2 + q2)

]

ûi (k)ûk( p)ûm(q) =

− i

2
Pi jl(k)

∫∫

l+r=k
û j (l)ûl(r)ûk( p)ûm(q) d l d r

− i

2
Pkjl( p)

∫∫

l+r= p
û j (l)ûl(r)ûi (k)ûm(q) d l d r

− i

2
Pmjl(q)

∫∫

l+r=q
û j (l)ûl(r)ûi (k)ûk( p) d l d r (7.28)

Expanding the fourth-order correlations with (7.27), the previous equation can be
written as

[
∂

∂t
+ ν(k2 + p2 + q2)

]

ûi (k)ûk( p)ûm(q) = Sikm(k, p, q, t)

where Sikm is a function of the double velocity correlations, and where a fully sym-
metrical relationship k + p + q = 0 is used for the triad. This equation is then
integrated to give

ûi (k)ûk( p)ûm(q) = ûi (k)ûk( p)ûm(q)

∣
∣
∣
t=0

e−ν(k2+p2+q2)t

+
∫ t

0
Sikm

(
k, p, q, t ′

)
e−ν(k2+p2+q2)(t−t ′) dt ′ (7.29)

and the factor ν(k2 + p2 + q2) which affects Sikm has the simple form of a damping
due to viscous molecular dissipation. Now, Eq. (7.29) is injected in (7.26) to obtain
an equation involving only ûi (k)ûk( p) and then the spectrum E(k, t).

For a few years, the Millionshchikov assumption had been thought to be a valuable
contribution. However, when computating facilities appeared, Eq. (7.29) would be
solved numerically. A major drawback then appears, E(k, t) becomes negative over
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time. Even worse is the fact that this energy loss takes place in the region where the
spectrum is at its maximum. Orszag [256] thus suggested increasing the damping of
Sikm , in other words to force the triple correlations to be less important. Assuming
that the turbulence is initially Gaussian, Orszag wrote

ûi (k)ûk( p)ûm(q) =
∫ t

0
Sikm(k, p, q, t ′)e−η(k, p,q,t ′)(t−t ′) dt ′

where
η(k, p, q, t) = ν(k2 + p2 + q2) + ηk(t) + ηp(t) + ηq(t)

The terms in η provide the desired additional damping for triple correlations in
the most energetic part region of the spectrum. This new damping is defined by

ηk(t) = λ

√
∫ k

0
k′2 E(k′, t)dk′ with λ � 0.218 C3/2

K

The constant λ is determined favoring a connection in the inertial zone. The
time 1/ηk corresponds to the one introduced by Comte-Bellot and Corrsin [101] to
characterize the deformation and rotation due to large structures. This new model
is called the eddy-damped quasi-normal approximation (EDQN). It must be pointed
out that it is still not ensured that E(k, t) be positive.

The EDQN model can be further improved by introducing a memory or relax-
ing time of the turbulence, dependent on the three wavenumbers of the triad. This
modification is based on the work by Leith [124]. The model is then called the Eddy-
Damped Quasi-Normal Markovian approximation (EDQNM), and it is written for
triple correlations that

ûi (k)ûk( p)ûm(q) � Sikm (k, p, q, t)
∫ t

0
e−η(k, p,q,t ′)(t−t ′) dt ′

� 1 − e−η(k, p,q,t)

η(k, p, q, t)
︸ ︷︷ ︸

θkpq(t)

Sikm(k, p, q, t)

where θkpq(t) represents a memory or relaxing time of the turbulence. This model
ensures that the spectrum E (k, t) stays positive, whatever the form of the function
θkpq(t) is.

In the case of isotropic turbulence, using relation (7.25), it can be obtained for the
time evolution of the spectrum of turbulent kinetic energy that

∂E(k)

∂t
+ 2νk2 E(k) =

∫

Δk

θkqp E(q)(xy + z3)
[

pk2 E(p) − p3 E(k)
] dpdq

pq
(7.30)
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k

qp

θz θy
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Fig. 7.16 Notations used for the triadic interaction k+ p+q = 0 written in a symmetrical form, θx ,
θy and θz are the angles opposite to the vectors k, p and q, x ≡ cos θx , y ≡ cos θy and z ≡ cos θz .
For instance, x = (p2 + q2 − k2)/(2pq)

Fig. 7.17 Reynolds number effect on the k-weighted transfer term T (k). Data are normalized by
the Kolmogorov scales. Results obtained by EDQNM for Reλg = 19.4 (dashed line), 66.0, 209.1,
659.3 and 2078 (solid line). All curves merge around klη ∼ 1. Also note that T (k) is never zero in
the inertial subrange. Courtesy of Touil and Bertoglio

where the integration domain Δk is illustrated in Fig. 7.15. The terms x , y and z are
the cosinus of the internal angles of the triad, as illustrated in Fig. 7.16.

The closure with an EDQNM model accurately reproduces the decrease of a grid
turbulence, as shown by Lesieur [126] and Cambon [94]. This approach is still in
progress to take into account the anisotropy of homogeneous turbulence and the
rotating effects of the flow [91–93, 96] or compressible effects [367]. The advan-
tage of the EDQNM simulation is also the capacity to study turbulence with large
Reynolds numbers [368], which cannot be undertaken easily by direct simulation. As
an illustration, the evolution of the transfer term for different Reynolds numbers is
shown in Fig. 7.17. The reader can refer to the works of Lesieur [14], and of Cambon
and Sagaut [4] on this topic.



Chapter 8
Direct and Large Eddy Simulation
of Turbulent Flows

An overview of high-fidelity numerical simulation techniques is presented in this
chapter. Advantages and limitations are discussed for research or engineering pur-
poses. These time-dependent approaches are distinguished from mean flow calcu-
lations based on the averaged Navier-Stokes equations, which are examined in the
next chapter.

8.1 Direct Numerical Simulation

Direct Numerical Simulation (DNS) consists in solving as precisely as possible the
complete fluid dynamics equations. The objective is ambitious, as all the scales
forming the turbulent kinetic energy spectrum must be computed. The range to be
covered can be assessed by taking the integral length scale L f to estimate the larger
ones and the Kolmogorov scale lη to approximate the smaller ones, and then writing
the ratio

L f

lη
∼ L f

ν3/4ε−1/4 ∼ L f

ν3/4(u′3/L f )−1/4 ∼ Re3/4
L f

(8.1)

where ReL f
≡ u′L f /ν. This ratio is proportional to the number of points necessary

to build the mesh grid in one direction. The total number of mesh points ndof required
to describe all the scales involved in a turbulent spectrum is thus directly linked to
the Reynolds number, and more precisely in three dimensions is proportional to

ndof ∝ Re9/4
L f

(8.2)

Despite the considerable progress in computing resources over the past six decades
[234, 239] as illustrated in Fig. 8.1, it is still only possible to reach moderate values of
the Reynolds number in direct numerical simulation. Let us consider the example of
plane channel flow, a configuration often used for testing numerical simulations and

© Springer International Publishing Switzerland 2015
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Fig. 8.1 Progress in computing power measured in FLOPs (floating point operations per second).
Data from Nordhaus [254], Koomey [247] and the TOP500 project [258]

studying the development of turbulent boundary layers. The grid resolutions of some
simulations are collected in Table 8.1. One of the first calculations was performed
by Deardorff [286] on a CDC 6600 computer which is listed in Fig. 8.1. He used the
largest number of grid points which could be stored in the high-speed memory of the
best computer at the time, namely ndof = 6720. This simulation can be compared to
the one of Kim et al. [629] using ndof = 4×106 grid points and carried out on a Cray
XMP. The physical domain is not exactly the same for the different numerical studies,
but the width of the channel flow is always 2h, and the transverse resolution can thus
be examined to assess relation (8.1). From the values reported in Table 8.1, one sees
that the law n2 ∼ L f / lη ∼ Re3/4

L f
giving the number of points in the wall-normal

direction is clearly satisfied by all the different studies.
DNS can provide comprehensive views of turbulence dynamics and enables the

assessment of numerous quantities which cannot be found experimentally such as
correlations involving pressure. It is also instrumental in validating turbulence models
in academic configurations. For industrial flows where Reynolds numbers are too
high for a complete DNS, it is sometimes recommended to consider a numerical
scale model at a slightly lower Reynolds number to get a reference solution under
the assumption that physical mechanisms are preserved.
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Table 8.1 Some numerical parameters used for the direct numerical simulation of a plane channel
flow of width 2h, see Fig. 3.1, ndof = n1 × n2 × n3, Reh = Ud h/ν where Ud is the bulk velocity,
and Re+ = uτ h/ν

Deardorff [286]

ndof = 24 × 20 × 14 = 6720

Kim et al. [629]

ndof = 192 × 129 × 160 � 4 × 106

Reh = 3300, Re+ = 180 (Re+)3/4/n2 � 0.38

Moser et al. [642]

ndof = 384 × 257 × 384 � 38 × 106

Reh = 10950, Re+ = 590 (Re+)3/4/n2 � 0.46

Laadhari [635]

ndof = 512 × 385 × 512 � 101 × 106

Reh = 20100, Re+ = 1000 (Re+)3/4/n2 � 0.46

Hoyas and Jiménez [621]

ndof = 6144 × 633 × 4608 � 17.9 × 109

Reh = 43600, Re+ = 2003 (Re+)3/4/n2 � 0.47

Note that the longitudinal and spanwise lengths of the computational domain are not the same in
the different studies; for instance 4πh × 2h × 2πh in Ref. [629] and 8πh × 2h × 3πh in Ref. [621]

8.1.1 Numerical Methods

Two main families of numerical methods are used in DNS, namely pseudo-spectral
formulations and high-order finite difference schemes. The accuracy of the former
to compute spatial derivatives is usually unbeatable since the problem is solved in
the spectral space. However, this approach can only be applied simply in periodic
flow directions, for example in a decaying turbulence box using Fourier series, or
in the transverse direction of a channel flow using orthogonal polynomials. The
geometry therefore needs to remain essentially parallelepipedic and be associated
with elementary boundary conditions. An alternative is to consider high-order finite
difference algorithms, to simulate compressible turbulent flows for instance. A short
overview of these two approaches is given in what follows.

8.1.1.1 Pseudo-Spectral Methods

Orszag and Patterson [255, 461, 464] were among the first in the 1970s to make use
of the fast Fourier transform for solving fluid dynamics equations. A periodic flow
in the three directions is assumed here. The turbulent flow is also homogeneous and
incompressible. In the physical space, the Navier-Stokes equation is then written as

∂u
∂t

= u × ω − ∇
(

p

ρ
+ 1

2
u2
)

+ ν∇2u (8.3)

http://dx.doi.org/10.1007/978-3-319-16160-0_3
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with ∇ · u = 0. By taking its Fourier transform and after some rearrangement, one
gets

∂û
∂t

= P · û × ω − νk2û where Pi j (k) = δi j − ki k j

k2 (8.4)

is the projection operator already introduced in Sect. 7.8. It is recalled that P(k)

projects any vector in a plane perpendicular to k in the solenoidal subspace. Moreover,
Eq. (7.23) obtained in that same section is identical to Eq. (8.4) noting that u · ∇u =
∇ (u2/2

) + ω × u. A turbulence box of size L with a regular grid in the three
directions is considered, xl = (l1Δx1, l2Δx2, l3Δx3), where li is an integer between
0 and Ni = L/Δxi . The periodic boundary conditions are enforced by

u (x + Lq, t) = u (x, t)

where q is any arbitrary integer vector. To simplify, the mesh is assumed to be
identical in the three directions, that is Δxi = Δ = L/N . The smallest wavenumber
encountered in the box is kL = 2π/L , while the largest resolved wavenumber is π/Δ

corresponding to two points per wavelength as illustrated in Fig. 8.2. The velocity
vector is then expanded as a series of N 3 Fourier modes

u (xl , t) =
∑

n1

∑

n2

∑

n3

û(kn, t)ei kn·xl where − N

2
≤ ni ≤ N

2
− 1 (8.5)

and with kn = nkL = (n1, n2, n3)kL . The Fourier coefficients ûn are given by the
following inverse equation, where all the N 3 collocation points xl are involved

û(kn, t) = 1

N 3

∑

l1

∑

l2

∑

l3

u (xl , t) e−i kn·xl

As noted previously, there is no numerical approximation of the wavenumber
when calculating the space derivatives u, which explains the great precision of spec-
tral methods. The viscous term is exactly integrated without any associatedstability

Fig. 8.2 Representation of the number of points per wavelength λ/Δx1 for a given dimensionless
wavenumber k1Δx1 on a one-dimensional regular grid of spacing Δx1

http://dx.doi.org/10.1007/978-3-319-16160-0_7
http://dx.doi.org/10.1007/978-3-319-16160-0_7
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condition and in general, a pseudo-spectral method must be implemented to calculate
the nonlinear convective term in the physical space. One of the most widely used
numerical algorithms is that developed by Rogallo [465], refer also to the reviews
by Rogallo and Moin [466] and Hussaini and Zang [460]. The exponential factor
in (8.5) is not modified when the index ni becomes ni ± pN where p is any integer,
leading to aliasing errors. They can be properly removed [464] by noting, however,
that the computational time is significantly increased [467]. Time advancement is
usually performed explicitly thanks to a second-order Adams-Bashforth scheme or
a self-starting Runge-Kutta scheme, by enforcing the incompressibility condition
[466]. Finally, stationary turbulence can be simulated by adding a forcing at each
time step [459, 462].

8.1.1.2 Finite Difference Schemes

Let us consider a one-dimensional uniform mesh of spacing Δx1. An implicit finite-
difference approximation f ′

i of the first order spatial derivative ∂ f/∂x1 at grid point
x1 = iΔx1 can be obtained through the following expression

β f ′
i−2 + α f ′

i−1 + f ′
i + α f ′

i+1 + β f ′
i+2 =

c
fi+3 − fi−3

6Δx1
+ b

fi+2 − fi−2

4Δx1
+ a

fi+1 − fi−1

2Δx1
(8.6)

based on a Padé-type development, as proposed by Lele [248]. The constants α,β
and a, b, c are calculated from a Taylor series of the previous expression to reach the
maximum order for a given scheme. An α-family of 6th-order tridiagonal (β = 0)
schemes is obtained with the relations a = (α + 9)/6, b = (32α − 9)/15 and
c = (−3α+1)/10 on the coefficients for instance. Two particular values are however
of interest,α = 1/3 leading to a compact 5-point stencil widely used in computational
fluid dynamics, and α = 3/8 allowing to reach the 8th order.

Numerical dissipation and dispersion, namely errors in the amplitude and in the
propagation speed of the waves, affect the phase velocity for an harmonic plane
wave and the group velocity for a wavepacket. To characterize these errors, the exact
wavenumber k defined by the Fourier transform of ∂ f/∂x j , that is

̂∂ f/∂x j = ik j f̂

can be compared to its approximation ks provided by the numerical scheme. By taking
the Fourier transform of (8.6), the following expression of the effective wavenumber
can be derived

ks
1Δx1 = a sin(k1Δx1) + (b/2) sin(2k1Δx1) + (c/3) sin(3k1Δx1)

1 + 2α cos(k1Δx1) + 2β cos(2k1Δx1)
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Optimized schemes can then be obtained by reducing the formal order of accuracy
of the scheme (8.6), and by using the remaining degrees of freedom to minimize the
relative error of the modified wavenumber, for instance

∫

|ks
1Δx1 − k1Δx1| d ln(k1Δx1)

Explicit schemes are obtained as α goes to zero, the choice a = 1, b = c = 0
corresponding to the 2nd-order standard scheme and a = 4/3, b = −1/3, c = 0
to the 4th-order scheme. An optimization strategy can be also developed for these
schemes, more details can be found in Tam [263] and Bogey and Bailly [236].
Accuracies of the standard and optimized schemes considered above are provided in
Table 8.2 with respect to the phase and group velocities. The highest value taken by
the modified wavenumber is of importance to determine the stability condition for
time advancement, and the last column is an indicator of the scheme’s efficiency.

The effective wavenumber is also plotted in Fig. 8.3, as a function of the exact
wavenumber in linear scale and as a function of the number of points per wavelength
in logarithmic scales. As expected, the error is maximum with Evϕ = 1 for grid-to-
grid oscillations, that is k1Δx1 = π or λ/Δx1 = 2, and generally decreases as λ/Δx1
increases. For the standard finite differences, the decrease is however much more
rapid when the order of the scheme becomes higher. For λ/Δx1 = 20 for example,

Table 8.2 Accuracy limits of some standard central finite-difference schemes (CFD), OFD are the
optimized schemes of Bogey and Bailly [236], CoFD is the tridiagonal compact scheme of Lele
[248] for α = 1/3 (6th-order) and α = 3/8 (8th-order), CoFD opt. is the pentadiagonal optimized
4th-order scheme of Lele [248]

Scheme Evϕ ≤ 5 × 10−5 Evg ≤ 5 × 10−4

k1Δx1|max λ/Δx1|min k1Δx1|max λ/Δx1|min kmaxΔx1 kvϕ/kmax

CFD 2nd-order 0.0986 63.7 0.0323 194.6 1.0000 0.10

CFD 4th-order 0.3439 18.3 0.2348 26.8 1.3722 0.25

CFD 6th-order 0.5857 10.7 0.4687 13.4 1.5860 0.37

CFD 8th-order 0.7882 8.0 0.6704 9.4 1.7306 0.46

CFD 10th-order 0.9550 6.6 0.8380 7.5 1.8374 0.52

CFD 12th-order 1.0929 5.7 0.9768 6.4 1.9208 0.57

OFD 11-pt 4th-order 1.3530 4.6 0.8458 7.4 1.9836 0.68

OFD 13-pt 4th-order 1.3486 4.7 0.7978 7.9 2.1354 0.63

CoFD 6th-order 0.8432 7.5 0.7201 8.7 1.9894 0.42

CoFD 8th-order 1.1077 5.7 0.9855 6.4 2.1334 0.52

CoFD opt. 4th-order 2.4721 7.3 0.7455 8.4 2.6348 0.33

The error criteria on phase and group velocities are defined by Evϕ = |ks
1Δx1 − k1Δx1|/π ≤

5×10−5 and Evg = |∂ks
1/∂k1 −1| ≤ 5×10−4 respectively. Accuracy limits are equally provided in

terms of point-per-wavelength resolution (λ/Δx1). The highest modified wavenumber kmaxΔx1 =
ks

1Δx1
∣
∣
max corresponding to a zero group velocity and the ratio between the highest well-resolved

wavenumber kϕ and kmax are also given
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Fig. 8.3 Effective wavenumber ks
1Δx1 as a function of the exact wavenumber k1Δx1 for spatial

differencing methods: left, linear representation and right, logarithmic scales. 2nd, 4th, 6th,
8th, 10th and 12th-order central differences (CFD); −•− tridiagonal 6th-order compact 5-point
(α = 1/3) and 8th-order (α = 3/8) CoFD schemes, pentadiagonal optimized 4th-order scheme
(CoFD opt.) of Lele [248]; optimized 11-point and 13-point schemes (OFD) of Bogey
and Bailly [236]

the phase-velocity error Evϕ is around 2 × 10−3 for 2nd order, and 4 × 10−5 for
4th order, but below 10−6 for 6th order. With respect to the corresponding standard
schemes, the use of optimized schemes allows the reduction in phase errors for short
waves, typically with 4 ≤ λ/Δx1 ≤ 10. As an illustration, the standard 11-point
10th order scheme can be compared to the optimized 11-point 4th-order scheme of
Bogey and Bailly [236]. For an explicit (2n + 1)-point centered explicit stencil, the
maximum order for the truncation error is 2n.

Finally, it is important to emphasize that accurate numerical schemes, with low dis-
persive and dissipative errors, are required both in space and time. For time advance-
ment, Runge-Kutta algorithms can also be optimized in Fourier space, as proposed
by Berland et al. [233] For frequencies up to four points per wavelength, that is
ωΔt ≤ π/2, there are more than three orders of magnitude between the dissipa-
tion of the classical Runge-Kutta scheme and the optimized low-storage scheme of
Berland et al., both providing a formal 4th-order integration. The time-step range
of stability is also increased. The reader can refer to the reviews by Ekaterinaris
[243] and Pirozzoli [257], and also refer to associated topics such as boundary con-
ditions [242].

8.1.2 Some Applications of DNS

Several examples of DNS results have already been introduced throughout the text.
The case of channel flows for instance is illustrated by Fig. 1.5, is discussed in
Sect. 2.6 and recent DNS are quoted in Table 8.1. Topics of interest often stem

http://dx.doi.org/10.1007/978-3-319-16160-0_1
http://dx.doi.org/10.1007/978-3-319-16160-0_2
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from the connection between turbulence and another field of physics. Turbulent
combustion, turbulent two-phase flows, acoustic radiation of turbulent flows, mag-
netohydrodynamics or the use of active control in fluid mechanics can be mentioned.
Moin and Mahesh [252] can be referred to for a fairly large overview of the use of
DNS in research.

Various studies have been performed for homogeneous and isotropic turbulence
in a periodic box, and a review of recent results obtained by DNS can be found in
Ishihara, Gotoh and Kaneda [111]. Another model flow to study transition to turbu-
lence through the generation of small turbulent structures by vortex stretching was
introduced by Taylor and Green [89, 154]. The generalized Taylor-Green vortex flow
is defined as the periodic flow which develops from the following initial solenoidal
field ⎧

⎨

⎩

u1(x, 0) = (2/
√

3) sin(γ + 2π/3) sin(x1) cos(x2) cos(x3)

u2(x, 0) = (2/
√

3) sin(γ − 2π/3) cos(x1) sin(x2) cos(x3)

u3(x, 0) = (2/
√

3) sin(γ) cos(x1) cos(x2) sin(x3)

(8.7)

written in non-dimensional form, where the shape factor γ determines the orientation
of the initial anisotropic vortex structure. The pressure field can be analytically cal-
culated by solving the Poisson equation (1.5). Two snapshots of the flow computed
by DNS are shown in Fig. 8.4. A pseudo-spectral algorithm is used, and more numer-
ical details can be found in Fauconnier et al. [293] The Taylor-Green flow satisfies
numerous symmetries, in particular any cross-section plane defined by xi = nπ with
n integer is never crossed by the flow at any time. This property can be qualitatively
distinguished in the reported DNS results. The turbulent flow reaches an isotropic
state for t � 7 with no memory of the initial conditions for a sufficiently high
Reynolds number, namely Re � 1 × 1/ν ≥ 1000, and the dissipation peak occurs

Fig. 8.4 Taylor-Green vortex flow at Re = 3000 on a 3843 grid at time t = 0, see expression (8.7),
and DNS at t = 18. Turbulent vortex structures are identified with the λ2 criterion of Jeong
and Hussain [487] and are colored by z-vorticity with (x, y, z) = (x1, x2, x3). From Fauconnier
et al. [293]

http://dx.doi.org/10.1007/978-3-319-16160-0_1
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around t � 9. Since there is no forcing, the turbulence eventually decays when t
goes to infinity. This well-defined configuration can be used to evaluate turbulence
models used in large-eddy simulation for instance [293].

8.2 Large Eddy Simulation

In Large Eddy Simulation (LES), the governing equations are obtained by applying
a spatial filter to the mass, momentum and energy equations. Only the large scales of
the turbulent flow are calculated, and effects of the smallest ones must be taken into
account through the addition of a subgrid scale model. The constraint imposed by the
Reynolds number on the number of grid points (8.2) can thus be partly relaxed with
respect to DNS. The filtering operation is first defined, and the filtered Navier-Stokes
equations are then derived. Numerous subgrid scale models have been developed over
the last decades. By following Sagaut [339], they can be classified into functional
or structural models. Models based on a turbulent eddy viscosity and on an explicit
relaxation filtering are here presented. Hybrid approaches such as Detached Eddy
Simulation (DES) are finally briefly introduced. The filtered Navier-Stokes equations
for a compressible turbulent flow are provided in Sect. 8.4.

8.2.1 Spatial Filtering

In LES, the first element to be introduced is the filtering procedure, which separates
the scales to be solved explicitly from those to be modelled, the so-called subgrid
scales. The filtered field is mathematically defined by a convolution product in the
physical space [312]

ūi (x, t) =
∫

G (x, y) ui (x − y, t) d y = G � ui (8.8)

where ūi is the filtered velocity field, and where the low-pass filter G must satisfy
the following normalisation constraint

∫

G (x, y) d y = 1 (8.9)

This filtering operation is a priori not idempotent, that is ūi �= ūi . In other words,
the filter G is in general not a projector. Moreover, the derivative operation does not
commute with the filtering operation except for a constant filter width in the whole
computational domain, that is for a homogeneous filter [302, 303]. For instance, the
box or top-hat filter consists in averaging on the mesh size Δ = (Δx1Δx2Δx3)

1/3,
and is defined by
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G (x − y) =
{

1/Δ3 if |xi − yi | ≤ Δ/2
0 otherwise.

(8.10)

This filter is uniform only on a regular grid. Two other classical filters can be
mentioned. The first is the Gaussian filter given by

G (x − y) =
(

6

π

)3/2 1

Δ3 exp

(

−6
(x − y)2

Δ2

)

The second is a sharp filter defined in the Fourier space. According to the con-
vention for the Fourier transform (6.8), the Fourier transform of the filtered velocity
field can be written as û = (2π)3Ĝ × û. Consequently, the transfer function is here
defined as Gk ≡ (2π)3Ĝ. The sharp filter in spectral space is then defined by

Gk (k) =
{

1 if |k| ≤ kc = π/Δ

0 otherwise,
(8.11)

and satisfies the normalization condition (8.9), namely Gk(0) = 1. In practice, high-
order discrete filters are also commonly used in LES algorithms [295, 512]. Using
notations already introduced for finite difference schemes, the filtered quantity f̄ in
the x1 direction and at point x1 = lx1 is calculated as

f̄l = fl − σ f

n f∑

j=−n f

d j fl+ j

where σ f is the filtering strength between 0 and 1. The filter coefficients d j can
be determined by imposing Gk(π) = 0 to remove shortest waves, and by choosing
symmetric coefficients d j = d− j to ensure no phase-shift and a realizability condition
Gk ≥ 0. The filter order, and consequently the commutation error between the
filtering operation and spatial derivatives, can be controlled by cancelling the first
moments of Gk [326, 352]. An illustration for a one-dimensional filtering operation
is shown in Fig. 8.5. The signal f , the signal f̄ filtered by a 4th-order filter, and the
small scale part f ′ are plotted as well as their spectra. The filter cutoff wavenumber
is defined as Gk(kc1Δx1) = 1/2, corresponding to kc1Δx1 � 2 for this filter.

8.2.2 Filtered Navier-Stokes Equations

Before starting, it is important to observe that the decomposition ui = ūi + u′
i

associated with the filtered velocity ūi for instance, seems similar to the Reynolds
decomposition introduced in Chap. 2, but has a completely different meaning here.
In large eddy simulation, any variable is decomposed into its filtered part which is
calculated, and a small scale part, whose effects must be modelled.

http://dx.doi.org/10.1007/978-3-319-16160-0_6
http://dx.doi.org/10.1007/978-3-319-16160-0_2
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Fig. 8.5 Illustration of the filtering operation on a homogeneous signal f (x1) (arbitrary units). At
left, signal f , filtered signal f̄ by a 4th-order filter G and f ′ = f − f̄ . All these
signals are normalised by the rms value of f . At right, power spectral density S as a function of the
dimensionless wavenumber k1Δx1, for the signal f , for the filtered signal f̄ and
for f ′. The relation S( f̄ ) = G2

k × S( f ) is also verified

ui = ūi + u′
i with ūi = G ∗ ui (8.12)

The time average of a quantity, filtered or not, is denoted by 〈·〉. For instance, the
averaged kinetic energy of the velocity field resolved by LES is

〈
ū2

i

〉
/2. The filtered

Navier-Stokes equation is obtained by convolution with the filter, and by neglecting
commutation errors between differentiation and filtering operations. As mentioned
in the previous section, this assumption is reasonable, at least when using high-order
filters. Furthermore, the flow is still assumed to be incompressible throughout this
chapter, that is ∇ · ū = 0. The compressible case is briefly presented in Sect. 8.5,
where the Favre filtering is introduced. The filtered Navier-Stokes equation can be
written as follows

∂(ρūi )

∂t
+ ∂(ρūi ū j )

∂x j
= − ∂ p̄

∂xi
+ ∂τ̄i j

∂x j
+ ∂ti j

∂x j
(8.13)

where ti j ≡ ρūi ū j − ρui u j is the subgrid-scale stress tensor. This tensor is usually
split into three contributions as introduced by Leonard [312]

ti j = ρūi ū j − ρui u j = ρūi ū j − ρ(ūi + u′
i )(ū j + u′

j )

= ρūi ū j − ρūi ū j
︸ ︷︷ ︸

(1)

−ρu′
i ū j − ρūi u′

j
︸ ︷︷ ︸

(2)

−ρu′
i u

′
j

︸ ︷︷ ︸
(3)

(8.14)

The term (1) is the Leonard tensor involving only filtered quantities, the cross
term (2) involves interactions between resolved and subgrid scales and the term (3)
has a form close to that of a Reynolds stress tensor based on subgrid scales. One
must pay attention to the sign convention used for the stress tensor ti j , which is
sometimes defined with the opposite sign in the literature. The terms (1) and(2)
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Fig. 8.6 Sketch of triads
where k = p + q associated
with the Leonard
decomposition (8.14),
adapted from Sagaut [339].
For a given wavenumber
with modulus k, the
moduli p and q of
wavenumbers p and q must
lie in the domain defined by
|p − q| ≤ k ≤ p + q , refer
also to Fig. 7.15. The
wavenumber cutoff
frequency of the filtering is
denoted kc

pk

q

k

0 kc

kc

p+
q =

k

q
=
p
+
k

q
=
p
− k

ūiuj

uiūj

uiuj

ūiūj

should be zero within the framework of the Reynolds decomposition presented in
Chap. 2. Moreover, only the terms (2) and (3) are unknown in (8.14) if an explicit
filtering is used in the LES algorithm. It must be also mentioned here that this triple
decomposition is not Galilean invariant term by term [345]. Germano [296] redefined
the triple decomposition (8.14) as

ti j = ρui u j − ρui u j
︸ ︷︷ ︸

(1)

+ρ( ui u′
j + u′

i u j − ūi u′
j + ui ū j )

︸ ︷︷ ︸
(2)

−ρu′
i u

′
j + ρu′

i u′
j

︸ ︷︷ ︸
(3)

(8.15)
to meet this requirement. Finally, the Leonard decomposition (8.14) can be visualized
in the wavenumber space [339] as shown in Fig. 8.6, following the illustration of
triadic interactions presented in Fig. 7.15.

8.2.3 Modelling of Subgrid Scales in LES

Three fundamental sources of error can be identified. The first is associated with the
projection leading to the filtered Navier-Stokes equations. The second is linked to the
discretization of these equations and has already been illustrated in Sect. 8.1.1.2 for
finite difference schemes. Finally, the subgrid-scale modelling represents the third
contribution. A complete discussion of the subject, as well as a review of subgrid-
scale models, can be found in Sagaut [339].

http://dx.doi.org/10.1007/978-3-319-16160-0_7
http://dx.doi.org/10.1007/978-3-319-16160-0_2
http://dx.doi.org/10.1007/978-3-319-16160-0_7
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ks
c kg

c

well-resolved scales subgrid scales

k

Fig. 8.7 Sketch of scales involved in LES. The cutoff wavenumber of the grid is given by kg
c Δ = π,

and the accuracy limit of the spatial numerical differentiation is ks
c . The transfer function Gk of the

low pass filter is chosen to preserve the largest part of the well-resolved scales

In what follows, it is assumed that a filtering operation is applied during the time
integration of Eq. (8.13) to control the spectral content of the numerical solution
[318], and to ensure a separation between the cutoff wavenumber of the filter kc, and
that of the spatial scheme kg

c . The error induced by the discretization is thus expected
to remain small for the well-resolved scales, as sketched in Fig. 8.7. In practice,
the so-called primary filter G introduced in expression (8.8) is often not explicitly
defined. It is the transfer function of the differentiation scheme which acts as a low-
pass filter, as shown in Fig. 8.3 with some classical finite-difference schemes, and it
is merely denoted by ūi . In other words, the filtering is implicitly obtained through
the projection of variables on the mesh. The transfer function is however not known
when using unstructured grids for instance.

Finally, subgrid scale models can often be categorized into functional or structural
modelling approaches [339]. In the first group, the goal of the subgrid scale model is
mainly to preserve the turbulent kinetic energy balance. The model is thus calibrated
to recover the dissipation imposed by the energy cascade. Most of these formulations
are based on a turbulent viscosity. In the second group, an effort is made to preserve
the spectrum of the resolved scales up to the cutoff wavenumber. The transfer function
of the filter must be known in this case, which motivates the introduction of an explicit
filtering operation in the LES algorithm. These two approaches are briefly presented
in the two following sections.

8.2.4 Closure with a Turbulent Viscosity Model

In most of the functional models, the subgrid scale tensor ti j is expressed by introduc-
ing a turbulent viscosity written as νt ∼ l × u. The models differ in their expression
of the velocity scale u, whereas the length scale l is always linked to the width Δ

of the filter. Similarly to what has been done in Chap. 2, ti j is expressed from the
gradients of the filtered velocity, that is from the components of the resolved velocity.
The subgrid scale tensor is written as the sum of its deviator and of its spherical or
isotropic parts

ti j = tDi j + tIi j with

⎧
⎪⎨

⎪⎩

tDi j = −ρu′
i u

′
j + 1

3
ρu′

ku′
kδi j

tIi j = −1

3
ρu′

ku′
kδi j = −2

3
ρksgsδi j

(8.16)

http://dx.doi.org/10.1007/978-3-319-16160-0_2
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and where tDi j is expressed as

tDi j = 2μt s̄i j with s̄i j = 1

2

(
∂ūi

∂x j
+ ∂ū j

∂xi

)

(8.17)

by remembering that the flow is assumed to be incompressible here. The compressible
case is introduced in Sect. 8.4. Apart from its sign, the term tIi j represents the residual
energy or the subgrid scale energy ksgs , that is the turbulent kinetic energy part not
resolved by the grid. Its average value is given by

〈
ksgs
〉 =
∫ ∞

π/Δ

E (k) dk

for a top-hat filter. The filtered Navier-Stokes equation (8.13) can then be written as

∂(ρūi )

∂t
+ ∂

∂x j

(
ρūi ū j

) = −∂ p̄�

∂xi
+ ∂

∂x j

[

(μ + μt )
∂ūi

∂x j

]

(8.18)

where the isotropic part tIi j of the subgrid stress tensor ti j is included in the pressure
term according to (8.16),

p̄� = p̄ − 1

3
tkk = p̄ + 2

3
ρksgs

8.2.4.1 Smagorinsky Subgrid Model

Only the expression of the turbulent viscosity is unknown in Eq. (8.18), and the first
closure was proposed by Smagorinsky [344]. This turbulent subgrid viscosity νt is
built by choosing l = CsΔ as a length scale and s̄ = √2s̄i j s̄i j as a velocity gradient
scale. This leads to

νt = (CsΔ)2
√

2s̄i j s̄i j where s̄i j = 1

2

(
∂ūi

∂x j
+ ∂ū j

∂xi

)

(8.19)

where Cs is the so-called Smagorinsky constant. This constant can be estimated
assuming that the cutoff wavenumber of the filter kc = π/Δ is located in the inertial
part of the turbulent kinetic energy spectrum, that is when E (k) � CK ε2/3k−5/3. As
discussed in the previous chapter, the Reynolds number is implicitly assumed to be
large enough to observe an inertial region and an energy cascade. The rate of energy
to be dissipated is imposed by the large structures, which are resolved by LES, but
the finest scales responsible for dissipation are missing. They are part of the subgrid
scales. The value of the turbulent viscosity is then determined in order to realize this
dissipation by the resolved scales.



8.2 Large Eddy Simulation 225

The dissipation corresponds to the energy transferred from the resolved field to
the subgrid field, that is

ρε =
〈

ti j
∂ūi

∂x j

〉

= 2
〈
μt s̄

2
i j

〉 = ρ (CsΔ)2 〈s̄3〉 (8.20)

The shear magnitude s̄ of the filtered field is calculated as follows

〈
2s̄i j s̄i j

〉 = 〈s̄2〉 =
∫ kc

0
2k2 E (k) dk

and can be analytically estimated for a cutoff wavenumber kc located in the inertial
zone

〈
s̄2〉 �

∫ kc

0
2k2CK ε2/3k−5/3dk � 3CK

2

( π

Δ

)4/3
ε2/3 (8.21)

The value of the constant Cs is obtained by eliminating the dissipation between
relations (8.20) and (8.21), which provides

Cs = 1

π

(
2

3CK

)3/4 ( 〈s̄2
〉3/2

〈
s̄3
〉

)1/2

� 1

π

(
2

3CK

)3/4

(8.22)

Numerically, one finds Cs � 0.18 by taking the value CK � 1.4 for the Kol-
mogorov constant. It is now well established [292, 314, 323] that a more suitable
value is about Cs � 0.10. A more complete analysis of this model can be found
in Meyers and Sagaut [322], in particular regarding the value of the Smagorinsky
constant.

A damping function must be introduced to decrease the length scale in the expres-
sion of Cs near walls. This difficulty has been already discussed in Chap. 3, refer to
relation (3.22). A van Driest type damping function [442] is also used to modify the
expression of the turbulent viscosity

νt =
[
CsΔ(1 − e−x+

2 /A+
0 )
]2√

2s̄i j s̄i j (8.23)

It is reminded that the wall variable is given by x+
2 = x2uτ/ν. The constant A+

0
must be adjusted to properly recover the logarithmic law, typically A+

0 � 25. A two
layer model can also be developed for near-wall flow regions, as proposed by Flohr
and Balaras [266, 294]. Moreover, a complete discussion including the presence of
a pressure gradient can be found in Duprat et al. [291].

http://dx.doi.org/10.1007/978-3-319-16160-0_3


226 8 Direct and Large Eddy Simulation of Turbulent Flows

8.2.4.2 Subgrid Residual Energy

The isotropic part tIi j of the subgrid tensor (8.16), which is included within the
pressure term in (8.18), is often discarded with respect to the pressure term in p̄�.
Moin et al. [323] have shown that the ratio between this residual energy term and the
pressure is less than 3 % in their simulations dealing with low Reynolds number flows.
Introducing the subgrid turbulent Mach number defined by M2

sgs = 2ksgs/ (γ p̄/ρ̄),
it can also be observed that

2

3
ρ̄ksgs = γ

3
M2

sgs p̄

and Erlebacher et al. [292] consider that tIi j can be neglected by comparison with the
pressure term p̄ as long as Msgs ≤ 0.4.

Within the framework of the Smagorinsky approach, the following expression has
nevertheless been proposed [292, 323, 360] for the subgrid scale energy

ksgs = CI Δ
22s̄i j s̄i j = CI Δ

2s̄2 (8.24)

where CI is a constant. To determine its value, the cutoff wavenumber of the filter
is again assumed to be located in the inertial zone of the turbulent kinetic energy
spectrum. It can then be written that

〈
ksgs
〉 =
∫ ∞

π/Δ

E (k) dk = CK ε2/3
∫ ∞

π/Δ

k−5/3dk = 3CK

2
ε2/3

( π

Δ

)−2/3

and introducing the expression (8.21) of s̄2 in ksgs = CI Δ
2s̄2, one gets

CI = 1

π2 � 0.10 (8.25)

Finally, a transport equation [309] for the subgrid energy ksgs can also be derived.
This approach is used for simulating atmospheric flows for instance.

8.2.4.3 Germano and Lilly Dynamic Models

The classical Smagorinsky model is often found to be too dissipative [279, 310], in
particular for transitional flows. This drawback can be partly overcome by a dynamic
estimation of the model constant. Germano et al. [298, 300], Lilly [316] and Moin
et al. [323] for compressible flows, have developed dynamic formulations of the
Smagorinsky model. The constants Cs and CI are evaluated to adjust locally in
space and time to the turbulent flow. The algorithm is based on the Germano identity
[297, 319] which allows any subgrid scale tensor calculated at two different filtering
levels to be expressed analytically. The underlying assumption is that the turbulent
flow is self-similar [267, 325] in the wavenumber band defined by the two filters. The
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primary filtering operation of width Δ is still denoted by ūi = GΔ∗ui . An additional
test filter ũi = GΔ̃∗ui defined on a coarser grid of width Δ̃ > Δ is also introduced,
and according to the convolution product properties, one has ˜̄ui = GΔ̃ ∗ (GΔ ∗ui ) =
GΔ ∗ (GΔ̃ ∗ ui ). Thus, by applying the new test filter to the filtered Navier-Stokes
equation (8.13), one obtains

∂(ρ˜̄ui )

∂t
+ ∂

∂x j

(
ρ˜̄ui ˜̄u j

) = − ∂ ˜̄p
∂xi

+ ∂˜̄τi j

∂x j
+ ∂Ti j

∂x j

where Ti j ≡ ρ˜̄ui ˜̄u j − ρ˜ui u j . This tensor Ti j can be related to the subgrid tensor ti j ,
see expression (8.14), through the following Germano identity

˜̄ui ˜̄u j − ˜ui u j = ˜ūi ū j − ui u j + ˜̄ui ˜̄u j − ˜ūi ū j

which provides in the present case

Li j = Ti j − t̃i j with Li j ≡ ρ˜̄ui ˜̄u j − ρ˜ūi ū j (8.26)

In this relation, the tensorLi j can be calculated explicitly for the resolved velocity
field ūi . The two subgrid tensors ti j and Ti j are expressed according to the Smagorin-
sky model using relations (8.17) and (8.19). Hence,

⎧
⎪⎨

⎪⎩

tDi j = ti j − 1

3
tkkδi j = 2CdΔ2ρ s̄ s̄i j

T D
i j = Ti j − 1

3
Tkkδi j = 2CdΔ̃2ρ ˜̄s ˜̄si j ˜̄s ≡

√

2 ˜̄si j ˜̄si j

where the dynamic Smagorinsky constant is usually denoted by Cd , and is formally
linked to the Smagorinsky constant by Cd = C2

s . This dynamic constant Cd is deter-
mined by imposing that the subgrid tensors must satisfy the Germano identity (8.26).
Therefore,

LD
i j = Li j − 1

3
Lkkδi j = T D

i j − t̃Di j

= 2Cd(Δ̃2ρ ˜̄s ˜̄si j − Δ2ρ˜s̄ s̄i j )

≡ 2CdMi j (8.27)

Expression (8.27) can then be used to determine the value of Cd . Contracting this
relation using s̄i j , one obtains

Cd = 1

2

LD
i j s̄i j

Mi j s̄i j

as derived by Germano et al. [300] However, an ill-posed problem appears in practice,
and the final expression to estimate Cd was reformulated by Lilly [316]. The value
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of the constant is calculated from (8.27) by minimizing the quantity LD
i j − T D

i j + t̃Di j
using a least-squares method

∂

∂Cd

(
LD

i j − 2CdMi j

)2 = 0

which leads to the following expression of Cd

Cd = 1

2

Mi jLD
i j

MklMkl
(8.28)

Equation (8.28) provides a dynamic procedure to estimate the Smagorinsky con-
stant Cd = Cd(x, t) and thus to compute the subgrid tensor in (8.13) through the
use of an additional test filter. In practice, to avoid negative values or overly large
variations of the turbulent viscosity νt (x, t) leading to numerical instability, the
numerator and the denominator in (8.28) or more directly νt are often averaged in
homogeneous directions. Another way to prevent numerical instability is to impose
that [339] ν +νt ≥ 0. Excessive values of the dynamic constant are also removed by
checking that Cd ≤ C2

s . Finally, the value Δ̃ = 2Δ appears to be a good compromise
for the test filter width.

A similar approach can be developed to dynamically determine the constant CI

introduced in expression (8.25) to calculate the subgrid energy [323]. Taking the
trace of Li j and substituting into the subgrid model (8.24) leads to the following
relation

CI = 1

2

Lkk

Δ2ρ ˜̄s2 − Δ̃2ρ ˜̄s2 (8.29)

Numerous simulations have been carried out using these dynamical models, and
the present discussion can be continued by reading Meneveau and Katz [320], or
Jiménez and Moser [306].

To illustrate the behaviour of an LES modelling based on a turbulent viscos-
ity, numerical results obtained from an explicit relaxation filtering are compared
to those obtained using the Smagorinsky dynamic model. Reynolds number effects
are well reproduced by the first approach, which is presented in the next section.
The mean axial velocity and the centerline rms fluctuating velocity of a subsonic
round jet are displayed in Fig. 8.8. As the Reynolds number decreases, the gen-
eration of vortical structures in the shear layer occurs farther downstream [279],
which can be attributed to the decrease of the growth rates of instabilities, due to
viscosity effects at low Reynolds numbers. Consequently, the potential core length
increases and accordingly, mean axial velocity profiles are shifted in the axial direc-
tion to specifically compare the velocity decay rates after the potential core. After
the potential core, velocity decays occur faster as the Reynolds number decreases,
in accordance with the available experimental data. The effective Reynolds number
of the jet at Reynolds ReD = 4.0 × 105 calculated with the dynamic Smagorinsky
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Fig. 8.8 Subsonic round jet at M = 0.9. On the left, centerline mean axial velocity profile and on the
right, centerline profile of the rms fluctuating axial velocity, both quantities are normalized by the exit
jet velocity u j . LES results based on an explicit relaxation filtering for different Reynolds numbers,

ReD = 2.5 × 103, ReD = 5 × 103, ReD = 104, ReD = 4.0 × 105, where
D = 2r0 is the nozzle diameter. Experimental data of � Stromberg et al. [556] (ReD = 3.6 × 103),
◦ Arakeri et al. [506] (ReD = 5×105) and � DNS of Freund [528] (ReD = 3.6×103). LES results
using the dynamic Smagorinsky model are also reported for ReD = 4.0 × 105. From Bogey
and Bailly [279]

model is however artificially decreased by the turbulent viscosity, and reduced down
to ReD � u j D/νt � 8 × 103 in this example. A similar behaviour is observed for
the amplitude of the peak of the axial fluctuating velocity, by noting that this peak
increases as the Reynolds number decreases.

8.2.4.4 Velocity Scale Based on a Structure Function

Métais and Lesieur [313, 314, 321] introduced the structure-function model in the
physical space as a generalisation of their spectral turbulent viscosity model. The
local second-order velocity structure function is defined as

F2(x, r) = ‖ ū(x + r) − ū(x) ‖2 (8.30)

For isotropic turbulence, this function F2 = F2(r) can be expressed directly from
the spectrum E(k) of the turbulent kinetic energy, as already mentioned in Sect. 7.6.2.
The structure function associated with the resolved scales is given by

F̄2 (r) = F̄ii (r) = 4
∫ kc

0
E (k)

(

1 − sin(kr)

kr

)

dk

and in physical space, the turbulent viscosity is determined as follows

νt = CF S Δ

√

F̄2(x,Δ) with CF S � 0.105 C−3/2
K

http://dx.doi.org/10.1007/978-3-319-16160-0_7
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The structure function is calculated by taking the average of the square of veloc-
ity differences between x and the six closest points surrounding x for a three-
dimensional Cartesian grid. The structure-function model is expected to be less
dissipative in the regions where the flow is almost laminar and more dissipative
where the velocity gradients close to the cut-off wavenumber π/Δ are important.
This approach nevertheless remains similar to the Smagorinsky model. Indeed, it
can be shown [284] that

lim
Δ→0

νt (x, t) �
√

2

3
(CsΔ)2

√
2s̄i j s̄i j + ω̄i j ω̄i j

To overcome this difficulty and get a less dissipative model for the simulation of
the transition of a spatially evolving boundary layer for instance, Ducros et al. [290]
introduced a filtered structure function.

8.2.4.5 Spectral Turbulent Viscosity

The concept of a turbulent viscosity can also be introduced in spectral space, at
least for homogeneous turbulence. As a starting point, the transport equation of the
turbulent kinetic energy spectrum (7.7) or Lin’s equation derived in the previous
chapter, is considered

(
∂

∂t
+ 2νk2

)

E(k, t) = T (k, t)

where the term T can be interpreted in terms of Batchelor-Kraichnan triads from
the Fourier transform of the Navier-Stokes equation established in Sect. 7.8. This
term is then split into two contributions associated with resolved (k < kc) and
unresolved (k > kc) scales, where kc is the cutoff wavenumber frequency of the
top-hat filter (8.11),

(
∂

∂t
+ 2νk2

)

E(k, t) = Tk<kc (k, t) + Tk>kc (k, t)

Following Kraichnan [165], a spectral turbulent viscosity denoted ν̂t is then intro-
duced to model the unresolved scales,

ν̂t (k, kc, t) = −Tk>kc (k, t)

2k2 E(k, t)
(8.31)

and the transport equation for E takes the following form

{
∂

∂t
+ 2
[
ν + ν̂t (k, kc, t)

]
k2
}

E(k, t) = Tk<kc (k, t) (8.32)

http://dx.doi.org/10.1007/978-3-319-16160-0_7
http://dx.doi.org/10.1007/978-3-319-16160-0_7
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The term on the right-hand side corresponds to explicit transfers, associated with
resolved scales in a large eddy simulation. A model for the spectral viscosity ν̂t is
however required, and it is of interest to derive an expression of ν̂t which is not a
function of k. The turbulent kinetic energy at the cutoff wavenumber kc is kc E(kc),
which provides

√
kc E(kc) as velocity scale. The spectral turbulent viscosity is then

built as

ν̂t = C

√
E(kc)

kc
(8.33)

where C is a constant of the model. Its value is determined by following what was
done for the Smagorinsky model in physical space. Assuming that kc lies in the
inertial zone of E(k), the dissipation is

ε �
∫ kc

0
2ν̂t k

2 E(k)dk = ν̂t
3CK

2
ε2/3k4/3

c

By identification with expression (8.33), C = (2/3)C−3/2
K � 0.402 with CK �

1.4, and the spectral turbulent viscosity takes the form

ν̂t = 2

3
C−3/2

K

√
E(kc)

kc

A more complete presentation of spectral models for LES can be found in Chollet
and Lesieur [283], and Métais and Lesieur [321]. Approaches based on EDQNM
models have also been proposed to take into account the energy flux from small
to large scales, the subgrid-scale backscatter, in turbulent compressible or rotating
flows, see for instance the pioneering studies of Cambon et al. [91, 94], of Bertoglio
[86, 272] and also the book of Sagaut and Cambon [147].

8.2.5 LES Based on an Explicit Relaxation Filtering

In the previous section, the subgrid scale tensor ti j in expression (8.17) is computed
through the introduction of a turbulent viscosityνt . LES models differ from each other
mainly by the way in which this viscosity is determined, with the aim of reducing
artificial dissipation effects. These efforts will never be fully successful since the
functional form for the dissipation remains a Laplacian filter, namely ∼νt∇2ūi in
the filtered Navier-Stokes equation (8.13) [289, 332]. As a result, a significant part
of the resolved scales is involved and affected by the turbulent viscosity, except for
the formulation (8.33) in the spectral space. In this section, LES models are still
derived to reproduce the energy transfer to the smallest scales, but by preserving the
well-resolved scales of the turbulent flow.
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The key role played by the filtering is first highlighted. As for Domaradzki and
Adams [288], the spectral truncation induced by the computational grid is denoted
by ui = uLi +uSi where uLi is thus associated with wavenumbers k < kg

c and uSi with
wavenumbers k > kg

c where kg
c is the Nyquist or smallest wavenumber represented

on the grid, by referring to Fig. 8.7. In other words, information regarding uSi is
definitively lost owing to the grid projection. In connection with the first part of this
chapter, one has to satisfy uSi = 0 in a DNS. Assuming that the spectral truncation
commutes with the filtering, the decomposition (8.12) can be recast as follows

ui = ūLi + (uLi − ūLi ) + uSi︸ ︷︷ ︸
u′

i

and the filtered Navier-Stokes equation can be rearranged as

∂(ρūLi )

∂t
+ ∂(ρūLi ūLj )

∂x j
+ ∂ p̄L

∂xi
− ∂τ̄Li j

∂x j
= ∂tLi j

∂x j
+ ∂tSi j

∂x j
(8.34)

where

tLi j ≡ ρūLi ūLj − ρuLi uLj
L

tSi j ≡ −ρūLi ūSj − ρūSi ūLj − ρūSi ūSj
L

The left-hand side of Eq. (8.34) is the filtered Navier-Stokes equation written for
uLi . Before discussing the modelling of the two subgrid scale tensors tLi j and tSi j

on the right-hand side, the possible scale separation between uLi and ūLi is briefly
illustrated.

A 3-D snapshot of a mixing layer, obtained by large eddy simulation, is displayed
in Fig. 8.9. A sketch of the mean velocity profile including usual notations can be
found in Sect. 1.5.2. In the laminar flow region x1/δω0 < 5, instabilities are growing,
leading to the roll-up of the mixing interface responsible for the emergence of large-
scale organized structures, whose size is comparable with the transverse length scale
of the flow. Such vortices are for instance clearly visible around x1/δω0 = 50.
Farther downstream, for about x1/δω0 > 100, the flow reaches a fully turbulent state
with a large range of motion scales typical of high-Reynolds number flows. The
spatial derivatives are calculated by using a low-dispersion optimized 11-point finite
difference scheme introduced in Sect. 8.1.1.2, associated with the spatial truncation
denoted uLi of the complete velocity field. A 10th-order standard discrete filter is
explicitly applied to obtain the filtered velocity ūi . Keeping the same accurate spatial
scheme, the order of the filter can be changed, allowing the filter cutoff wavenumber
kc to be adjusted. The LES model used in these simulations is discussed later in this
section. Numerical results are shown in Fig. 8.10 for the spatially developing mixing
layer presented in Fig. 8.9. The order of the filter is increased from top to bottom, and
a broadening of the resolved scale bandwidth is clearly visible. It is worth noting that
the four snapshots of the flow field show strong similarities. In all cases, coherent

http://dx.doi.org/10.1007/978-3-319-16160-0_1
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Fig. 8.9 Large eddy simulation based on relaxation filtering (LES-RF) of a mixing layer of con-
vection Mach number Mc = 0.22 and of Reynolds number Reδω0 = δω0Uc/ν = 5 × 104 where
δω0 is the initial vorticity thickness. Snapshot of the modulus of the spanwise vorticity component
|ωz |δω0 /Uc, from top to bottom: isometric view and side view. Color scale from −0.5 (dark) to 0.2
(white). From Berland et al. [271]

vortical structures are generated around x1/δω0 = 25, vortex breakdown and flow
three-dimensionalization is observed in the neighborhood of x1/δω0 = 80, and a
fully turbulent state is eventually reached for x1/δω0 > 150. This suggests that even
though the solutions are different, the key elements of the flow physics are reproduced
[271].

The two subgrid scale tensors tLi j and tSi j on the right-hand side in Eq. (8.34)

are now examined. The first term involves the unknown quantity uLi , which can be
formally recovered by a deconvolution or defiltering procedure,

uL�

i = Q ∗ ūLi

where Q � G−1 and thus, uL�

i � uLi . This approach has been retained by Stolz and
Adams [349] in their approximate deconvolution model, where the inverse filter Q
is estimated by the van Cittert deconvolution

Q =
N∑

n=0

(1 − G)n

with a fixed N � 5. Indeed, the series does not converge in general as N → ∞
and must be truncated. Such a procedure allows an explicit calculation of the first
subgrid scale term,
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Fig. 8.10 Large eddy simulation of a mixing layer, see Fig. 8.9 for details. Modulus of the spanwise
vorticity component in the central plane of the computational domain obtained for various discrete
filters used downstream, for x ≥ 50δω0 . From top to bottom, 2nd-order, 4th-order, 6th-order, 8th-
order and 10th-order filter. The vertical dotted lines indicate the transition region between the
upstream and downstream filterings. From Berland et al. [271]

tLi j � ρūLi ūLj − ρuL�

i uL�

j

L
(8.35)

The second subgrid scale tensor tSi j involves scales beyond the wavenumber cutoff
of the grid, which cannot be recovered by deconvolution. It represents the true subgrid
scale model mainly associated with the energy cascade. Neglecting this subgrid



8.2 Large Eddy Simulation 235

scale would lead to a build-up of energy at the cutoff wavenumber. A clever closure
was proposed by Stolz et al. [350] to mimic the energy transfer towards scales not
represented by the grid

∂tSi j

∂x j
= −χ(1 − H) ∗ ρūLi (8.36)

In this relaxation term, χ > 0 is the inverse of a time scale with which energy is
drained at the cutoff wavenumber of a secondary sharp filter H . Using an explicit time
integration, χ = σd/Δt where 0 ≤ σd ≤ 1 is a constant. The choice H = G Q was
made in the original model. The one-dimensional transfer functions of both filters G
and H are shown in Fig. 8.11 as a function of the dimensionless wavenumber k1Δx1
in grey lines.

The two subgrid scale terms (8.35) and (8.36) do not have the same features. The
first term tLi j does not contain any physical dissipation mechanism. A small numerical
dissipation is however produced by the inexact deconvolution procedure. It turns out
that its contribution is negligeable, especially using a sharp filter [341, 342] in the
wavenumber space, compared to the solution obtained with Eq. (8.34) where only the
subgrid term (8.36) is considered. The subgrid scale dissipation is provided entirely
by the filtering operation involved in the second term tSi j .

The use of a high-order or selective filtering has also been developed by Visbal
and Gaitonde [353], Rizzetta et al. [337] and Bogey and Bailly [275, 509, 512]
among others. Following the terminology introduced by the latter authors, an LES
based on relaxation filtering (LES-RF) consists in solving the filtered Navier-Stokes
equation (8.34) with the relaxation term as the only subgrid scale model

∂(ρūLi )

∂t
+ ∂(ρūLi ūLj )

∂x j
+ ∂ p̄L

∂xi
− ∂τ̄Li j

∂x j
= −χ(1 − H) ∗ ρūLi (8.37)

Fig. 8.11 Primary filter Gk and secondary filter Hk of the Approximate deconvolution
model [350] as a function of the normalized wavenumber k1Δx1. Optimized discrete filter Gk
used as relaxation term Hk = 1 − Gk in LES based on relaxation filtering [509]
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A low-dissipation and low-dispersion discretization scheme, such that the scales
discretized at least by four points are neither significantly distorted nor dissipated by
the numerical algorithm, is combined with a selective filter. As an illustration, the
transfer functions of this filter H and G = 1−H are shown in Fig. 8.11. The accuracy
limit for G is around k1Δx1 = π/2 corresponding to 4 points per wavelength, and
the formal cutoff wavenumber is around k1Δx1 = 0.82 corresponding to 2.4 points
per wavelength. A theoretical analysis of the numerical algorithm based on the eddy-
damped quasi-normal Markovian (EDQNM) modelling [269] can be developed to
quantify numerical errors.

In practice [279, 350], numerical results are rather insensitive to the value of the
parameter χ in the relaxation term (8.36). The value of the constant can nevertheless
be determined by a dynamic procedure [351]. To examine the way in which the energy
transfer occurs, a turbulent kinetic energy budget can be numerically calculated, and
the contribution of each term can be examined in the wavenumber space including the
subgrid dissipation. The energy budget of a subsonic jet [278, 512] has been presented
in Sect. 4.2.6, and the channel flow has been studied by Schlatter et al. [342]

As a more simple illustration of the behaviour of the relaxation filtering as subgrid-
scale modelling (8.36), isotropic turbulence is considered here. The turbulent kinetic
energy spectrum is assumed to be described by a von Kármán spectrum, refer to
Sect. 7.4, and is displayed in solid lines for two values of the Reynolds number
ReL = u′L/ν in Fig. 8.12, where L represents an integral length scale. In what
follows, all spectra are normalized using u′ and L . Furthermore, it is assumed that
the mesh grid is such that L/Δ = O(10), and scales are numerically well resolved
with at least 5 points per wavelength, that is ks

c = 2π/(5Δ). The dimensionless
viscous dissipation spectrum D̄ν(k) = 2νk2 Ē(k) where Ē is the resolved spectra
Ē(k) = G2

k(k)E(k), is represented by a dashed line. Similarly, the relaxation filtering
D̄ f (k) = 2χ [1 − Gk(k)] Ē(k) is given by the mixed line. Note that the time evolu-
tion of Ē(k) is provided by a Lin equation [269]. For a low arbitrary wavenumber k

Fig. 8.12 LES based on filtering relaxation, representation of the turbulent kinetic energy spectrum
Ē(k) , the molecular dissipation Dν(k) and the dissipation induced by the explicit
filtering D f (k) as a function of the normalized wavenumber kΔ. On the left, for a moderate
Reynolds number ReL = u′L/ν = 103 and on the right, for a high Reynolds number ReL = 105

http://dx.doi.org/10.1007/978-3-319-16160-0_4
http://dx.doi.org/10.1007/978-3-319-16160-0_7
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and by assuming that u′ = cst, it can be shown that

D̄ f (k)

u′3 � cst and
D̄ν(k)

u′3 ∼ Re−1
L

The increase of D̄ν(k) as a function of the Reynolds number can be observed
in Fig. 8.12. In the well-resolved wavenumber range 0 ≤ k ≤ ks

c , one must have
D̄ f (k) ≤ D̄ν(k) to preserve the physical solution from numerical dissipation. This
condition is not fully satisfied for the higher value of the Reynolds number, which
highlights the constraint on the mesh imposed by the Reynolds number in large-eddy
simulation.

Finally, there are some connections between these approaches and methods involv-
ing higher order viscosities, such as hyperviscosity [285] or spectral vanishing vis-
cosity [330]. The reader can refer to the reviews by Domaradzki and Adams [288]
and Domaradzki [287] to continue with this topic.

8.3 Classification of Partial Differential Equations�

Second order partial differential equations can be classified as elliptic, parabolic or
hyperbolic. The general form of these equations is

n∑

i, j=0

ai j (x)
∂2 f

∂xi∂x j
+

n∑

j=0

b j (x)
∂ f

∂x j
+ c(x) f + d(x) = 0 x ∈ IRn+1 (8.38)

with ai j = a ji , and where all the coefficients ai j and b j are real. Most of the time,
x ∈ IR4 with x0 ≡ t for the time variable and (xi )i=1,3 for the space variables. The
quadratic form Q and the canonical form Q̃ associated with (8.38) are respectively
given by

Q(ξ) =
n∑

i, j=0

ai jξiξ j Q̃(ξ) =
n∑

i=0

λiξ
2
i ξ ∈ IRn+1

where the λi are the n+1 eigenvalues of the symmetric matrix (ai j ) with 0 ≤ i, j ≤ n.
Equation (8.38) is called elliptic at point x if all the eigenvalues of the canonical

form have the same sign, the quadratic form thus being either negative-definite or
positive-definite. Elliptic equations are often encountered when solving stationary
problems in fluid mechanics. A classical example is the Laplace equation ∇2T = 0,
with λ1 = λ2 = λ3 = 1, ξ ∈ IR3 for the associated quadratic form and with
appropriate boundary conditions. It must be noted that an unsteady problem, of the
form ∂/∂t on the left-hand side and involving spatial derivatives on the right-hand
side, with thus ξ ∈ IR4, is never elliptic.
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Equation (8.38) is said to be parabolic at point x if one of the eigenvalues is equal
to zero, and the n others have the same sign. Diffusion problems are often modelled
by a parabolic equation. An example is the heat equation in a medium at rest

∂T

∂t
= a∇2T

with thus λ0 = 0, λ1 = λ2 = λ3 = 1 and ξ ∈ IR4. To solve this equation,
it is necessary to provide an initial condition, with a temperature profile T0(x) at
t = 0 for instance. The boundary layer approximation (3.5) is another example of
the parabolization of the steady Navier-Stokes equations,

Ū1
∂Ū1

∂x1
+ Ū2

∂Ū1

∂x2
= −1

ρ

d Pe

dx1
− ∂u′

1u′
2

∂x2
+ ν

∂2Ū1

∂x2
2

with λ1 = λ3 = 0, λ2 = ν and ξ ∈ IR3, although the external pressure Pe in this type
of problem is often provided by an elliptic potential flow outside of the boundary
layer.

Finally, Eq. (8.38) is called hyperbolic at point x if and only if n of the n + 1
eigenvalues have the same sign. A classical example is the wave equation for an
acoustic perturbation in a medium at rest of celerity c∞

∂2 p′

∂t2 − c2∞∇2 p′ = 0

where the eigenvalues associated with the quadratic form are λ0 = 1 and λ1 = λ2 =
λ3 = −c2

0. The resolution requires initial conditions for p′ and its derivative ∂ p′/∂t
at t = 0. The Euler equations are also hyperbolic. Equations governing compressible
and supersonic flows have a hyperbolic aspect. To solve this type of equation, the
associated hypersurface Q(ξ) = 0 is often used, permitting to define characteristic
curves. The reader can refer to the book of Ockendon and Ockendon [18] for a
comprehensive introduction to this topic.

The Navier-Stokes equation

ρ

(
∂ui

∂t
+ u j

∂ui

∂x j

)

= − ∂ p

∂xi
+ ∂

∂x j

[

μ

(
∂ui

∂x j
+ ∂u j

∂xi

)

− 2

3
μ

∂uk

∂xk
δi j

]

requires specific comments. Formally this nonlinear equation is parabolic, and its
steady formulation is elliptic. Due to the presence of the convection term u j∂ui/∂x j ,
the Navier-Stokes equation does not fit into the previously described classification.
However, this nonlinear term plays an essential role in fluid dynamics and turbulence,
and must be carefully taken into account in numerical algorithms.

http://dx.doi.org/10.1007/978-3-319-16160-0_3
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A general introduction to computational methods can be found in Ferziger and
Perić [244], and a more complete view in the two books by Hirsch [245, 246].
The reader can also refer to the reviews by Colonius [242], Ekaterinaris [243] and
more recently Pirozzoli [257] for boundary conditions and high-order numerical
algorithms.

8.4 Favre Filtering�

A first idea to extend the filtered Navier-Stokes equation (8.13) to compressible flows
is to generalize the decomposition (8.12) to the density variable, namely ρ = ρ̄ + ρ′
with ρ̄ = G ∗ ρ. In this way, the filtered equations for the mass, momentum and
internal total energy ρet conservation equations are

∂ρ̄

∂t
+ ∂ (ρ̄ūi )

∂xi
= ∂

∂xi
(−ρui + ρ̄ūi ) (8.39)

∂(ρ̄ūi )

∂t
+ ∂(ρ̄ūi ū j )

∂x j
= − ∂ p̄

∂xi
+ ∂τ̄i j

∂x j

+ ∂

∂x j

(−ρui u j + ρ̄ūi ū j
)+ ∂

∂t
(−ρui + ρ̄ūi ) (8.40)

∂(ρ̄ēt )

∂t
+ ∂(ρ̄ēt ū j )

∂x j
= ∂

∂x j

(−q̄ j + ūi τ̄i j − ū j p̄
)

+ ∂

∂x j

(−ρet u j + ρ̄ēt ū j + uiτi j − ūi τ̄i j − u j p + ū j p̄
)

+ ∂

∂t
(−ρet + ρ̄ēt ) (8.41)

For the mass conservation equation (8.39), the new term to consider when com-
paring to the incompressible flow formulation is

−ρui + ρ̄ūi � −ρ′u′
i = CmΔ2s̄

∂ρ̄

∂xi
where s̄ = √2s̄i j s̄i j

is the shear magnitude of the filtered velocity field. The constant Cm can be deter-
mined by a dynamic procedure [273], in the same way as explained in Sect. 8.2.4.3.

An alternative to the formal decomposition of the density consists in introducing
density weighted variables for compressible flows. This approach was introduced
by Favre [382]. For the reader not familiar with this procedure, it may be useful to
first read Sect. 9.3.3 of the Chap. 9 dealing with the Favre-averaged Navier-Stokes
equations. In the context of large-eddy simulation, the velocity component ui , for
instance, is decomposed as ui = ũi + u′′

i where the so-called Favre-filtered velocity
ũi is defined by ρ̄ũi = GΔ ∗ (ρui ). This notation should not be confused with that

http://dx.doi.org/10.1007/978-3-319-16160-0_9
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of the secondary filter introduced in Sect. 8.2.4. As a result, one has

ui = ũi + u′′
i with ũi = ρui

ρ̄
and ρu′′

i = 0

The Favre-filtered equations are then given by

∂ρ̄

∂t
+ ∂(ρ̄ũi )

∂xi
= 0 (8.42)

∂

∂t
(ρ̄ũi ) + ∂

∂x j

(
ρ̄ũi ũ j

) = − ∂ p̄

∂xi
+ ∂τ̄i j

∂x j
+ ∂

∂x j

(
ρ̄ũi ũ j − ρ̄ũi u j

)
(8.43)

∂(ρ̄ẽt )

∂t
+ ∂(ρ̄ẽt ũ j )

∂x j
= ∂

∂x j

(−q̄ j + ũi τ̄i j − ũ j p̄
)

+ ∂

∂x j

(−ρ̄ẽt u j + ρ̄ẽt ũ j + uiτi j − ũi τ̄i j − u j p + ũ j p̄
)

(8.44)

The advantage of such a formulation clearly appears when comparing Eqs. (8.42)
and (8.39) for instance. However, new unknown terms still need to be modelled
for this formulation. The expression of the filtered viscous stress tensor contains an
additional term, which is often neglected

τ̄i j = 2μs̃i j + 2μs′′
i j � 2μs̃i j = μ

(
∂ũi

∂x j
+ ∂ũ j

∂xi

)

− 2

3
μ

∂ũk

∂xk
δi j

In a similar way, the filtered heat flux is commonly approximated by the following
expression

q̄ j � q̃ j = −λ
∂T̃

∂x j
with λ = μcp

σ
and p̄ = ρ̄r T̃

Formulations based on Favre-filtered equations are most often used for com-
pressible flows, but certain authors [273, 324] have nevertheless preferred to solve
the system (8.39)–(8.41).

8.5 Compressible Large Eddy Simulation�

8.5.1 Filtered Navier-Stokes Equations�

Using density weighted variables, the filtered Navier-Stokes equations are given by
relations (8.42)–(8.44). The mass conservation equation does not need any modelling,
as pointed out above. The filtered equation for momentum conservation can be recast
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in the following form

∂

∂t
(ρ̄ũi ) + ∂

∂x j
(ρ̄ũi ũ j ) = − ∂ p̄

∂xi
+ ∂τ̄i j

∂x j
+ ∂ti j

∂x j
(8.45)

where the subgrid tensor ti j is now defined by ti j = ρ̄ũi ũ j − ρ̄ũi u j � −ρ̄˜u′′
i u′′

j ,
using notations already introduced in Sect. 8.2.4. When a turbulent viscosity model
is chosen to model this tensor, ti j is written as ti j = tDi j + tIi j with

⎧
⎪⎨

⎪⎩

tDi j = −ρ̄˜u′′
i u′′

j + 1

3
ρ̄˜u′′

k u′′
kδi j

tIi j = −1

3
ρ̄˜u′′

k u′′
kδi j = −2

3
ρ̄ksgsδi j

and the deviator and isotropic parts of ti j are determined as follows

⎧
⎨

⎩

tDi j = 2μt s̃i j with μt = ρ̄C2
s Δ2

√
2s̃kl s̃kl

tIi j = −2

3
ρ̄CI Δ

22s̃kl s̃klδi j

where the Favre-filtered tensor s̃i j is defined by

s̃i j = 1

2

(
∂ũi

∂x j
+ ∂ũ j

∂xi

)

− 1

3

∂ũk

∂xk
δi j

The isotropic part tIi j of the subgrid tensor is directly linked to the residual subgrid
energy ksgs . For an ideal gas, one has

2

3
ρ̄ksgs = γ

3
M2

sgs p̄ where M2
sgs = 2ksgs/ (γ p̄/ρ̄)

and grouping this term with the pressure term in filtered Navier-Stokes equa-
tion (8.45), it yields

− ∂

∂xi

(
p̄ + γ

3
M2

sgs p̄
)

� − ∂ p̄

∂xi
if Msgs << 1

Finally, using a turbulent viscosity model, Eq. (8.45) takes the following form

∂

∂t
(ρ̄ũi ) + ∂

∂x j
(ρ̄ũi ũ j ) = − ∂ p̄

∂xi
+ ∂

∂x j

[
2(μ + μt )s̃i j

]
(8.46)
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8.5.2 Total Internal Energy Conservation�

The conservation of energy is written for the total internal energy ρet , defined as the
sum of the internal and kinetic energies. The filtered transport equation for ρ̄ẽt is

∂

∂t
(ρ̄ẽt ) + ∂

∂x j

(
ρ̄ẽt ũ j

) = ∂

∂x j

(

λ
∂T̃

∂x j
+ ũi τ̄i j − ũ j p̄

)

+ ∂

∂x j

[−ρ̄ẽt u j + ρ̄ẽt ũ j
︸ ︷︷ ︸

r A
j

−u j p + ũ j p̄
]

︸ ︷︷ ︸

r B
j

+ ∂

∂x j

[
uiτi j − ũi τ̄i j

]
(8.47)

where the resolved total internal energy is given by

ρ̄ẽt = ρ̄ẽ + 1

2
ρ̄ũk ũk + 1

2
ρ̄˜u′′

k u′′
k

= ρ̄cv T̃ + 1

2
ρ̄ũk ũk + ρ̄ksgs = p̄

γ − 1
+ 1

2
ρ̄ũk ũk + ρ̄ksgs (8.48)

with p̄ = ρ̄r T̃ for an ideal gas. Following Lesieur and Comte [231], a macro-pressure
p� and a macro-temperature T � defined by

p� = p̄ + 2

3
ρ̄ksgs and T � = T̃ + 1

cv

ksgs

are introduced, and the residual subgrid energy can then be substituted into (8.46)
and (8.47). However new closure problems remain to be solved [292]. One of the
most important terms of this equation is the vector r A

j . It can be written as follows

r A
j = −ρ̄ẽt u j + ρ̄ẽt ũ j

= −ρ̄˜ẽt ũ j + ρ̄ẽt ũ j
︸ ︷︷ ︸

(a)

−ρ̄˜ẽt u′′
j − ρ̄˜e′′

t ũ j
︸ ︷︷ ︸

(b)

−ρ̄˜e′′
t u′′

j

Assuming that the Leonard (a) and cross terms (b) can be neglected, the closure
of the term r A

j is then reduced to the modelling of

r A
j � −ρ̄˜e′′

t u′′
j

From Eq. (8.48), one has e′′
t = et − ẽt = e′′ + u′′

k ũk + u′′
k u′′

k/2 − ˜u′′
k u′′

k/2 which
gives after multiplying by ρu′′

j and applying Favre average

r A
j � −ρ̄˜e′′u′′

j − ρ̄ ˜u′′
k u′′

j ũk − 1

2
ρ̄ ˜u′′

k u′′
k u′′

j



8.5 Compressible Large Eddy Simulation� 243

The triple correlation term ρ̄ ˜u′′
k u′′

k u′′
j/2 is often neglected. Moreover, it is assumed

that
˜u′′
k u′′

j ũk � ˜u′′
k u′′

j ũk

and the vector r A
j is approximated by the following expression

r A
j � −ρ̄˜e′′

t u′′
j � −ρ̄cv

˜T ′′u′′
j − ρ̄˜u′′

k u′′
j ũk

The second term can be directly expressed from the subgrid model, −ρ̄˜u′′
k u′′

j =
2μt s̃k j . As for the first term, it can be grouped with the vector r B

j

r B
j = −u j p + ũ j p̄ = −u′′

j p � −r ρ̄ ˜u′′
j T

′′

and therefore,
−ρ̄cv

˜T ′′u′′
j − r ρ̄ ˜u′′

j T
′′ = −ρ̄cp

˜T ′′u′′
j

A gradient closure is classically used as in turbulence models, refer to the com-
pressible kt –ε model developed in Sect. 9.3.3 for instance. Hence,

−ρ̄cp
˜T ′′u′′

j = ρ̄cpat
∂T̃

∂x j

where Prt = νt/at = μt cp/λt is the turbulent Prandtl number, at is the turbulent
thermal diffusivity and λt is the turbulent thermal conductivity. The terms involving
temperature are then recast as follows

−ρ̄cp
˜T ′′u′′

j + λ
∂T̃

∂x j
= (ρ̄cpat + λ

) ∂T̃

∂x j
= (λt + λ)

∂T̃

∂x j

The last term in brackets in (8.47) is neglected. Finally, the Favre-filtered energy
conservation equation takes the form

∂

∂t
(ρ̄ẽt ) + ∂

∂x j
(ρ̄ẽt ũ j ) = ∂

∂x j

[

(λ + λt )
∂T̃

∂x j
+ 2 (μ + μt ) s̃i j ũi − ũ j p̄

]

(8.49)

The constants of the model Cd and CI can be numerically determined by a dynamic
procedure, using a generalization of expressions (8.28) and (8.29). This is also the
case for the turbulent Prandtl number [292, 323].

http://dx.doi.org/10.1007/978-3-319-16160-0_9
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8.5.3 Variant of the Energy Equation�

Among the numerous other possible formulations for expressing energy conserva-
tion, the one proposed by Vreman et al. [356, 357] can be pointed out. These authors
attempted to write an exact equation on the total energy part given by (8.48), where
only resolved variables appear

ρ̄ĕ = ρ̄ẽ + 1

2
ũi ũi �= ρ̄ẽt

To achieve this, the kinetic energy transport equation can be subtracted from the
total internal energy equation to obtain

∂

∂t

(
p

γ − 1

)

+ ∂

∂x j

(
γ pu j

γ − 1

)

= −∂q j

∂x j
+ u j

∂ p

∂x j
+ τi j

∂ui

∂x j

Applying Favre filtering to this equation

∂

∂t

(
p̄

γ − 1

)

+ ∂

∂x j

(
γ p̄ũ j

γ − 1

)

= −∂q̄ j

∂x j
+ u j

∂ p

∂x j
+ τi j

∂ui

∂x j

+ γ

γ − 1

∂

∂x j

(
p̄ũ j − pu j

)

So as to form the variable ρ̄ĕ, the resolved field kinetic energy transport equation
obtained from (8.45), is then added

∂

∂t

(
ρ̄ũ2

i

2

)

+ ∂

∂x j

(
ρ̄ũ2

i

2
ũ j

)

= −ũi
∂ p̄

∂xi
+ ũi

∂τ̄i j

∂x j
+ ũi

∂ti j

∂x j

to finally obtain

∂

∂t
(ρ̄ĕ) + ∂

∂x j

[
(ρ̄ĕt + p̄) ũ j

] = −∂q̄ j

∂x j
+ ũi

∂ti j

∂x j
+ ∂

∂x j

(
ũi τ̄i j

)

+ 1

γ − 1

∂

∂x j

(
p̄ũ j − pu j

)+ p̄
∂ũ j

∂x j
− p

∂u j

∂x j
︸ ︷︷ ︸

+ τi j
∂ui

∂x j
− τ̄i j

∂ũi

∂x j
︸ ︷︷ ︸

This is the exact transport equation for the energy variable ρĕ, without any assump-
tion regarding residual subgrid energy or velocity triple correlations. The two last
terms represent pressure-dilatation correlations and the turbulent dissipation respec-
tively.



Chapter 9
Turbulence Models

This chapter focuses on turbulent models, which are widely used in a large variety
of engineering studies, including atmospheric dynamics and weather forecasting.
The objective is to determine the turbulent mean flow from the averaged equations
(2.14) and (2.15) established in Chap.2. A turbulence model is however required to
express the unknown Reynolds stress tensor. The most popular approaches are based
on Boussinesq’s hypothesis (2.24) with the introduction of a turbulent viscosity. A
survey of these so-called eddy-viscosity models is presented in this chapter.

For clarity, the Reynolds averaged Navier-Stokes equation is first recalled,

∂(ρŪi )

∂t
+ ∂

(
ρŪi Ū j

)

∂x j
= −∂ P̄

∂xi
+ ∂

∂x j
(τ̄i j − ρu′

i u
′
j ) (9.1)

where Ūi is the mean velocity, τ̄i j = 2μS̄i j the viscous stress and −ρu′
i u

′
j the

Reynolds stress. The mean flow is assumed to be incompressible. Section9.3 is
devoted to the specific treatment of the compressible case. Following Boussinesq’s
hypothesis, see Sect. 2.5, the unknown Reynolds stress tensor is expressed as,

− ρu′
i u

′
j = 2μt S̄i j − 2

3
ρktδi j (9.2)

where μt = ρνt is the dynamic turbulent viscosity and kt the turbulent kinetic
energy. By noting that μ and μt are both in front of the same term S̄i j , Eq. (9.1) can
be rearranged as follows,

∂(ρŪi )

∂t
+ ∂

(
ρŪi Ū j

)

∂x j
= − ∂

∂xi

(
P̄ + 2

3
ρkt

) + ∂

∂x j

[
2(μ + μt )S̄i j

]
(9.3)

The only remaining unknown is now the turbulent viscosity. Turbulence models
differ in the way they determine its expression. A classical way consists in writing
the turbulent viscosity as the product of a velocity scale by a length scale, and to
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solve two additional transport equations to determine these scales. The standard kt–ε
model or kt–ωt models fall into this family for instance. An alternative approach is to
directly write a transport equation for the turbulent viscosity, as in Spalart-Allmaras’
model. These models and some extensions are introduced in the following sections.

9.1 Mixing Length Models

In the mixing length models, first introduced by Prandtl, the turbulent viscosity is
written as the product of a velocity scale u by a length scale lm by analogy with the
molecular viscosity. It is also assumed that the time scale associated with the mean

shear flow
∣
∣∂Ū1/∂x2

∣
∣−1

is proportional to the time scale built from u and lm , namely

u

lm
∼

∣
∣
∣
∣
∂Ū1

∂x2

∣
∣
∣
∣

From the relation νt ∼ u × lm , the expression of the turbulent viscosity can thus
be rearranged as follows,

νt = l2m

∣
∣
∣
∣
∂Ū1

∂x2

∣
∣
∣
∣ (9.4)

where the absolute value of the mean flow gradient is taken to ensure a positive value
of νt . The Reynolds shear stress −ρu′

1u′
2 is then determined from Boussinesq’s

hypothesis (9.2),

− u′
1u′

2 = l2m

∣
∣
∣
∣
∂Ū1

∂x2

∣
∣
∣
∣
∂Ū1

∂x2
(9.5)

This model has already been applied in Sect. 3.7 to calculate the mean veloc-
ity profile of a turbulent boundary layer. It has been shown that the mixing length
must be equal to lm = κx2 in the logarithmic region, and that it must be reduced
close to the wall by using a damping function as proposed by Van Driest [442], see
expression (3.22).

In a plane mixing layer, the mixing length is lm � 0.07 δ(x1) where δ is the local
thickness of the layer. For other free shear flows, as in jets or wakes, the length scale
lm is also linked to the shear layer thickness. For instance, one obtains approximately
lm � 0.09 δ(z) in a round jet, where δ is thewidth of the annularmixing layer. Further
examples can be found in the book by Wilcox [449].

Expression (9.4) can be generalized to an arbitrary mean shear flow by writing
νt = l2m S̄, where S̄ is defined by

S̄ ≡
√

2S̄i j S̄i j

http://dx.doi.org/10.1007/978-3-319-16160-0_3
http://dx.doi.org/10.1007/978-3-319-16160-0_3
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The magnitude of the mean vorticity Ω̄ can also be used to define the turbulent
viscosity, that is νt = l2mΩ̄ with Ω̄2 ≡ 2Ω̄i j Ω̄i j , as in the Baldwin-Lomax model
[364] used in aerodynamics [394, 445].

Mixing lengthmodels are easy to implement since the turbulent viscosity is simply
determined by an algebraic relation. They are however incomplete since the usermust
prescribe the suitable evolution of lm(x, t). This drawback can be removed by solving
additional transport equations in order to predict the two scales u and lm for all points
of the computational domain.

9.2 The kt–ε Turbulence Model

One of the most popular two-equation models is undoubtedly the kt–ε turbulence
model, introduced by Jones and Launder [392] and formulated by Launder and
Spalding [401] in its standard form. In this model, the expression of the turbulent
viscosity is built by taking, for the velocity scale, the square root of the turbulent
kinetic energy, u ∼ √

kt , while the length scale is calculated from the dissipation
rate of the turbulent kinetic energy. By noting that for homogeneous turbulence,
εh � u′3/L f where u′2 = (2/3)kt , an expression of the turbulent viscosity can then
be derived by choosing lm proportional to the integral length scale L f . It yields

νt ∼ u × lm ∼ k1/2t × k3/2t /εh and hence, νt ≡ Cμ
k2t
εh

(9.6)

where Cμ is a constant of the model, which needs to be determined. The estimation
of νt also requires the knowledge of kt and εh . The following sections are devoted
to deriving transport equations for these two quantities.

9.2.1 Transport Equation of Turbulent Kinetic Energy

The budget of the turbulent kinetic energy kt has already been established in Chap.2,
see Eq. (2.20). For the sake of clarity, this equation is rewritten as below

d̄(ρkt )

d̄t
= −ρu′

i u
′
k

∂Ūi

∂xk
−τ ′

ik

∂u′
i

∂xk︸ ︷︷ ︸
(a)

−1

2

∂

∂xk
ρu′

i u
′
i u

′
k−

∂

∂xi
u′

i p′+ ∂

∂xk
u′

iτ
′
ik

︸ ︷︷ ︸
(b)

(9.7)
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The dissipation term (a) and the diffusive transport term (b) can be rearranged as
follows

∂

∂xk
u′

iτ
′
ik − τ ′

ik

∂u′
i

∂xk
= ∂

∂xk

(

μ
∂kt

∂xk

)

+ μ
∂u′

i

∂xk

∂u′
i

∂xk

= ∂

∂xk

(

μ
∂kt

∂xk

)

− ρεh (9.8)

since τ ′
ik = 2μs′

ik , and also by using the incompressibility condition ∂u′
k/∂xk = 0.

The homogeneous part of the dissipation εh has already been introduced when study-
ing the turbulent channel flow, see expression (2.26) and associated comments. It
represents a good approximation of the total dissipation rate ε for an inhomoge-
neous turbulent flow at high Reynolds number [429], refer to Sect. 6.5. The transport
equation for the turbulent kinetic energy (9.7) thus becomes

d̄(ρkt )

d̄t
= −ρu′

i u
′
k

∂Ūi

∂xk
−ρεh + ∂

∂xk

(

μ
∂kt

∂xk

)

− 1

2

∂

∂xk
ρu′

i u
′
i u

′
k − ∂

∂xi
u′

i p′ (9.9)

Only the two last terms need to bemodelled in this expression. Turbulent transport
terms such as the triple-correlation term in Eq. (9.9) are usually closed by a gradient-
diffusion model. For an arbitrary quantity ϕ, it is assumed that

−ϕu′
k = at

∂ϕ̄

∂xk

where at is a diffusion coefficient associated with ϕ. With ϕ = u′
i u

′
i/2 in the present

case, and by simply including the pressure–velocity correlation in this gradient
model, it yields

−ρ

2
u′

i u
′
i u

′
k − p′u′

k = μt

σkt

∂kt

∂xk

where σkt is a turbulent Prandtl number, by analogy with themolecular transport, and
νt/σkt is a turbulent diffusivity. The pressure–velocity correlation cannot be directly
measured but can be computed by numerical simulations. Its contribution is found
to be small in channel flows and in jet flows, see illustrations in Sects. 2.6 and 4.16
respectively, which can justify this approximation. Finally the following transport
equation is retained for the turbulent kinetic energy kt

d̄(ρkt )

d̄t
= ∂

∂xk

[(

μ + μt

σkt

)
∂kt

∂xk

]

+ P − ρεh (9.10)

where P = −ρu′
i u

′
k ∂Ūi/∂xk is the production term.
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9.2.2 Transport Equation for Dissipation

Derivation of the transport equation for the dissipation εh for an incompressible
homogeneous flow requires much more effort than for the turbulent kinetic energy.
Starting from the Navier-Stokes equation on the fluctuating velocity established in
Chap.2 (see Sect. 2.4.1),

∂
(
ρu′

i

)

∂t
+ ∂

∂xk

[
ρ

(
u′

i Ūk + Ūi u
′
k + u′

i u
′
k

)] = −∂ p′

∂xi
+ ∂

∂xk

(
ρu′

i u
′
k + τ ′

ik

)
(9.11)

the following equation is then constructed

ν
∂u′

i

∂x j

∂

∂x j
(9.11)

and averaged to form an equation on ρεh = μ∂x j u
′
i∂x j u

′
i , see Eq. (9.8). Details are

reported in Sect. 9.7. It is shown that the transport equation can be written as

d̄(ρεh)

d̄t
= −2μ

∂Ūk

∂x j

(
∂u′

i

∂xk

∂u′
i

∂x j
+ ∂u′

k

∂xi

∂u′
j

∂xi

)

︸ ︷︷ ︸
(i)

−2μu′
k

∂u′
i

∂x j

∂2Ūi

∂x j∂xk
︸ ︷︷ ︸

(ii)

−2μ
∂u′

i

∂x j

∂u′
k

∂x j

∂u′
i

∂xk
︸ ︷︷ ︸

(iii)

−μ
∂

∂xk
u′

k

∂u′
i

∂x j

∂u′
i

∂x j
︸ ︷︷ ︸

(iv)

−2ν
∂

∂xi

∂u′
i

∂x j

∂ p′
∂x j

︸ ︷︷ ︸
(v)

+μ
∂2εh

∂xk∂xk︸ ︷︷ ︸
(vi)

−2ρν2
∂2u′

i

∂xk∂x j

∂2u′
i

∂xk∂x j
︸ ︷︷ ︸

(vii)

(9.12)

It is not easy to interpret the different terms and therefore, to propose a rational
modelling of this equation. Moreover, numerical simulations often do not provide
dissipation-rate budgets [640]. Only a subtle dimensional analysis can be performed
to model the dissipation transport equation (9.12), which would be too onerous to
reproduce in what follows. An argumentation can be found in Hanjalić and Launder
[386, 387] and in Launder [402]. Finally, the modelled transport equation for the
dissipation is taken as follows

d̄(ρεh)

d̄t
= ∂

∂xk

[(

μ + μt

σε

)
∂εh

∂xk

]

︸ ︷︷ ︸
(a)

+ εh

kt

(
Cε1P − Cε2ρεh

)

︸ ︷︷ ︸
(b) (c)

(9.13)
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in the kt–ε model, where σε, Cε1 and Cε2 are three constants of the model. This
semi-empirical equation has the same structure as that of Eq. (9.10) for the turbulent
kinetic energy kt . Transport of the dissipation rate along the mean flow is balanced
by three terms. The turbulent diffusion term (a) represents terms (iv), (v) and (vi) in
Eq. (9.12), where the viscous diffusion term (vi) can be neglected at high Reynolds
numbers. The production term (b) is associated with term (iii), one can indeed refer
to Sect. 5.2 where it is shown that this term is associated with vortex stretching.
The destruction term (c) is associated with term (vii). These two terms (b) and (c)
dominate all the other terms in the transport equation but, in view of their apparent
difference, they should be both kept. Finally, it can be shown [387, 402] that the terms
(i) and (ii) vary as Re−1/2

t and as Re−1
t respectively, and may thus be neglected relative

to other terms. The turbulent Reynolds number is defined by Ret = k2t /(νεh).

9.2.3 Transport Equation of Energy

Several forms of the energy equation have been introduced in Chap. 2. The enthalpy
equation (2.4) is first considered,

∂ (ρh)

∂t
+ u j

∂ (ρh)

∂x j
= ∂

∂x j

(
λ

cp

∂h

∂x j

)

+ ∂ p

∂t
+ u j

∂ p

∂x j
+ τi j

∂ui

∂x j
(9.14)

written for an ideal gas law, that is dh = cpdT . As usual, theReynolds decomposition
for the enthalpy is introduced h = H̄ + h′ and the averaging operator is applied to
derive a transport equation of the mean enthalpy,

d̄(ρH̄)

d̄t
= ∂

∂x j

(
λ

cp

∂ H̄

∂x j
−ρu′

j h
′
)

+∂ P̄

∂t
+∂(Ū j P̄)

∂x j
+∂u′

j p′

∂x j
+τ̄i j

∂Ūi

∂x j
+ρε (9.15)

In numerical simulations, the turbulent diffusion term through fluctuating pressure
is often neglected in the energy equation. Moreover, the dissipation is approximated
by ε � εh according toEq. (9.13). The velocity-enthalpy correlation term is expressed
from a gradient model,

−ρu′
j h

′ � μt

Prt

∂h̄

∂x j

where Prt is a turbulent Prandtl number defined by Prt ≡ νt/at , and at is a turbulent
thermal diffusivity. This number can be estimated experimentally in sheared mean
flows for instance [8]. From the following relation,

Prt = νt

at
= −u′

1u′
2

∂Ū1/∂x2
×

(
−h′u′

2

∂h̄/∂x2

)−1

(9.16)
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values of the turbulent Prandtl number are found between 0.6 ≤ Prt ≤ 1, and
the recommended value [449, 451] in the kt–ε model is Prt � 0.85 for boundary
layer flows, and Prt � 0.5 for free shear flows. It is also convenient to introduce
a turbulent thermal conductivity λt , with at = λt/(ρcp), to model the correlation
between fluctuating velocity and temperature. From the Reynolds decomposition of
the temperature T = T̄ + θ′, it is assumed that

−u′
iθ

′ = at
∂T̄

∂xi

The particular case Prt = 1 corresponds to the Reynolds analogy [370], for which
turbulent momentum and thermal transfers lead to similar turbulent boundary layer
profiles for the mean velocity and temperature. Finally, the ideal gas law provides a
relation between the mean temperature and pressure, that is P̄ = ρr T̄ .

As a further illustration, the transport equation for the specific internal energy e
is also briefly examined for an ideal gas, that is, with p = (γ − 1)ρe. This equation
can be written as

∂

∂t

(

ρe + ρ
u2

i

2

)

+ ∂

∂x j

[(

ρe + ρ
u2

i

2
+ p

)

u j

]

= ∂

∂x j

(

λ
∂T

∂x j
+ uiτi j

)

The Reynolds decomposition is then introduced, with e = Ē + e′, and the total
mean energy is defined by Ēt ≡ Ē + Ūi Ūi/2 + kt . A mean equation is obtained by
applying the averaging operator.More details can be found in reviews byVandromme
[443] or by Knight [394]. Only the simplified usual form of this equation is given
below,

∂(ρĒt )

∂t
+ ∂

∂x j

[(

ρĒt + P̄ + 2

3
ρkt

)

Ū j

]

=
∂

∂x j

[

(λ + λt )
∂T̄

∂x j
+ 2 (μ + μt ) Ūi S̄i j

]

where the gradient-diffusion assumption has again been used for second-order cor-
relation terms.

As mentioned in the introduction, when the density is assumed constant, the mean
temperature is a passive scalar. The mean velocity field is consequently not coupled
to the transport equation for energy. This is no longer the case for an incompressible
flowwith variable density, that is ρ̄ = ρ̄(T̄ ), andwhen buoyancy effects are taken into
account. The gravity force −ρgδ3i is then included in the Navier-Stokes equation,
and the Boussinesq approximation [14, 405] is usually applied to derived averaged
equations. Density variations are thus neglected in the fluid dynamics equations,
except for terms involving buoyant effects. For instance, this leads to an additional
term in the turbulent kinetic energy equation (9.7). Usually denoted G, this term is
expressed as G = ρ̄gβθ′u′

3, where the coefficient of thermal expansion is β = 1/T̄
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for an ideal gas. A transport equation for the temperature variance θ′2 can also be
established and modelled, a review is provided by Hanjalić [385].

9.2.4 High-Reynolds-Number Form of the Model

Equations of the kt–ε turbulence model for an incompressible flow at high-Reynolds
number are summarized in what follows. The mean flow field is governed by

∂Ūi

∂xi
= 0

d̄(ρŪi )

d̄t
= − ∂

∂xi

(
P̄ + 2

3
ρkt

) + ∂

∂x j

[
(μ + μt ) S̄i j

]

d̄(ρH̄)

d̄t
= ∂

∂x j

[(
μ

Pr
+ μt

Prt

)
∂ H̄

∂x j

]

+ ∂ P̄

∂t
+ ∂(Ū j P̄)

∂x j
+ τ̄i j

∂Ūi

∂x j
+ ρεh

where the turbulent viscosity is expressed from the turbulent kinetic energy kt and the
dissipation for a homogeneous flow εh , as μt = Cμρk2t /εh . The heart of the model
consists of the two transport equations for kt and εh , which take the following form,

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

d̄(ρkt )

d̄t
= ∂

∂xk

[(

μ + μt

σkt

)
∂kt

∂xk

]

+ P − ρεh

d̄(ρεh)

d̄t
= ∂

∂xk

[(

μ + μt

σε

)
∂εh

∂xk

]

+ εh

kt

(
Cε1P − Cε2ρεh

) (9.17)

where the production term is given byP = 2μt S̄2
i j . Themodel contains five constants

which have been determined by comparison with experimental data for simple flows
[401]. As an illustration, the case of the constant Cε2 is examined in the next section.
Finally, the following values are retained in the standard form of the model,

Cμ = 0.09 Cε1 = 1.44 Cε2 = 1.92 σkt = 1.0 σε = 1.3 (9.18)

Knowledge of kt and εh provides an estimation of the turbulent velocity scale
u′ = √

2kt/3 and of an integral length scale from L f � u′3/εh . Moreover, from the
expression of the turbulent viscosity νt = u′ × lm = Cμk2t /εh , the mixing length is

given by lm � √
3/2Cμk3/2t /εh .

The kt–ε turbulence model has been successfully used in various configurations.
The mean flow field computed behind a ducted diaphragm is shown in Fig. 9.1 for
instance. More precisely, streamlines are plotted in different vertical planes to take
into account the three-dimensional nature of themean velocity field. The jet-like flow
coming from the diaphragm aperture is attached to the top wall due to the Coanda
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Fig. 9.1 Computed mean flow field behind a diaphragm [416] by using the standard kt–ε model.
The duct height is 2.29h and the duct span is w = 2.86h where h = 35mm is the aperture
size. The Reynolds number based on h and on the maximum mean velocity Ūm = 20m · s−1 is
Reh = 4.8×104. Streamlines in x1x2-planes computed with the Ū1 and Ū2 components of the 3-D
mean velocity field at three spanwise locations x3/w = 0.1, 0.5 and 0.9

effect, and there is a reattachment to the bottom wall in the second part of the outlet
duct.

Unfortunately, as for most of the turbulence models, adaptations are required for
specific flows such as for axisymmetric jets [418, 438, 439] or for radial jets [406,
420] to name a few. Boundary layer flows are discussed in Sect. 9.2.6.

9.2.5 Determination of the Constant Cε2

The kt–ε model can be written for specific flows in order to determine the empirical
constants. Consider, for instance, the case of decaying turbulence behind a grid,
for which experimental results have been presented in Sect. 6.3. The two transport
equations (9.17) take the simplified form,

⎧
⎪⎪⎨

⎪⎪⎩

U0
∂kt

∂x1
� −εh

U0
∂εh

∂x1
� −Cε2

(εh)2

kt

where U0 is the uniform mean flow velocity. These two equations can then be com-
bined as follows,

http://dx.doi.org/10.1007/978-3-319-16160-0_6
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1

εh
U0

∂εh

∂x1
= −Cε2

εh

kt
= Cε2

1

kt
U0

∂kt

∂x1

and solved to obtain
εh

εh0
=

(
kt

kt0

)Cε2

where kt0 and εh0 are two constants. Therefore, the solutions for the turbulent kinetic
energy and the dissipation rate are

kt

kt0
=

[

1 + (Cε2 − 1)
ε0

kt0

x1
U0

]− 1
Cε2−1 =

(

1 + x1
Θc0U0

)−n

and
εh

εh0
=

(

1 + x1
Θc0U0

)−(n+1)

where the two constants are given by

Cε2 = n + 1

n
Θc0 = 1

Cε2 − 1

kt0

εh0
= n

kt0

εh0

The constants kt0 and εh
h0 correspond to the initial values at time t = x1/U0 = 0,

and an integral time scale of turbulence is defined by Θc = kt/ε
h . The measured

value [100, 135] of n is n � 1.3, which yields Cε2 � 1.77. This is not exactly the
recommended standard value in (9.18), which results from other additional factors.
Finally, the evolution of the turbulent viscosity νt = Cμk2t /εh is given by

νt

νt0
=

(

1 + x1
Θc0U0

)1−n

which indicates that decaying turbulence is not a self-similar flow since n �= 1, as
already noted in Sect. 6.3.

9.2.6 Low-Reynolds-Number Form of the kt–ε Model

Treatment ofwall-bounded flows requiresmodifications of the kt–ε turbulencemodel
in its standard form (9.17). The first low-Reynolds versions of the model were intro-
duced by Jones and Launder [392] and by Launder and Sharma [400]. The model of
Chien [374] is one of the several significant developments, and reviews can be found
in Patel et al. [415] in Celić andHirschel [372] and inWilcox’s book [449]. Twomain

http://dx.doi.org/10.1007/978-3-319-16160-0_6
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changes are introduced in these models. First, the constants are now functions of a
turbulent Reynolds number defined asRet = k2t /(νε), which tends to zero as x2 → 0,
and also of the wall distance x+

2 . For instance, Cμ becomes Cμ × fμ(Ret , x+
2 ). The

Van Driest model (3.22) introduced in Chap.3 is an example of such semi-empirical
damping functions. Secondly, an additional term is included in the dissipation equa-
tion. From the equation for kt , the value of the dissipation at the wall verifies [387]

εh(x2 = 0) = ν
∂2kt

∂x22

∣
∣
∣
∣
∣
x2=0

= 2ν

(
∂
√

kt

∂x2

)2
∣
∣
∣
∣
∣
x2=0

and moreover, it can be shown that ε = εh at x2 = 0. The dissipation equation is
then often written for an auxiliary variable εh − εh |x2=0 for numerical purposes, in
order to apply a Dirichlet boundary condition and to ensure a bounded value of the
Reynolds number at the wall.

An alternative to low-Reynolds-number forms of turbulence models, which
requires a relatively fine mesh near the wall with Δx+

2 � 1, is to use wall func-
tions. This alternative is simple to implement but is based on a strong hypothesis.
The first point of the mesh in the normal direction to the wall is indeed assumed to
be in the logarithmic region of a boundary layer. Values of νt and kt can thus be
imposed at this point, as well as the value of εh or ∂εh/∂x2.

9.2.7 Realisability and Unsteady Simulations

Turbulence models should satisfy additional constraints, imposed by fundamental
physics principles such as the invariance of the formulation by a Galilean transfor-
mation [434], or by realisability conditions for theReynolds stress tensor for instance.
An introduction to this topic can be found in Schumann [427], and it follows that

u′
αu′

α ≥ 0 u′
αu′

β

2 ≤ u′
αu′

α u′
βu′

β det(u′
αu′

β) ≥ 0

where the second relation is the Schwarz inequality. Recall that there is no summation
on Greek indices.

The renormalisation group (RNG) approach provides a more general framework,
and was applied by Yakhot et al. [452] to the kt–ε turbulence model. In the resulting
RNG kt–εmodel, a new set of constants, see (9.18), is obtained in the high-Reynolds
number approximation,

Cμ = 0.085 Cε1 = 1.42 Cε2 = 1.68 σkt = σε = 0.7194

http://dx.doi.org/10.1007/978-3-319-16160-0_3
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Moreover, an additional term must be considered in the dissipation equation, and
can be included by replacing the constant Cε2 by the function C�

ε2 = Cε2+Cμη3(1−
η/η0)/(1+βη3) where η = S̄kt/ε, η0 = 4.38 and β � 0.012. In practice, this smart
approach has a rather weak influence on turbulence model closures and results.

This is a good opportunity to make a digression about unsteady simulations of
Reynolds-averaged Navier-Stokes equations. Unsteady RANS (URANS) simula-
tions can be obtained through the use of a time-marching algorithm. The value of the
constant Cμ, and as a result νt , is also often decreased [366]. Consider a mean shear
flow Ū1 = Ū1(x2) with Ū2 = Ū3 = 0. Schwarz’s inequality for α = 1 and β = 2
gives

(
2νt S̄12

)2 ≤
(
2

3
kt − 2νt S̄11

) (
2

3
kt − 2νt S̄22

)

(
2νt S̄12

)2 ≤ (2kt/3)
2

9C2
μ S̄2

12 ≤ (εh/kt )
2

by noting that S̄12 �= 0 and S̄11 = S̄22 = 0. There is thus an implicit low-pass
filter imposed by the mean shear and controlled by the value of Cμ. As a result,
no development of the energy cascade can occur with grid refinement in numerical
simulations. Examples and discussions can be found in Spalart [430] and Iaccarino
et al. [389]

9.3 The kt–ε Model for Compressible Flows

9.3.1 Favre-Averaged Navier-Stokes Equation

The opportunity is taken in this chapter to introduce the Favre average in order to
extend the kt–ε turbulence model to compressible flows or to variable density flows.
A natural first idea to generalize Reynolds-averaged Navier-Stokes equations for
compressible flows consists in applying the Reynolds decomposition to the density,
by writing ρ = ρ̄ + ρ′. Consider for instance the conservation of mass. One obtains

∂ρ̄

∂t
+ ∂

∂xi

(
ρ̄Ūi + ρ′u′

i

) = 0

A new unknown appears with the correlation ρ′u′
i and needs to be modelled. It is

relatively easy to guess consequences for other governing equations when the density
decomposition is introduced. To overcome, at least in part, this difficulty, Favre [382]
proposed to define a new averaging operator defined by
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F̃ ≡ ρ f

ρ̄
(9.19)

corresponding to a density-weighted average, and Favre’s average is indicating by
an over-tilde sign. This means that for any variable f , one has the following Favre
decomposition

f = F̃ + f ′′ with ρ f ′′ = 0 but with f ′′ = −ρ′ f ′
ρ̄

�= 0

Note that the fluctuation f ′′ is non-centered. Returning to the mass conservation
equation, the Favre decomposition is then introduced for the velocity, that is ui =
Ũi + u′′

i , which yields

∂(ρ̄ + ρ′)
∂t

+ ∂

∂xi

(
ρŨi + ρu′′

i

) = 0

By taking the statistical average of this equation, one obtains

∂ρ̄

∂t
+ ∂

∂x j
(ρ̄Ũ j ) = 0

This compressible form of the mass conservation has the same structure as the
incompressible form obtained by using the Reynolds variable decomposition, which
clearly illustrates the interest of the Favre averaging. The Reynolds and Favre averag-
ing are equivalent for incompressible flows, and only differ when significant density
fluctuations occur.

The Favre decomposition is now considered for all variables, except for density
and pressure. Moreover, the property (2.1) regarding the product of two variables f
and g, takes the form

ρ f g = ρ̄F̃ G̃ + ρ f ′′g′′ (9.20)

From these rules, the Favre-averaged Navier-Stokes equation are straightforward
to derive

∂(ρ̄Ũi )

∂t
+ ∂(ρ̄Ũi Ũ j )

∂x j
= − ∂ P̄

∂x j
+ ∂

∂x j

(
τ̄i j − ρu′′

i u′′
j

)

and again, the structure of the averaged Navier-Stokes equation is preserved for
compressible flows. The Boussinesq assumption for the closure of the Reynolds
tensor −ρu′′

i u′′
j is generalized as follows,

http://dx.doi.org/10.1007/978-3-319-16160-0_2
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−ρu′′
i u′′

j = 2μt S̃i j − 2

3
ρ̄ktδi j where S̃i j = 2

(
∂Ũi

∂x j
+ ∂Ũ j

∂xi

)

− 1

3

∂Ũk

∂xk
δi j

according to relation (2.11) for the deviatoric part of the mean velocity gradient
tensor. The turbulent kinetic energy is now defined by

kt = 1

2
˜u′′

i u′′
i = 1

2

ρu′′
i u′′

i

ρ̄

To keep notations as simple as possible, we will still continue to denote kt as the
turbulent kinetic energy when Favre averaging is used. There is generally no ambi-
guity in interpretation. The transport equation for the conservation of enthalpy (9.14)
is established in the same way. This yields, for an ideal gas,

∂(ρ̄H̃)

∂t
+ ∂(ρ̄H̃Ũ j )

∂x j
= ∂

∂x j

(
λ

cp

∂ H̃

∂x j
− ρu′′

j h
′′
)

+ ∂ P̄

∂t
+ Ũ j

∂ P̄

∂x j

+ u′′
j
∂ P̄

∂x j
+ u′′

j
∂ p′
∂x j

+ τ̃i j
∂Ũi

∂x j
+ ρ̄ε (9.21)

The Reynolds decomposition is applied to the heat flux q j = −(λ/cp)∂h/∂x j ,
but the mean component is approximated by Q̄ j � −(λ/cp)∂ H̃/∂x j . This is a
quite reasonable approximation for mean molecular transport terms. Similarly, the
dissipation term is approximated by τ̄i j � τ̃i j = 2μS̃i j . Finally, the ideal gas law is
directly given by P̄ = rρT = ρ̄r T̃ .

Using the density-weighted averaging clearly simplifies the derivation of themean
flow equations with respect to the usual Reynolds decomposition for the density.
Some difficulties nevertheless appear, in the new term u′′

j∂ P̄/∂x j since fluctuations
are non-centered, or in the correlation term between the pressure gradient and the
fluctuating velocity, u′′

j∂ p′/∂x j . By observing that u′
i = u′′

i − u′′
i , the latter can be

rearranged as follows,

u′′
j
∂ p′
∂x j

= u′
j
∂ p′
∂x j

= ∂u′
j p′

∂x j
︸ ︷︷ ︸

(a)

− p′ ∂u′
j

∂x j
︸ ︷︷ ︸

(b)

The first term (a) is a turbulent transport term while the second term (b) is the
so-called pressure-dilatation correlation, where the dilatation is the divergence of the
fluctuating velocity field, denoted d ′ ≡ ∇ · u′.

The transport equation for the turbulent kinetic energy ismore tedious to establish,
and details are provided in Sect. 9.8. This equation can take the following form,

http://dx.doi.org/10.1007/978-3-319-16160-0_2
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∂(ρ̄kt )

∂t
+ ∂(ρ̄ktŨ j )

∂x j
= −ρu′′

i u′′
j
∂Ũi

∂x j
− τi j

∂u′′
i

∂x j

−1

2

∂

∂x j
ρu′′

i u′′
i u′′

j − ∂

∂xi
p′u′

i + ∂

∂x j
u′′

i τi j

−u′′
i
∂ P̄

∂xi
− p′ ∂u′

i

∂xi
(9.22)

and can be compared to its incompressible form (9.9). The convection of kt by
the mean flow is now balanced by a production term related to the mean shear, a
destruction term related to viscous effects, three diffusion transport terms, and two
new contributions arising from the non-centered fluctuation of the velocity, that is
u′′

j �= 0, and from the compressible feature of the fluctuating velocity, that is d ′ �= 0.

The term u′′
j∂ P̄/∂x j in Eqs. (9.21) and (9.22), which is related to the turbulent

mass flux, can be modelled through a diffusion-gradient assumption,

G f ≡ −u′′
i
∂ P̄

∂xi
= ρ′u′

i

ρ̄

∂ P̄

∂xi
= −1

ρ̄

μt

Prt

∂ρ̄

∂xi

∂ P̄

∂xi
(9.23)

as proposed by Jones [391] or by Sarkar and Balakrishnan [423] for instance, where
Prt is the turbulent Prandtl number previously introduced, see expression (9.16).
Other strategies are possible, and the reader may refer to Krishnamurty and Shyy
[397] or to the book byWilcox [449].Modelling of the pressure-dilatation correlation
p′d ′ in Eq. (9.22), is discussed in the next section since a similar dilatational term
also appears in the equation for the dissipation rate.

9.3.2 Compressible Form of the Dissipation Rate

The transport equation for the dissipation rate in the incompressible form of the kt–ε
model is semi-empirical, as discussed previously in this chapter. It is therefore illusive
to derive an exact equation in the compressible case, and to model this equation in a
second step. The approximation of the exact dissipation rate ε by its expression for a
homogeneous flow εh is still retained, butmust be now reformulated for compressible
turbulence. As a starting point, one has

ρ̄ε = τi j
∂u′′

i

∂x j
= 2μsi j e′′

i j = 2μei j e′′
i j − 2

3
μdd ′′ � 2νρe′′

i j e
′′
i j − 2

3
νρd ′′2

by assuming a constantmolecular viscosity ν, andwhere d ′′ = ∇·u′′. The dissipation
rate is then split into two contributions associated with the incompressible part of
the velocity in the first term, and with dilatation in the second one. The following
relationship can be obtained using the Favre average defined by (9.19),
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ρ̄ε = 2μ ˜e′′
i j e

′′
i j − 2

3
μ˜ρd ′′2

= μ ˜ω′′
i ω′′

i + 4

3
μd̃ ′′2 + 2μ

∂2˜u′′
i u′′

j

∂xi∂x j
− 4μ

∂

∂x j

˜u′′
j d

′′
︸ ︷︷ ︸

where the underlined term is usually neglected. This assumption holds for high-
Reynolds number flows or for homogeneous turbulence. The dissipation rate is then
given by

εh = εh
s + εh

d with ρ̄εh
s ≡ μ ˜ω′′

i ω′′
i and ρ̄εh

d ≡ 4

3
μd̃ ′′2 (9.24)

The dissipation rate related to the incompressible part of the velocity, also called
the solenoidal dissipation rate εh

s , is computed from a transport equation similar to
the one of the kt–ε model in its incompressible form. Therefore, only the dilatational
dissipation εh

d including compressibility effects, needs to be modelled. Various mod-
ellings have been proposed in the literature for εh

d , aswell as for the pressure-dilatation
correlation p′d ′. Many of them are built as follows, εh

d = f (Mt ) × εh
s where f is a

function of the turbulent Mach number Mt defined by

Mt =
√
2kt

c

The reader may refer to the pioneering studies by Zeman [454–456] and by Sarkar
et al. [422–424] Variants and applications to shear flows can be found in Lakshmanan
and Abdol-Hamidn [398] in Dash et al. [377] or in Krishnamurty and Shyy [397]
among others. A more general overview can be found in Chassaing et al. [373] or in
Gatski and Bonnet [384] for turbulence modelling aspects.

9.3.3 Compressible Form of the kt–ε Model

The full equations of the kt–ε turbulencemodel in its compressible form are presented
below. Equations for the mean flow are similar to the incompressible case provided
that the Favre averaging (9.19) is used, and that the complete expression of the
deviatoric part of the mean velocity gradient tensor (2.11) is considered. Thus, the
conservation of mass and of momentum can be written as follows,

∂ρ̄

∂t
+ ∂(ρ̄Ũ j )

∂x j
= 0

∂(ρ̄Ũi )

∂t
+ ∂(ρ̄Ũi Ũ j )

∂x j
= − ∂

∂xi

(
P̄ + 2

3
ρkt

) + ∂

∂x j

[
(μ + μt ) S̃i j

]

http://dx.doi.org/10.1007/978-3-319-16160-0_2
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These equations must be associated with a conservation equation for energy, such
as Eq. (9.21) for the mean enthalpy. The turbulent viscosity μt is now defined from
the turbulent kinetic energy and from the total dissipation εh = εh

s + εh
d ,

μt = Cμρ̄
k2t
εh

as explained in the previous paragraph. The two transport equations for kt and the
incompressible part of the dissipation rate εh

s take the following form,

⎧
⎪⎪⎨

⎪⎪⎩

∂(ρ̄kt )

∂t
+ ∂(ρ̄ktŨ j )

∂x j
= ∂

∂x j

[(

μ + μt

σkt

)
∂kt

∂x j

]

+ P + G f − ρ̄εh

∂(ρ̄εh
s )

∂t
+ ∂(ρ̄εh

s Ũ j )

∂x j
= ∂

∂x j

[(

μ + μt

σε

)
∂εh

s

∂x j

]

+ εh
s

kt

[
Cε1(P + G f ) − Cε2ρ̄εh

s

]

The compressible part of the dissipation rate is computed from a specific model,
which usually takes the following general form εh

d = f (Mt ) × εh
s . The production

term P is given by

P = −ρu′′
i u′′

j
∂Ũi

∂x j
= 2μt (S̃i j )

2 − 2

3
(μt∇ · Ũ + ρ̄kt )(∇ · Ũ)

by generalising Boussinesq’s assumption. Finally, the values (9.18) of the constants
established for the incompressible form of the model are still used.

Applications to free shear flows of these compressible and high-Reynolds-number
forms of the kt–ε model can be found in Dash et al. [375, 376] or in Thies and Tam
[439]. Regarding perfectly expanded supersonic jets, numerical predictions obtained
by different approaches are discussed in Barber and Chiappetta [365]. A conservative
formof themodel has been derived by Sinha andBalasridhar [428]. As an illustration,
the case of a supersonic round jet at Mach number M j = 2 is considered in Fig. 9.2.
The turbulent mean flow is calculated from a compressible form of the kt − ε model
including the model of Zaman [454] for the compressible part of the dissipation and
the term (9.23). The turbulent kinetic energy field is represented through the quantity
k1/2t /U j , which indicates a normalised level of velocity fluctuations. In the present

case for the hot jet at Tj/T∞ � 2.8, k1/2t /U j reaches around 15% in the annular
shear-layer. The jet exit temperature and the ambient temperature are respectively
denoted Tj and T∞,U j is the jet exit velocity. The faster decrease of the velocity with
increasing jet temperature is reasonably well retrieved by the model. Note that the
small wiggles for the hot-jet mean velocity profile are caused by a slight mismatch
between the jet exit pressure and the ambient pressure in the calculation.
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Fig. 9.2 Turbulent mean flow of a round supersonic jet at M j = 2 computed from a compressible
form of the kt–ε model [507]. At the top, maps of the Mach number and of

√
kt/U j for a hot jet,

Tj /T∞ � 2.8. At the bottom, computed mean axial velocity profiles for a cold jet Tj /T∞ � 1
and a hot jet Tj /T∞ � 2.8 , and measurements of Seiner et al. [554] •. All axis are

normalised by the nozzle diameter D, and the Reynolds number of the cold jet is ReD � 4.3× 106

9.4 The kt–ωt Turbulence Model

Turbulence models based on kt and ωt are currently widely used. The turbulent
viscosity is still built with the knowledge of two turbulent scales, namely the turbulent
kinetic energy kt and the specific dissipation rate ωt ∼ εh/kt . This variable ωt has
the dimension of a frequency, and can be linked to the square of enstrophy, where
enstrophy is the root mean square fluctuating vorticity. This quantity was introduced
in Chap.5. The first two-equation turbulence model was historically proposed by
Kolmogorov [396, 433], and it is precisely based on kt and ωt .

Various formulations have been developed and improved in the literature, but the
transport equation for the turbulent kinetic energy often retains the following usual
form,

d̄(ρkt )

d̄t
= ∂

∂x j

[(

μ + μt

σkt

)
∂kt

∂x j

]

+ P − β�ρωt kt (9.25)

where β� is a constant of the model. Its structure is quite similar to Eq. (9.10), and
there is even a direct link between these two equations by the change of variable
εh = β�ωt kt with β� = Cμ. The general form of the transport equation for the
specific dissipation rate ωt is given by

http://dx.doi.org/10.1007/978-3-319-16160-0_5
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d̄(ρωt )

d̄t
= ∂

∂x j

[(

μ + μt

σω

)
∂ωt

∂x j

]

+ α

νt
P − βρω2

t

︸ ︷︷ ︸
(a)

+ 2(1 − F1)
ρσω2

ωt

∂kt

∂x j

∂ωt

∂x j
︸ ︷︷ ︸

(b)

(9.26)

The three terms collected in (a) are respectively a diffusion term, a production
term and a destruction term. This transport equation, by including only (a) on the
right-hand side, has the same structure as Eq. (9.13). Combined with Eq. (9.25), they
provide the baseline kt–ωt model derived by Wilcox [446]. Standard values of the
constants are σkt = 0.5, σω = 0.5, β = 3/40 and α = β/β� − σωκ2√β�. In this
model, the turbulent viscosity is expressed as

μt = ρ
kt

ωt
(9.27)

The additional cross-diffusion term (b) has been introduced by Menter [410],
and comes from the transformation of Eq. (9.13). This change of variable mentioned
above from εh to ωt , also provides values for the constants β = Cμ(Cε2 − 1) and
σω = σε. In the shear stress model of Menter, known as the kt − ωt − SST model
and combining Eqs. (9.25) and (9.26), each constant is calculated as the sum of
the value provided by the model of Wilcox and weighted by F1, and of the value
provided by the transformation of the kt–ε model and weighted by 1 − F1, where
F1 is a blending function [410]. Furthermore, the turbulent viscosity is now a more
complex function, written symbolically as μt = μt (kt/ωt , kt/ω). Through another
blending function, the turbulent viscosity becomes proportional to kt/ω in boundary
layer flows, where ω is the norm of the vorticity, and μt is given by expression (9.27)
elsewhere. As pointed out by Menter [410], the production term P in (9.25) must
therefore be computed according to the two definitions of the turbulent viscosity in
the SST model.

Successive variants and numerical applications can be found in Wilcox [449,
450]. The kt–ωt turbulence model proves to be numerically robust, especially for the
prediction of wall boundary flows, and does not require damping functions. A weak
point of this model is its sensitivity to freestream values in external aerodynamics and
improvements have been proposed to correctly represent free stream turbulence [395,
408, 432]. Extensions to compressible flows [421, 448] have also been considered.

9.5 The Spalart and Allmaras Turbulence Model

An alternative to the determination of the turbulent viscosity for evaluating the
unknown Reynolds stress tensor in (9.1) is to solve a transport equation for νt .
In this way, a complete turbulence model is also obtained. A possible starting point
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is to consider the expression of the turbulent viscosity, e.g. relation (9.27) for the
kt–ωt model. It is then straightforward to derive the following transport equation,

d̄νt

d̄t
= 1

ωt

d̄kt

d̄t
− kt

ω2
t

d̄ωt

d̄t

in which the formulation of each term must then be revisited to remove the depen-
dence with respect to kt and ωt . Independently, Menter [411] has developed a turbu-
lent viscosity equation derived from the kt–ε model.

One of the most popular turbulence models for aeronautical applications in this
framework, is the Spalart and Allmaras model [431]. A semi-empirical transport
equation is assembled term by term to match selected requirements, which yields

d̄ ν̆t

d̄t
= cb1Ω̆ ν̆t + 1

Prt

{
∇ · [

(ν + ν̆t )∇ν̆t
] + cb2(∇ν̆t )

2
}

− cw1 fw

(
ν̆t

dw

)2

(9.28)

for the auxiliary variable ν̃t related to the turbulent viscosity by νt = ν̆t fν1 , and
where cb1 , cb2 and cw1 are three constants. The function fν1 allows the viscosity to
be equal to νt = κuτ dw in all regions of a boundary layer, where dw is the transverse
distance to the wall. The first term cb1Ω̆ ν̆t is a production term, where Ω̆ is a vorticity
magnitude sensor equal to uτ/(κx2) in the logarithmic region of a boundary layer
and equal to the mean vorticity magnitude Ω̄ elsewhere. The second term in brackets
describes diffusion in a non conservative form for ν̆t . The third term is a destruction
term and fw is a damping function associated with near-wall corrections [431].

9.6 Concluding Remarks

Numerical results obtained fromdifferent turbulent-viscositymodels have been com-
pared in the literature, for instance in Menter [409], in Singer [232], in Wilcox [449]
or in Celić and Hirschel [372]. A first view of these models can also be obtained by
writing simplified equations in the case of usual flows, in order to well understand
their behaviour. The compressible form of the kt–ε has been introduced in Sect. 9.3,
but similar corrections can be made for other models, as formalized in Catris and
Aupoix [369]. Realisability conditions can also be enforced in the different models.
More specific topics including rough walls, rotating flows, adverse pressure gradient
flows or shock wave boundary layer interaction are deliberately not addressed here.

The kt–ε turbulence model is not as commonly used for predicting aerodynamic
flows [372] with respect to the kt −ωt −SSTmodel or the Spalart-Allmarasmodel for
example. Alternative approaches have also been developed [425, 426] for turbulent-
viscosity turbulence models. To relax the constitutive relation based on Boussinesq’s
hypothesis (9.2), a transport equation must be solved for each of the six Reynolds
stresses −ρu′

i u
′
j . One of the first Reynolds stress models (RSM) was developed by
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Hanjalić and Launder [386] to compute the anisotropy in a channel flow, induced by a
smoothwall on one side and a roughwall on the other. Full second-moment Reynolds
stress models have been deeply investigated by Lumley [250], Launder [399], Gatski
and Speziale [383, 436] and Speziale et al. [437]. Transport equations for Reynolds
stresses were initially combined with a transport equation for the dissipation, see for
instance Eq. (9.13), in order to have access to a turbulence length scale. A transport
equation for the specific dissipation rate ωt can also be used [371, 449].

9.7 Equation for the Dissipation in Incompressible
Homogeneous Turbulence�

Starting from theNavier-Stokes equation for thefluctuating velocity (9.11) developed
below for an incompressible flow, and by assuming a constant molecular viscosity μ,

∂
(
ρu′

i

)

∂t
+ ∂

∂xk

[
ρ

(
u′

i Ūk + Ūi u
′
k + u′

i u
′
k

)] =

− ∂ p′

∂xi
+ ∂

∂xk

(

ρu′
i u

′
k + μ

∂u′
i

∂xk

)

(9.29)

the following equation is then built

ν
∂u′

i

∂x j

∂

∂x j

[
Eq. (9.29)

]

Using the incompressibility condition for themean and for the fluctuating velocity
fields, each term can be recast as follows,

(1) ν
∂u′

i

∂x j

∂

∂x j

∂(ρu′
i )

∂t
= 1

2

∂(ρεh)

∂t

(2) ν
∂u′

i

∂x j

∂

∂x j

∂

∂xk
(ρu′

i Ūk) = 1

2
Ūk

∂(ρεh)

∂xk
+ μ

∂Ūk

∂x j

∂u′
i

∂xk

∂u′
i

∂x j

(3) ν
∂u′

i

∂x j

∂

∂x j

∂

∂xk
(ρŪi u′

k) = μ
∂Ūi

∂xk

∂u′
i

∂x j

∂u′
k

∂x j
+ μ u′

k

∂u′
i

∂x j

∂2Ūi

∂x j∂xk

(4) ν
∂u′

i
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(7) ρν2
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The transport equation for the dissipation in an incompressible homogeneous flow
is thus obtained by grouping all the previous terms, and by multiplying them all by
a factor of 2 to obtain Eq. (9.12). It yields,
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9.8 Favre-Averaged Turbulent Kinetic Energy Equation�

Starting from the Navier-Stokes equation, written in its non-conservative form, it is
possible to establish an equation for the turbulent kinetic energy ρ̄kt = ρu′′

i u′′
i /2.

The exact Navier-Stokes equation is multiplied by u′′
i , that is

u′′
i
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ρ
∂ui
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}

Let us examine each term of this equation. The term which involves a time deriv-
ative can be written as
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Taking the statistical average of this last relation, it yields
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(9.30)

A similar development for the convection term leads to
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(9.31)

The last term of (9.31) which still involves u j , can be recast as follows,
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Thus, by grouping expressions (9.31) and (9.32), and by applying the statistical
averaging, one obtains
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(9.33)

For the pressure term, one obtains
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(9.34)
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The two terms (a) and (b) are specific to compressible flows. The term (a) is
usually denoted G f and the term (b) is called the pressure-dilatation correlation.
Finally, the viscous term is rearranged as

u′′
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(9.35)

The transport equation (9.22) for the turbulent kinetic energy kt is finally obtained
by summing the different contributions, namely expressions (9.30), (9.33)–(9.35),
which leads to [449]
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Note that by adding the two terms (9.30) and (9.33), the conservation of mass has
been used
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Chapter 10
Experimental Methods

Three methods are frequently used to measure turbulent flows: thermal anemometry,
laser Doppler anemometry and particle image velocimetry. Thermal anemometry
delivers continuous signals for velocity and fluid temperature at one or several points.
It makes use of tiny sensors introduced in the flow. Wall shear stress measurements
are also possible with sensors integrated in the wall. Laser Doppler anemometry,
based on the frequency shift of illuminated particles carried by the flow, provides
velocity at one or several points in the flow at a large series of discrete times. Particle
image velocimetry, where cameras observe the displacement of small particles by
the flow, provides instantaneous velocity maps at a moderate frequency rate. These
methods are successively presented in this chapter.

10.1 Thermal Anemometry

10.1.1 Main Lines of Operation

Thermal anemometry relies on the use of a fine metallic wire, usually made of
platinum or tungsten, which is heated electrically and exposed to a flowing fluid.
Its temperature, which is a function of the fluid temperature, fluid velocity, and
the rate of heating, may be determined by measuring its electrical resistance. For a
metallic wire, a quasi-linear relation links the electrical resistance of the wire Rw to
its temperature Tw

Rw = R0[1 + χ(Tw − T0)] (10.1)

where R0 is the wire resistance at a reference temperature T0, and χ the first order
temperature coefficient of resistivity of the wire material, provided by the manufac-
turer, also measurable using a thermostat or an heated jet. The wire, if it were an
ideal sensor, i.e. without any mass, heat capacity, and boundary layer on its surface,
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would respond instantaneously to any velocity or temperature change occurring in
the flow. Its heat balance would then be simply written

0 = R�
wI�2

w − (T�
w − T)F(un) (10.2)

where R�
w is the resistance of the ideal wire, I�

w the current intensity through it,
T�

w − T the temperature difference between the wire temperature T�
w(t) and the

incoming flow temperature T(t), and F(un) a function of the velocity component un

normal to the wire. The first term is the Joule energy brought to the wire, and the
second the heat loss by forced convection, the wire being comparable with a two-
dimensional body, as explained by Knudsen and Katz [10] or Corrsin [709]. The
difference T�

w − T is a driving factor for the cooling rate of the wire, and in hot-wire
anemometry it leads to the overheat ratio of the wire defined by

a�
w = T�

w − T

T
� R�

w − R

R
(10.3)

where R is the resistance of the unheated wire placed in the flow, given by Eq. (10.1)
for the temperature T . A real wire, although very fine, is not devoid of mass and heat
capacity. The heat balance of a real wire has now a more complicated form

mwcw
dTw

dt
= RwI2w − (Tw − T)F(un) (10.4)

The left-hand side of (10.4) expresses the rate of change of heat kept by the real
wire, where mw is the mass of the wire and cw the specific heat of the wire material.
The wire resistance is now denoted by Rw, the wire temperature by Tw, and the
electrical current by Iw, all without the star index, as the variables of a real wire
differ from those of an ideal wire.

An anemometer is the association of a hot-wire sensor and an electronic circuit.
By itself or combined with a special data processing technique, any anemometer has
to properly correct the thermal inertia of the real wire so that Eq. (10.2) is recovered
and permits proper values to be obtained for the instantaneous velocity un(t). Over
the years [701], different types of anemometers have been developed according to
the way the wire is operated: at constant current, which leads to the Constant Current
Anemometer—in brief CCA, at constant resistance or temperature, which leads to
the Constant Temperature Anemometer—in brief CTA, at constant voltage across
the wire, which leads to the Constant Voltage Anemometer—in brief CVA.

Hot-wire anemometry is usually reserved for low turbulence levels. All governing
equations can thus be linearized around a mean operating point, leading to two very
useful results: expression of the time constant of the wire, and definition of the
wire sensitivity coefficients to velocity and temperature fluctuations. However, an
exception exists forCVAswhere a recent approach permits to copewith large velocity
fluctuations [695].
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Fig. 10.1 Hot-wire sensor andwall pressure pinholemicrophone to investigate a turbulent boundary
layer. Courtesy of Edouard Salze (LMFA)

10.1.2 The Wires and Their Positions in a Turbulent Flow

Typical wires have a diameter dw in the range 1–5µm and a length lw in the range
1–3mm, see Fig. 10.1. Choosing a wire is always a compromise. On one hand, the
aspect ratio, lw/dw, has to be large to offer a correct directional response [709]. On
the other hand, the length lw has to be small to provide local measurements [750].
The whole probe which consists of a stem, two broaches also called prongs, and
the sensing wire has also to be built to reduce aerodynamic perturbations [692, 702,
703].

The two usual configurations for hot wires are illustrated in Fig. 10.2. For a single
wire placed normal to the mean flow Ū1, the instantaneous velocity un(t) cooling the
wire is given by Pythagoras’ theorem as

un(t) = [
(Ū1 + u′

1(t))
2 + u′

3(t)
2]1/2

which simplifies for small fluctuations into

un(t) � Ū1 + u′
1(t) + 1

2

u
′2
1 (t) + u

′2
3 (t)

Ū1
� Ū1 + u′

1(t)

Fluctuations u′
2(t) are not included, being of no cooling effect since they are parallel

to the wire. When the second order terms are not small, it becomes interesting to
move the wire longitudinally at a constant speed to create an artificial higher mean
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φ̄(2)
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Fig. 10.2 Two classic positions for hot wires. On the left, a single wire is set normal to the mean
velocity and responds to un � Ū1 + u′

1. On the right, two wires are inclined to the mean flow,
and respond to un(1) � (

Ū1 + u′
1

)
cos φ̄(1) − u′

2 sin φ̄(1) for wire (1) with normal n(1), and to
un(2) � (

Ū1 + u′
1

)
cos φ̄(2) + u′

2 sin φ̄(2) for wire (2) with normal n(2)

velocity Ū1. This technique is called the flying hot-wire as the wire acts as an airplane
through the flow. It was initiated by Panchapakesan and Lumley [549] for jets and
quickly adopted by Hussein et al. [539] who clearly showed the difference between
a stationary probe and a moving one. Complex flows around airfoils can also be
captured using flying hot wires as explained by Bruun [699].

Probes more robust than wires consist of a thin metallic material deposited on a
small quartz cylinder, and overcoated by a thin layer of quartz. They respond in a
similar way to wires and permit measurements in water, liquid metals, and gases in
industrial conditions.

The right-hand side of Fig. 10.2 illustrates an X-probe which consists of twowires
closely spaced and inclined with respect with the mean flow. This set-up permits
to measure u′

1(t) and u′
2(t) and to deduce the Reynolds stress −ρu′

1u′
2 which is a

fundamental quantity in all turbulent flows. Figure10.2 is sketched for a known
mean velocity direction Ū1. Nevertheless, an X-probe may be used, even if the mean
velocity direction is not known, but one has to check that the velocity lies in the plane
(1)–(2) to ensure u′

3(t) � 0. In that case an exact 90◦ angle between the two wires
simplifies the approach [699]. Other configurations of interest are:

• three hot-wire probes give access to the three velocity components in a 3-D flow.
Commercial probes are provided with mutually orthogonal wires to ease calibra-
tion and data processing since the probe frame has to be connected to the flow
frame [699, 704],

• arrays of single or X wires are used to investigate mixing layers and orthogonal
modes decomposition [220],

• arrays of 4–12 wires distributed on tetrahedrons permit to obtain the vorticity
components [743],
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Table 10.1 Physical properties of hot-wire and hot-film materials († annealed) at T0 = 293K: ρe
electrical resistivity, χ temperature coefficient of resistivity, ρ density, c specific heat and λ thermal
conductivity

Material ρe � ·m χ K−1 ρ kg ·m−3 c J ·kg−1 ·K−1 λ W ·m−1 ·K−1

Copper 1.6 10−8 +4.0 10−3 8 900 385 400

Nickel 7.0 10−8 +6.0 10−3 8 900 438 90

Platinum 1.1 10−7 +3.9 10−3 21 500 130 70

Pt-10%Rh 1.9 10−7 +1.7 10−3 19 900 150 40

Silver 1.6 10−8 +3.8 10−3 10 500 235 428

Tungsten 6.0 10−8 +3.7 10−3 19 300 140 170

Tungsten† 6.0 10−8 +4.1 10−3 19 300 140 170

• for temperature measurements, an additional cold wire is placed close to a single
wire or an X-wire. It behaves as a resistance thermometer [708],

• finally, thin films can be glued onto walls to obtain wall-shear stresses.

Electrical and thermal properties of materials used for most hot wires are reported
in Table10.1. Some basic values can therefore be estimated, such as the reference
resistance R0 given by the classical expression R0 = 4ρelw/πd2

w where ρe is the
electrical resistivity of the wire material. For example, R0 � 3.3� for a 5µm
tungsten wire, 2mm long, and R0 � 28� for a 2.5µm tungsten wire, 3mm long.
For a�

w = 0.80, the resistances become 6 and 50� for these two wires respectively
and the wire temperatures are then around 500K, a limit which should be respected
to avoid wire deformations.

10.1.3 Heat Transfer Relationship for Ideal Wires

Cooling laws associated with heat transfer by forced convection around long cylin-
ders, a geometry well suited to describing hot wires, are available in many books
or reviews, by Knudsen and Katz [10] or Comte-Bellot [704] among others. These
laws are expressed in terms of dimensionless groups which make them general. For
forced convection and subsonic flows, the relationship is

Nu� = A Pr0.20 + B Pr0.33 Ren (10.5)

with A � 0.20–0.30, B � 0.60–0.65, n � 0.45–0.50, and the following notations

Re = ρundw

µ
Nu� = R�

wI�2
w

πlwλ(T�
w − T)

Pr = µ

λ
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Table 10.2 Physical properties of usual fluids and substrates for hot films at T0 = 293K

Fluid/wall Pr γ ρ kg ·m−3 cp J ·kg−1 ·K−1 λ W ·m−1 ·K−1 µ kg ·m−1 · s−1

Air 0.71 1.40 1.2 1 005 0.0257 1.82 10−5

Helium 0.70 1.66 0.17 5 180 0.157 1.86 10−5

Water 7.0 1 000 4 180 0.60 1.00 10−3

Mercury 0.022 13 600 140 9.3 1.55 10−3

Quartz 2 650 710 6–11

Kapton 1 420 1 090 0.10–0.35

Plexiglas 1 190 1 470 0.21

Tufnol 1 320 1500 0.29

Wood 580 2 500 0.13

for the Reynolds and Nusselt numbers of the wire and for the Prandtl number of
the fluid. Variables without subscript denote the value at the fluid temperature T in
subsonic flows. In supersonic flows, the stagnation temperature Tt seen by the wire
when not heated replaces the static temperatureT [3, 723]. Table10.2 indicates values
of the physical parameters at the reference temperature of T0 = 293K. Some laws
available in the literature [704] slightly differ from (10.5) mainly by the correcting
factor 0.5(T�

w + T)0.18. This introduces complexity and is left outside the scope of
this presentation. For experiments in air, Eq. (10.5) takes the simple form

Nu� � 0.24 + 0.56Re0.50 (10.6)

Returning to the physical parameters themselves, i.e. to un, R, R�
w, I�

w, and using
the general heat balance Eq. (10.2), (10.6) then becomes

R�
wI�2

w

R�
w − R

= A + B
√

un (10.7)

where

A � 0.24
πlwλ

R0χ
and B � 0.56

πlwλ

R0χ

√
ρdw/µ

The relation (10.7) is known as King’s law [722]. Although audaciously estab-
lished assuming a potential flow around the wire, it highlights two main properties:
the nonlinearity of the heat exchange law of the wire, as illustrated in Fig. 10.3, and
the robustness of the law regarding supersonic flows, as illustrated in Fig. 10.4. The
first property reveals a problem one has to cope with when doing turbulence mea-
surements, the second property shows the usefulness of hot-wire anemometry for
high speed flows.

The fluid characteristics ρ, µ and λ which enter into A and B depend on the
temperature T . One can estimate this effect by assuming power laws of the form [30]
ρ ∼ T−1, µ ∼ T0.80, λ ∼ T0.80, which gives A ∼ T0.80 and B ∼ T0.80−0.50−0.40 ∼
T−0.10. Hence B is almost independent of T . Moreover, B

√
un becomes more and

more important compared to A when un increases, so that one can admit that the fluid
temperature appears only through R in Eq. (10.7).
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Fig. 10.3 Time variation of
the wire resistance R�

w(t)
with the velocity un(t) when
the wire is fed by a constant
current, according to King’s
law (10.7). Note the curve
nonlinearity. For small
amplitudes, the curve may be
approximated by its tangent
at the mean operating point P

0

�P

t

t

un(t)

Rw(t) King’s law

Fig. 10.4 King’s law for
different Mach numbers M,
in continuous regime,
Knudsen number Kn < 0.01.
Note that Nu� becomes
independent of M as soon as
M ≥ 1.3. Data from Barre
et al. [693] for
0.3 ≤ M ≤ 1.5, and
Kovszanay [723] for
1.15 ≤ M ≤ 2.03 3 10 100
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10.1.4 Constant Current Anemometer

A diagram of a Constant Current Anemometer (CCA) is shown in Fig. 10.5. For
preliminary tests, the wire is incorporated in a Wheatstone bridge to measure R and
adjust Iw for a chosen a�

w. Afterwards, only the left part of the bridge is kept. The
DC part is recorded per se and the AC part is the input to a high gain amplifier which
includes a resistance-capacity (R-C) network to compensate the wire thermal lag,
an approach valid for low turbulence levels. CCAs were developed around 1930 by
Dryden and Kuethe [710] and were used for many years, for example, by Klebanoff
and Diehl [632] for boundary layers, by Corrsin and Uberoi [521] for heated jets, by
Comte-Bellot and Corrsin [100, 101] for grid turbulence, by Kovasznay [723, 724],
Morkovin [732] or Barre et al. [693] for supersonic flows.
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thermal lag
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Fig. 10.5 Block diagram of a Constant Current Anemometer (CCA). The large resistance RB
imposes a constant current in the wire. A gain increase with frequency, shown in the insert, and
a phase lead are applied to the AC part of the wire signal to compensate the thermal lag. The
compensation circuit is correctly adjusted when a square-wave input signal gives a square-wave
output signal

The equations governing the resistance Rw(t) of a real wire and the resistance
R�

w(t) of the corresponding ideal wire, are obtained from (10.1), (10.2) and (10.4)

mwcw

R0χ

dRw

dt
= RwI2w − (Rw − R)f [un(t)] (10.8)

0 = R�
wI2w − (R�

w − R)f [un(t)] (10.9)

where f (un) = F(un)/(R0χ). Of course, all variables should mention that the wire
is operated by a CCA, but for simplification Rw stands for Rw|CCA, R�

w for R�
w|CCA

and Iw for Iw|CCA or I�
w|CCA. The elimination of f [un(t)] between Eqs. (10.8) and

(10.9) gives
mwcw

R0χ

1

RI2w

dRw

dt
= R�

w − Rw

R�
w − R

and provides also the compact equation

mwcw

R0χ

1

RI2w

dRw

dt
+ Rw − R

R�
w − R

= 1 (10.10)

first established by Corrsin [709]. Thus Rw(t) is governed by a first-order differential
equation which is nonlinear because R�

w is time dependent. Before considering that
general case, let us examine thewidely used simplifications for low turbulence levels.

At low turbulence levels, that is for small fluctuations, the above equations can be
linearized and two notable results emerge, the concept of the time constant and the
concept of sensitivity coefficients. Linearization implies splitting of all variables into
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their mean and fluctuating parts assumed of small amplitude. Thus R�
w = R̄�

w + r′�
w

with r′�
w 	 R̄�

w, Rw = R̄w + r′
w with r′

w 	 R̄w, and R = R̄ + r′ with r′ 	 R̄.
Substitution in Eq. (10.10) gives, after some algebra, R̄w = R̄�

w and

mwcw

R0χ

R̄w − R̄

R̄I2w

dr′
w

dt
+ r′

w = r′�
w (10.11)

The differential equation governing r′
w(t) now has constant coefficients, and the

factor in front of dr′
w/dt has the dimension of a time. This factor is called the time

constant of the wire when operated in a constant-current mode. For clarity, we note
it M̄CCA

w , so that

M̄CCA
w

dr′
w

dt
+ r′

w = r′�
w with M̄CCA

w = mwcw

R0χ

1

I2w

R̄w − R̄

R̄
(10.12)

whatever the nature of the fluctuation, velocity or temperature. Two other forms can
also be written using Eq. (10.6) or (10.7)

M̄CCA
w = (1 + āw)

d2
w

4

ρwcw

λN̄u
or M̄CCA

w = mwcw

χR0

1

f (Ūn)
(1 + āw) (10.13)

As orders of magnitude, for a tungsten wire with dw = 5µm, M̄CCA
w = 420µs,

Ūn = 50m.s−1 and āw = 0.80. For Ūn = 100m.s−1, M̄CCA
w is reduced to 305µs.

The fact that M̄CCA
w decreases when Ūn increases, allows the investigation of high

speed flows. The solution of Eq. (10.12) has the classic exponential form

r′
w = r′�

w exp(−t/M̄CCA
w ) and M̄CCA

w jω ˆr′
w + ˆr′

w = ˆr′�
w

in the time space, seeFig. 10.6, and in the frequency space respectively. The amplitude
loss a/a� and the phase lag ψ of a real wire compared to the ideal wire are thus

a/a� = [
1 + (M̄CCA

w ω)2
]−1/2 with tanψ = M̄CCA

w ω

The purpose of the compensation amplifier is to correct the amplitude loss and
the phase lag, and thereby recover the ideal signal r′�

w. In practice, the output voltage
e′� = r′�

wIw is acquired during the experiment.

Also for small fluctuations, sensitivity coefficients can be defined. Taking the
log derivative of King’s law (10.7), when Iw is a constant, and recalling that R =
R0[1 + χ(T − T0)], one obtains for the fluctuations

r′�
w

R̄�
w

= − ā�
w

2

B
√

Ūn

A + B
√

Ūn

u′
n

Ūn
+ χT̄

1 + χ(T̄ − T0)

θ′

T̄
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e′(t)

tM̄CVA
w M̄CCA

w

− 63%

Fig. 10.6 Response of a constant current anemometer to a square-wave signal added to the cur-
rent heating the wire and comparison with the similar curve corresponding to a constant voltage
anemometer. Each curve obeys an exponential decay and the time constant is the time at which the
drop is 1 − e−1 � 63%. Note that M̄CVA

w < M̄CCA
w , refer to Eqs. (10.13) and (10.28)

At sufficiently large velocities, B
√

Ūn 
 A, and from Table10.1, χT̄ � 1 and
χ(T̄ − T0) 	 1 if T stays close to T0. The previous equation can thus be written in
a simple form,

r′�
w

R̄�
w

= − ā�
w

2

u′
n

Ūn
+ θ′

T̄

which gives at the CCA output,

e′�
CCA

Ē�
CCA

= SCCAu′
n

u′
n

Ūn
+ SCCAθ′

θ′

T̄
(10.14)

where

SCCAu′
n

= − ā�
w

2
× CC SCCA

θ′ = 1 × CC CC = R̄�
w

R̄�
w + R1 + rL

The factors SCCA
u′

n
and SCCAθ′ are the CCA sensitivity coefficients to velocity

and temperature fluctuations respectively. Comparison with other anemometers is
reported in Table10.3.

For large fluctuations, the time dependence which appears through the coeffi-
cients of Eq. (10.10) introduces higher harmonics in the solution due to parametric

Table 10.3 Sensitivity coefficient of anemometers according to King’s law, when B
√

Ūn 
 A,
χT � 1 and χ(T − T0) 	 1

CCA CTA CVA

Su′
n

−1

2
ā�
w × CC

1

4

ā�
w

2(1 + 2ā�
w)

× LS

Sθ′ 1 × CC − 1

2ā�
w

1

1 + 2ā�
w

× LS

See expressions (10.14) and (10.31) for the factors CC and LS respectively
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excitation. This problem was pointed out by Corrsin [709] using Fourier series, then
studied by Comte-Bellot and Schon [707] using an analog computer. Numerical
results are reported by Comte-Bellot [704]. These harmonics generated at the wire
level are not at all suppressed by the compensating circuit. Even worse, they are
amplified as if they were true turbulence. Large errors appear on odd moments, such
as the skewness factors, due to cross moments between harmonics, but fortunately
mean quadratic values and power spectral densities (PSD) are only slightly affected.

10.1.5 Constant Temperature Anemometer

A diagram of a Constant Temperature Anemometer (CTA) is given in Fig. 10.7.
The idea is to use an electronic feedback amplifier to maintain the wire at a nearly
constant resistance. Thus dRw/dt � 0 gives dTw/dt � 0 thanks to Eq. (10.1), and
in Eq. (10.4), any thermal lag effect due to the wire is suppressed. The wire overheat
is chosen once and for all by adjusting the resistance R3 in the adjacent lower arm
of the bridge. The factor m which appears in the right arm of the bridge is called
the bridge ratio. Often m = 20 so that most of the supply current goes through the
active left arm of the bridge which includes the wire rather than through the passive
right arm. Also, the top resistance R1 is chosen to be large compared to Rw, usually
20 or 50� to increase the CTA output voltage and ease its acquisition. In Fig. 10.7
all resistances are expressed in terms of the resistance R�

w that the equivalent ideal
wire would have. Thus, if R�

w = 5� and R1 = 20�, n = 4.

ECTA

R1 = nRw

Rw

hot wire

rL, λL

lead

R2 = mnRw
cL

a
b

R3 = mRw

mrL

ET

RT +
−

Eb

CTA
output

Ij

Iw Ik

IT

Fig. 10.7 Block diagram of a constant temperature anemometer (CTA). The Wheatstone bridge
is kept balanced at all times by a feedback amplifier, so that the wire resistance Rw is maintained
constant. The current intensity Iw sent back to the wire is the leading indicator, it increases when
the incident flow velocity increases, it decreases when the incident flow temperature increases. The
CTA ouput ECTA mimics the Iw change
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The CTA was pioneered by several independent workers around 1950, e.g. by
Weske [745], Ossofsky [734], and Ling and Hubbard [721, 728] making use of the
newly existing operational amplifiers. Many studies were later conducted to improve
the circuitry, its comprehension and stability, for example by Perry [735], Fingerson
[711], Watmuff [744], Weiss et al. [749] and most importantly by Freymuth [713,
714, 716–718].

For an ideal CTA where the bridge is kept perfectly balanced at all times, the
current intensity I�

w(t) obeys King’s law (10.7) where R�
w = cst. The top bridge

voltage E�
CTA(t) is thus

E�
CTA(t) = (R1 + R�

w + rL)

[
R�

w − R

R�
w

(
A + B

√
un(t)

)]1/2

(10.15)

where R�
w denotes R�

w|CTA. Of course, that value differs from that associated with a
CCA.The curve relatingE�

CTA toun at a givenflow temperature is theCTAcalibration.
It is then common practice to admit that any measured ECTA(t) value is the ideal
E�

CTA(t) quantity, and to invert the curve to deduce un(t) from an acquired signal.
Several procedure are described for single or X-wires, using polyfit polynomials
[698] or look-up tables [729].

Sensitivity coefficients can also be defined for small fluctuations in that ideal
situation. The log derivative of (10.15) yields for the incident velocity fluctuations

e′�
CTA

Ē�
CTA

= SCTA
u′

n

u′
n

Ūn
with SCTA

u′
n

= 1

4

B
√

Ūn

A + B
√

Ūn

� 1

4

and for the incident temperature fluctuations

e′�
CTA

Ē�
CTA

= SCTA
θ′

θ′

T̄
with SCTA

θ′ = − 1

2ā�
w

χT̄

1 + χ(T̄ − T0)
� − 1

2ā�
w

the approximate values being based on the conditions B
√

Ūn 
 A,χ � 1/T̄ ,
T̄ � T0.

For a real CTA, the electronic circuit implies more parameters than in the ideal
CTA that was considered above. According to thewell accepted analysis of Freymuth
[713, 716], three equations are needed tomodel aCTA. The first dealswith the bridge,
the second with the feedback amplifier and the third with the hot wire.

For the bridge, the voltage difference δ = Vb − Va constitutes the input signal
to the feedback amplifier. As there are many reactances in the circuit, the cable
inductance λL , the capacitance CL , see Fig. 10.7, and often additional ones in the
lower right arm of the bridge, lumping all these into a single term MB is convenient
as suggested by Freymuth [713] and used by Weiss et al. [749]. Ohm and Kirchhoff
laws for the circuit then give
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δ = nR�
w(R�

w − Rw)

(nR�
w + R�

w + rL)(nR�
w + Rw + rL)

E + MB
dE

dt

− nR�
w

RT

Rw + rL

nR�
w + Rw + rL

ET (10.16)

whereE stands forECTA,Rw forRw|CTA,R�
w forR�

w|CTA. The voltage for an electronic
test is ET .

The feedback amplifier usually has two stages [718], each one characterized by
a first-order frequency response. The gain-bandwidth products of these stages are
GBP1 and GBP2. Those are inalterable and characterize their dynamics. Hence,
GBP1 = G1/2πM1, andGBP2 = G2/2πM2 where the gains of the stages are denoted
by G1 and G2 and their first-order time constants by M1 and M2. Furthermore, it is
assumed that the second stage generates a constant but adjustable offset voltage Eb.
Combining the dynamic responses of the two amplifier stages leads to

M ′′ d2E

dt2
+ M ′ dE

dt
+ E = Eb + Gδ (10.17)

where G = G1G2, M ′ = M1 + M2 and M ′′ = M1M2.
For the hotwire, the energy balance is directly deduced fromEqs. (10.1) and (10.4)

mwcw

χR0

dRw

dt
= Rw

(nR�
w + Rw + rL)2

E2 − (Rw − R)f (Un) (10.18)

There are three unknowns, δ, Rw and E, and to solve Eq. (10.16)–(10.18) one has
to find a way of estimating G, M ′, M ′′, Eb, and MB. This requires the linearization
of the equations and the use of the electronic test signal e′

T .
To linearize CTA equations, small perturbations are defined as follows, δ′, r′ and

e′ around the mean (or static) values δ̄ = 0, R̄w = R�
w and Ē = Eb. Substitution in

Eqs. (10.16)–(10.18) gives

δ′ = −Ē
nR�

w

(nR�
w + R�

w + rL)2
r′ + MB

de′

dt
− nR�

w

RT

R�
w + rL

(nR�
w + R�

w + rL)
e′

T (10.19)

M ′′ d2e′

dt2
+ M ′ de′

dt
+ e′ = Gδ′ (10.20)

mwcw

χR0

1

f (Ūn)

dr′

dt
+

[

1 − (nR�
w − R�

w + rL)

nR�
w + R�

w + rL

(R�
w − R)

R�
w

]

r′

= 2
(R�

w − R)

Ē
e′ − (R�

w − R)
1

f (Ūn)

df

dŪn
u′

n (10.21)
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The elimination of δ′ is achieved by combining (10.19) and (10.20). The resulting
equation between e′ and r′ is then derived with respect to time so that dr′/dt can be
eliminated using (10.21). The important result is that a third-order linear differential
equation with constant coefficients now governs e′, its form is

C3
d3e′

dt3
+ C2

d2e′

dt2
+ C1

de′

dt
+ e′ = Cuu′

n + Cte
′
T + Ctt

de′
T

dt
(10.22)

and the most important factor is C3

C3 = M ′′ 1
G

mwcw

χR0

1

f (Ūn)

(nR�
w + R�

w + rL)2

2(R�
w − R)nR�

which gives the cut-off frequency of a CTA, fc = 2π(C3)
−1/3. Figure10.8 illustrates

the pulse response specific to a 3rd-order system submitted to an electronic square
wave input. Using that signature, Freymuth [713] gave a practical rule, fc =
1/(1.3τ0), where τ0 is the time at which the pulse crosses the time axis for the
first time. Figure10.9 displays an experimental result and a numerical simulation.
The transfer function output/input, as considered byWeiss et al. [749] see Fig. 10.10,
is a useful addition. Adjustment of a CTA has to be conducted at every mean operat-
ing point as f (Ūn) appears inC3. At least, an adjustement at the highest flow velocity,
rather than at the lowest one, is advised to obtain stability. At high velocity the feed-
back effect is minimal, since the wire thermal lag is small, insuring oscillation-free
behaviour at lower velocities.

The effect of wire overheat is illustrated in Fig. 10.11. For a good feedback effi-
ciency, the wire overheat has to be high. Hence, it is often advised to set āw = 0.80,
but values of āw down to 0.20 may still work for RMS and PSD measurements if
the frequency correction suggested by Weiss et al. [746] is included. However, the
cold wire technique that one would like to use to obtain instantaneous temperature
fluctuations is ruled out.

Fig. 10.8 Square-wave
responses (arbitrary units): a
exponential decay for a 1st
order system, the case of a
CCA or a CVA, see also
Fig. 10.6; b oscillations for a
2nd order system; c a large
initial pulse followed by
small decaying oscillations
for a 3rd order system

t

E
 (

t)

(c)

(b)

(a)
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Fig. 10.9 Pulse for a 5µm tungsten wire, − experimental curve, −− numerical simulation using
(10.16)–(10.18). The CTA is aDISA 55M10, n = 3.47. Ūn = 10m · s−1, aw = 0.80, fT = 100kHz,
e′

T = 100mV peak to peak, R4 = 1000�, G = 1000, M ′ = 2.22× 10−5 s, M ′′ = 1.23× 10−10 s2,
Eb = 1.99V, MB = −8.55 × 10−9 s, rL = 1�. Courtesy of Julien Weiss (ÉTS Montréal)

Fig. 10.10 Transfer
function for the same
conditions as in Fig. 10.9.
The curve presents a plateau
up to fc � 40kHz and
afterwards a −60dB/decade
slope characteristic of a 3rd
order system. Courtesy of
Julien Weiss (ÉTS Montréal)
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Fig. 10.11 Improvement of
a CTA frequency response
with wire overheat
aw = 0.20 ◦, 0.40 �, 0.60 �,
0.80 ×. Same conditions as
in Fig. 10.9, except for Eb
which are 0.8, 1.6, 2.4 and
3.4V for the four aw values
respectively. Courtesy of
Julien Weiss (ÉTS Montréal)
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Input signals with large amplitudes induce nonlinearity because of a joint effect
between the electronic circuit and the thermal inertia of the wire. Freymuth [714]
pointed out that a second harmonic is generated, of the order of 20% of the funda-
mental signal, around half the cut-off frequency fc/2. Confirmation of this result is
brought by Weiss et al. [749] with experimental tests and numerical simulations.

10.1.6 Constant Voltage Anemometer

Figure10.12 illustrates the Constant Voltage Anemometer (CVA) principle. There
are two independent circuits to operate the hot wire, one to fix the wire voltage Vw

and the other to modify the wire current Iw according to the incident flow. In the
voltage output ECVA

Tc
, the lower index Tc recalls that the instantaneous output voltage

depends on the capacity C. The CVA concept was elaborated by Mangalam et al.
[730] and Sarma [736] in the 1990s. Prototypes and commercial units were then
widely used, in high-speed boundary layers by Sarma et al. [739], Comte-Bellot and
Sarma [706] and Weiss et al. [748], in shock tubes by Norris and Chokani [733], in
pulsed synthetic jets by Truzzi et al. [741].

−
+

V1

R1

−
+

RF

hot wire
Rw

lead
rL

R2b R2a

C

Rd

CVA
output

IwIC

Ib Ia

IFI1

G

Fig. 10.12 Block diagram of a Constant Voltage Anemometer (CVA). The wire voltage Vw =
(Rw + rL)Iw is fixed by the DC supply V1 and resistances R1 and RF . The current through the wire
whose intensity Iw changes with turbulence is supplied by a feedback amplifier, the only path is
through resistance R2a + R2b, chosen large so as to yield a large voltage output ECVA

Tc
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The Ohm–Kirchhoff laws applied to the network of Fig. 10.12 give

−R1I1 + V1 = 0
Vw − RFIF = 0

Vw = (Rw + rL)Iw
ECVA

Tc − R2bIb = VG

VG − R2aIa = Vw

Ic = CdVG/dt
Ib = Ia + Ic

Ia = Iw + IF

(10.23)

whereRw stands forRw|CVA and Iw for Iw|CVA. ResistorRd , which is large compared
to R2a + R2b, is neglected in the above equations. If needed the complete equations
are available in Sarma [736]. From (10.23) one can easily deduce Vw = V1RF/R1,
which shows that the wire voltage Vw is indeed constant, as V1 is a stable DC source.
The setting of Vw is made by adjusting V1 manually or by a PC. After some algebra,
one deduces from (10.23) the CVA instantaneous output voltage

ECVA
Tc = Vw

[

1 + R2

(
1

RF
+ 1

Rw + rL

)

+ TcR2
d

dt

(
1

Rw + rL

)]

(10.24)

where R2 = R2a +R2b. Note that Tc = R2aR2bC/R2 is a time constant whose interest
is presented further below.

The equations governing the resistance Rw of the real wire and the resistance R�
w

of the corresponding ideal wire, are issued from (10.1), (10.2) and (10.4)

mwcw

R0χ

dRw

dt
= Rw

V2
w

(Rw + rL)2
− (Rw − R)f (un) (10.25)

0 = R�
w

V2
w

(R�
w + rL)2

− (R�
w − R)f (un) (10.26)

The basic equation which links Rw to R�
w is then obtained by eliminating f (un)

1

V2
w

mwcw

R0χ

dRw

dt
= Rw

(Rw + rL)2
− R�

w

(R�
w + rL)2

Rw − R

R�
w − R

(10.27)

This is the equivalent of Eq. (10.10) for a CVA. The linearization of Eq. (10.27)
leads after some algebra to

M̄CVA
w

dr′
w

dt
+ r′

w = r′�
w

with

M̄CVA
w = mwcw

R0χ

1

f (Ūn)

1 + ā�
w

(1 + 2ā�
w)

× LM (10.28)
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where M̄CVA
w is the time constant of the wire when operated in a constant voltage

mode. The factor LM = (1 + rL/R̄�
w)/

[
1 + rL/R̄�

w(1 + 2ā�
w)

]
is due [705] to the

cable resistance rL: it reaches 10% when R̄�
w � 5 �, ā�

w � 0.80 and rL � 1�.
Thanks to the dividing factor (1 + 2ā�

w) which appears explicitly in (10.28), MCVA
w

is smaller than MCCA
w , see also Fig. 10.6. The measurement of M̄CVA

w makes use of
an additional CVA board [739] which includes a square wave generator.

The correction of the thermal lag of the real wire is based on the linearized form
[696] of Eq. (10.24)

e′
Tc = − R2

(R̄�
w + rL)2

Vw

(

r′
w + Tc

dr′
w

dt

)

(10.29)

which shows that Tc already brings a partial correction, as the fully corrected signal
which is desired is

e′� = − R2

(R̄�
w + rL)2

Vw

(

r′
w + M̄CVA

w

dr′
w

dt

)

(10.30)

Obtention of a software procedure to connect the raw signal acquired at the CVA
output e′

Tc to the fully corrected signal e
′� canbe established as follows.Thedifference

between (10.29) and (10.30) gives

e′� − e′
Tc = − R2

(R̄�
w + rL)2

Vw(M̄CVA
w − Tc)

dr′
w

dt

and furthermore, the difference between (10.30) derived with respect to t and mul-
tiplied by Tc, and (10.29) derived with respect to t and multiplied by M̄CVA

w , gives

Tc
de′�

dt
− M̄CVA

w

de′
Tc

dt
= − R2

(R̄�
w + rL)2

Vw(Tc − M̄CVA
w )

dr′
w

dt
= e′

Tc − e′�

and finally,

e′�(t) = e′
Tc(t) + M̄CVA

w

de′
Tc(t)

dt
− Tc

de′�(t)
dt

In terms of the ith and (i − 1)th samples acquired at a sampling frequency fs
this gives

e′�(i) = e′
Tc(i) + M̄CVA

w fs
[
e′

Tc(i) − e′
Tc(i − 1)

] + Tcfs e′�(i − 1)

1 + Tcfs

This two-step procedure has two advantages, it ensures a constant frequency
bandwidth whatever the flow conditions or wire overheat [739], and it increases the
efficiency of data acquisition.



10.1 Thermal Anemometry 287

To express the CVA sensitivity coefficients, Eq. (10.24) where Tc is set to zero is
now linearized and differentiated. After some developments [705], one obtains

e′�

Ē�
CVA

= SCVAu′
n

u′
n

Ūn
+ SCVAθ′

a

θ′

T̄

where

SCVAu′
n

= 1

2

ā�
w

(1 + 2ā�
w)

LS and SCVA
θ′ = 1

(1 + 2ā�
w)

LS (10.31)

The factor LS = [
1 + (R̄�

w + rL) (1/R2 + 1/RF)
]−1 [

1 + rL/R̄�
w(1 + 2ā�

w)
]−1

involves the CVA circuit and the wire cable resistance rL. It is around 8% when
R̄�

w � 5�, a�
w � 0.80, rL � 1�, R2 = 100� and RF = 400�.

When large fluctuations are present, all equations are nonlinear, especially
Eq. (10.27) where the time-dependent coefficients are clearly visible, resulting in the
generation of higher harmonics in the CVA response due to parametric excitation.
A procedure to eliminate all nonlinearities is proposed by Berson et al. [695, 696].
It can be entirely conducted during data processing, and has three steps. First,
Eq. (10.24) is solved to deduce Rw(t) from ECVA

Tc . Secondly, Eq. (10.27) is solved
to deduce R�

w(t) from Rw(t), and third, f (un(t)) is obtained from R�
w(t) and the

calibration data set. At this point, note the clear advantage of CVAs over CCAs
or CTAs.

10.1.7 Some Additional Remarks

The calibration of a probe is a prerequisite for any turbulent investigation. Indeed,
one has to know how to connect the anemometer output to the incident velocity, yaw
angle and possibly pitch angle of the wire. For calibration the probe is placed in a
smooth flow, such as the potential core of a jet or the free stream over a boundary
layer, to quickly collect accurate data. The incident velocity must cover the range
of interest. It is usually measured with a Pitot tube, except at low velocities where
rotating arms or linearly moving carriages are needed [699]. For X-wires, a rotating
ring is added to change the yaw angle of the probe, usually in the range between 45
and+45◦. Enough datamust be acquired so that the calibration tables or curves can be
inverted to obtain instantaneous velocity components when subsequently conducting
experiments in a turbulent flow. Details regarding this important topic are available
in Lueptow et al. [729], Browne et al. [698] or van Dijk and Nieuwstadt [742]. At
this point, note that all calibration data are obtained in a smooth flow where no time
dependence occurs. They therefore deal with ideal wires without thermal lag, and
are associated with quantities denoted by a star superscript in the preceding sections.
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When performing turbulence measurements, the flow temperature might differ
from the reference temperature at which the calibration was recorded. If the differ-
ence is only of a few degrees, one can shift the calibration curve using the sensitivity
coefficients listed in Table10.3. For larger differences, calibration curves at differ-
ent temperatures are needed, as reported by Brunn [699]. With a CVA, a cold/hot
sequence for the wire, just adjusting Vw as shown by Sarma and Comte-Bellot [737],
avoids the use of an extra thermocouple to get the flow temperature.

The two ends of a wire which are soldered to metallic broaches are necessarily
at ambient temperature or close to it. Very demonstrative temperature distributions
along hot wires were obtained by Champagne et al. [700] using an infrared detector.
There are at least two consequences. The wire has a sensitivity greater in its central
part than near its ends, and a fraction of the Joule heating goes towards the broaches
instead of being convected away by the flow.Many papers are devoted to this subject,
by Corrsin for CCAs [709] or by Li for CTAs [726]. For a 5µm tungsten wire, 2mm
long and overheated at aw = 0.80, the thermal loss to the broaches is 20, 11 and 9%
at Ū1 = 10, 30, 60m.s−1 respectively [704].

The velocity value indicated by a wire cannot be a perfectly local one, because the
wire can only provide an average value over its length. The small scales of turbulence
are obviouly the most affected and an early example is provided by Wyngaard [750]
who studied turbulence in the atmosphere. Analytical expressions and numerical
simulations, as well as a lot of work on the subject, are given in the review by
Comte-Bellot [704].

When placed close to a wall, for x2uτ/ν ≤ 5, a wire is submitted to an extra heat
exchange with the wall, and an ordinary calibration curve is obviously no longer
valid. The only way to cope with this problem has been suggested by Khoo et al.
[627] who calibrates the wire in a Poiseuille flow between two disks, the bottom one
is at rest and the top one is rotating at a constant speed. The velocity profile is thus
known analytically over the gap where the wire is placed for calibration.

The background noise of an anemometer is usually white noise that is amplified
by the electronic circuit and hence results in a f 2 spectrum at the anemometer output.
It is an important quantity to know as it limits the highest part of the spectra where
turbulence contributions are small. Noise measurements are easy with CCAs or
CVAs, just using a resistance in place of the wire [747]. For CTAs, one has to
keep the wire connected to maintain the CTA stability and to place the wire in an
enclosure which insures ui(t) = 0. Numerical estimates have been developed by
Freymuth [712] or Weiss and Comte-Bellot [747].

Thewire support, i.e. broaches and stem, creates aerodynamic perturbationswhich
have to beminimized.Ligrani andWillmarth [727] evenmanufactured a subminiature
probe to approach a wall. Nowadays, with commercial probes, the only possibility
is to estimate the importance of the pertubation and its consequence on the angular
sensitivity as suggested by Adrian et al. [692] for X-wires and 3-D probes. For
supersonic flows, stubs are advised to be kept near the broaches so that the shocks
attached to the broaches do not perturb the active part of the wire [723].
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10.1.8 Illustrative Examples

10.1.8.1 Measurement of u′
1(t), u

′2
1 , E(1)

11 and L(1)
11

All these quantities concern the longitudinal velocity fluctuation u′
1(t) and a single hot

wire oriented normal to themean velocity Ū1 suffices, see Fig. 10.2. The anemometer
output must be acquired versus time at a high enough sampling frequency fs and over
a sufficient observation timeΔt to cover thewhole expected turbulence spectrum. For
CCAswithin the assumption of small fluctuations presented in Sect. 10.1.4, use of the
sensitivity coefficient indicated in Table10.3 suffices to obtain u′

1(t). For CTAs, after
having checked that all turbulence frequencies are well below the cut-off frequency
of the feedback circuit, the perfect response presented in Sect. 10.1.5 may be used for
small and large fluctuations. Thus, u1(t) is first obtained by inverting the calibration
curve, then Ū1 is computed and finally u′

1(t) is obtained by the difference u1(t)− Ū1.
For CVAs and small fluctuations the software correction described in Sect. 10.1.6
and use of the sensitivity coefficient indicated in Table10.3 are sufficient. For CVAs
and large fluctuations, the Berson et al. routine [695] presented in Sect. 10.1.6 is easy
to program.

The power spectrum ψ(f ) of u′
1(t) in the frequency domain f is easily obtained by

a signal processing routine. This spectrum ψ(f ) and the one-dimensional spectrum
E(1)
11 (k1) defined in Chap.6 are such that

u
′2
1 =

∫ ∞

0
ψ(f ) df =

∫ +∞

−∞
E(1)
11 (k1) dk1 = 2

∫ ∞

0
E(1)
11 (k1) dk1

The link between the two spectra is provided by the Taylor hypothesis which
connects f and k1 by stating that over a short time a turbulent structure is convected
over the wire by the mean velocity Ū1, see Sect. 7.5.2. Hence, it can be written

k1 = 2π

Ū1
f dk1 = 2π

Ū1
df and E(1)

11 (k1) = Ū1

4π
ψ

(

f = Ū1

2π
k1

)

Spectra are plotted on log-log scales when power laws are of interest and on lin-lin
scales when a direct estimate of the energy is desired. This is illustrated by Fig. 10.13.
One has just to write

u
′2
1 =

∫ ∞

0
E(1)
11 (k1) dk1 =

∫ ∞

0
k1 E(1)

11 (k1) d ln k1

and to plot k1E11 versus ln(k1). For the correlation length L(1)
11 , one has to remember,

see Sect. 6.1.4, that

http://dx.doi.org/10.1007/978-3-319-16160-0_6
http://dx.doi.org/10.1007/978-3-319-16160-0_7
http://dx.doi.org/10.1007/978-3-319-16160-0_6
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Fig. 10.13 Plots of two von Kármán E(k) spectra, in solid line for kt = 3 and in dashed line for
kt = 1.5 (arbitrary units here). On the left, k and E(k) on log-log scales to observe the −5/3 law.
On the right, ln(k)/ ln(10) and k × E(k) on linear scales. This latter plot clearly shows the factor 2
between the two energy spectra. Moreover, the first mean rule of an integrale allows the turbulent
kinetic energy kt to be estimated by eye. Indeed, for the largest spectrum, use of the equivalent area
of the grey rectangle gives 1.25 × ln(10) × 1.05 � 3

E(1)
11 (0) = 1

2π

∫ +∞

−∞
R11(r1, 0, 0) dr1 = 2

u
′2
1

2π
L(1)
11

which gives

L(1)
11 = π

u
′2
1

E(1)
11 (0) = 1

4
Ū1

ψ(0)

u
′2
1

10.1.8.2 Measurement of u′
1(t),u′

2(t) and −ρu′
1u′

2

As soon as component u′
2 is considered, an X wire is needed and two anemometer

channels are required. For small fluctuations, Fig. 10.2 illustrates the connection of
u′
2 with variations in the flow direction relative to the wire, i.e. dφ(1) = +u′

2/Ū1 and
dφ(2) = −u′

2/Ū1. Commercial probes are often available with orthogonal wires, so
that the half sum of the two anemometer outputs is directly related to u′

1 and the half
difference to u′

2. Sensitivity coefficients indicated in Table10.3 are then used around
a mean velocity given by Ū1 cos(π/4). The full reconstruction of the u1(t) − u2(t)
velocity field requires bilinear interpolation schemes which insure that a unique
velocity vector is obtained and followed in time. The procedure using calibration
curves is well described for CTAs by Browne et al. [698]. Additional references are
available in reviews [699, 704].
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10.1.8.3 Measurement of θ′(t), θ′2 and u′
1θ

′

If only variances and correlations are required, a single hot wire, placed normal to the
mean velocity and operated at different overheat ratios can be used. The responses

lead to a system of algebraic equations where the unknowns are u′2
1 , θ′2 and u′

1θ
′.

Alternatively, if one desires to know the instantaneous fluctuation θ′(t), an almost
unheated wire acting as a resistance thermometer is needed, this approach is called
the cold wire technique.

For the multiple overheat ratio method, a wire oriented normal to Ū1 responds to
both u′

1 and θ′, asmentioned byCorrsin [708]. For small fluctuations, the anemometer
response can be expressed using the sensitivity coefficients given in Table10.3

e′�

Ē
= Su′

1

u′
1

Ū1
+ Sθ′

θ′

T̄
(10.32)

Squaring and averaging this response yields

e′�2

Ē2
= S2u′

1

u
′2
1

Ū2
1

+ S2θ′
θ

′2

T̄2
+ Su′

1
Sθ′ u′

1θ
′ (10.33)

Coefficients Su′
1
and Sθ′ are independent functions of ā�

w, thus choosing different
ā�
w values leads to a system of algebraic linear equations which is easily solved for

the three unknowns u
′2
1 , θ

′2 and u′
1θ

′. At least three values of ā�
w are needed, but a

larger number improves the accuracy. CVAs are best suitable for this method, as ā�
w is

easily adjusted using the external command of Vw without modifying the frequency
response of the anemometer.

For the cold wire method, a hot wire is operated at an extremely low overheat
ratio. It works as a resistance thermometer and responds to θ′ only. Indeed one can
observe in Table10.3 that Sθ′ 
 Su′

1
when ā�

w tends towards zero. The wire can be
operated by a CCA or a CVA. A CTA is not appropriate as the feedback loop looses
efficiency as seen in Sect. 10.1.5. Even if it is fine, the wire has thermal inertia. From
relations (10.13) and (10.28), one obtains

M̄CCA
w = M̄CVA

w = mwcw

χR0

1

f (Ū1)
when ā�

w → 0 (10.34)

Two substantial extensions can be brought to (10.34). The acceptance of large
velocity amplitudes and the possibility to introduce instantaneous velocity values in
the function f . Indeed, the general heat balance of the wire, given by (10.8) for a
CCA and by (10.25) for a CVA, can be explicited in both types of system as

1

f [u1(t)] − I2w

mwcw

χR0

dRw(t)

dt
+ Rw(t) = R�

w(t)
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For a cold wire Iw � 0.3mA, a constant value for a CCA and a nearly constant
value for a CVA, so that I2w � 1.10−7 A2. Regarding f (u1) = A+B

√
u1, an estimate

is possible for the chosen wire and the flow under consideration, using expressions
of A and B indicated after Eq. (10.7), for example f (u1) � 1 × 10−4 A2, so that
f [u1(t)] 
 I2w. The above differential equation thus simplifies to

Mw(t)
dRw(t)

dt
+ Rw(t) = R�

w(t) Mw(t) = mwcw

χR0

1

f [u1(t)]
(10.35)

for either a CCA or a CVA. Formulation (10.34) was used by Lemay et al. [725] on
the axis of a hot jet. Formulation (10.35) with the in situ measurement of 1/f [u1(t)]
was pioneered by Berson et al. [696] in an acoustic resonant tube. Once (10.34) or
(10.35) is resolved forR�

w, theflow temperatureT is obtainedbyusing the relationship
T(t) = T0 + (R�

w(t) − R0)/(R0χ).

10.1.8.4 Measurement of θ′′2
t and (ρu1)′θ′

t in Supersonic Flows

In a supersonic flow, there are three inherent variables, ρ, u1 and T , leaving aside
the velocity components u2, u3 and the pressure p connected to T by the state law of
the gas. Upstream of the wire, there is a detached bow shock whose thickness and
distance to the wire depends on the flow [723, 740]. In all cases, the wire is subjected
to a subsonic flow and the heat-transfer law mentioned in Sect. 10.1.3 still holds, as
illustrated in Fig. 10.4. However, one has to note that the wire now responds to the
mass flow rate ρu1 and to the total temperature Tt = T [1 + (γ − 1)/2M2]. Two
assumptions are then usually introduced to proceed further. First, all fluctuations are
assumed of small amplitude permitting the use of the sensitivity coefficients given in
Table10.3. Indeed complete calibration data would require complex wind tunnels.
Secondly, a strong Reynolds analogy is introduced which states that the correlation
coefficient between θ′ and u′

1 is around −1, i.e.

u′
1θ

′
√

u′2
1

√

θ′2
= −1

Gaviglio [719] reports several examples for boundary layers over adiabatic or
heated walls. The underlying mechanism is that the warm low speed fluid heading
away from the wall creates u′

1 < 0 and θ′ > 0. It can be compared to the momentum
transfer across an ordinary isothermal boundary layer, as seen in Sect. 2.4.2, where
the low speed flow heading away from the wall creates u′

1 < 0 and u′
2 > 0, with

a correlation coefficient of the order or −0.40. Gaviglio [719] also reports that in a
subsonic boundary layer over a heatedwall, the correlation between θ′ and u′

1 is of the
order of−0.60. In a supersonic flowone therefore refers to a strongReynolds analogy
as the correlation between θ′ and u′

1 is much higher. Other experimental results are

http://dx.doi.org/10.1007/978-3-319-16160-0_2
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reported by Barre et al. [693], Comte-Bellot and Sarma [706] and Weiss et al. [748]
for boundary layers.

Another approach to analyse the results is suggested by Kovasznay [724] and
Morkovin [732] who introduce three distinct modes of disturbance for the field: the
vorticitymode, the entropymode and the sound-wavemode. This allows onemode to
be completely neglected, for example the acoustic mode is usually neglected inside
boundary layers or jets.

10.1.8.5 Measurement of the Wall Shear Stress τw

The measurement of the wall shear stress τw gives access to the friction velocity
uτ = (τw/ρ)1/2 whose importance has been seen in Chap.3. A hot film is flush-
mounted on a wall, as sketched in Fig. 10.14. The thermal law for its cooling was
studied by Lévêque as reported by Knudsen and Katz [10] and by Haritonidis [720].
The main assumptions are as follows: steady laminar flow along x1, constant film
temperature Tw and constant outside temperature T∞. The general equation govern-
ing the temperature T in the thermal boundary layer is

u1
∂T

∂x1
+ u2

∂T

∂x2
+ u3

∂T

∂x3
= α

∂2T

∂x22

and as u2 = u3 = 0, it can be simplified as

Cx2
∂T

∂x1
= α

∂2T

∂x22

hot film0 L x1

x2

thermal
boundary layer

u1 = x2u2
τ/ν

T∞ =cst

Tw = cst

Fig. 10.14 Shear stress τw . Approximate dimensions are: width L � 0.1mm along the flow direc-
tion x1, thickness about 2000Å along x2, spanwise extent l � 1mm along x3. Thematerial is usually
platinum or nickel. The thermal boundary along the film is supposed to be fully included in the
viscous sublayer of the flow

http://dx.doi.org/10.1007/978-3-319-16160-0_3
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where α = λ/ρcp is the thermal diffusivity of the fluid and C = u2τ/ν the slope of
the velocity profile in the viscous sublayer according to u+

1 = x+
2 . This equation can

be recast into an ordinary differential equation

d2T

dη2
+ 3η2

dT

dη
= 0

using the new variable η = x2(C/9αx1)1/3. The solution is written as

Tw − T

Tw − T∞
= 1

0.893

∫ η

0
exp(−η′3) dη′ where

∫ ∞

0
exp(−η′3) dη′ � 0.893

The heat flux to the wall dqx1 at location x1 is therefore

dqx1 = −λ
∂T

∂x2

∣
∣
∣
∣
x2=0

= −λ

(
C

9αx1

)1/3 ∂T

∂η

∣
∣
∣
∣
η=0

= λ

0.893

(
C

9αx1

)1/3

(Tw − T∞)

and the amount of heat taken away by the flow is

dqL = l
∫ L

0
dqx1dx1 = lλ

0.893

3

2

(
CL2

9α

)1/3

(Tw − T∞)

This amount of heat is also the Joule energy provided to the film, so that

RwI2w
Rw − R

= b′τ1/3w with b′ = 1

0.893

3

2

lλ

R0χ

(L2ρcp

9µλ

)1/3

(10.36)

An additive constant a′ is usually introduced in this law because of the heat loss
to the substrate as pointed out by Bellhouse and Schultz [694]. Thermal insulation
beneath the hot film is therefore advisable and Table10.2 indicates some useful
materials. Being non intrusive, arrays of wall hot films can be incorporated on airfoils
to locate transition or track shock waves. Experiments in flight are reported byMoes,
Sarma and Mangalam [731] or on high speed ground vehicles by Sarma and Moes
[738]. Calibration of a film and the corresponding anemometer is usually conducted
in the fully developed region of a channel or pipe flow, as the wall shear stress is
connected to the easily measured longitudinal pressure gradient τw = −hdP̄w/dx1
for a plane channel and τ̄w = −(D/4)dP̄w/dx1 for a circular pipe. For a boundary
layer, one can use the classic relations between the friction coefficient cf and the
Reynolds number, as documented by Schlichting [22].
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10.2 Laser Doppler Anemometry

10.2.1 Principle

In this optical measurement technique, the velocity at a point of the turbulent field is
inferred from the frequency variation appearing in the light scattered by very small
particles which are illuminated by a laser and convected by the flow. Figure10.15
represents one of these particles of velocity u.

The light scattered by the particles has been subjected to two consecutive Doppler
effects. The first occurs when the incident laser beam hits the particle. This is a fixed
source—mobile observer scenario. The frequency perceived by the moving observer
differs from the at-rest frequency, by the number of peaks per second encountered due
to the observer’smovement. This number is positive if the observer is approaching the
source, and negative if the observer is moving away from it. The Doppler shift is thus

Δf = −u · ei

λ
that is,

Δf

f
= −u · ei

c

where f is the laser frequency, ei the unit vector for the incident beam, λ the laser’s
wavelength and c the speed of light, both in the medium of interest. So as to simplify
the time interval considered in the previous illustration was of 1 second, but a shorter
one Δt can be considered to enable velocity u to be constant on that time interval.

The second Doppler effect arises when the particle reflects the incident light.
This is now a mobile source—fixed observer scenario. The modified wavelength λ′
separating two successive peaks emitted by the source is

λ′ = λ − u · esT

�

P

f0

ei

es

fs

source observer

n> 1

n =1

u

Fig. 10.15 Doppler effect for a particle P moving at velocity u in a non-dispersive medium. The
light received by the particle is along direction ei and the light scattered by the particle is along
direction es. The Doppler frequency shift arises twice, when the mobile particle is illuminated by
the laser and when the mobile particle emits scattered light
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where T is the source period and es the unit vector for the scattered beam direction.
Accordingly,

Δλ = −u · esT and
Δf

f
= −Δλ

λ
= u · es

c

To the first order, the two Doppler effects add, which gives

Δf

f
= −u · ei

c
+ u · es

c

In laser Doppler anemometry, this relation is usually written as

Δf = fs − f0 = 1

λ
u · (es − ei) (10.37)

to highlight the shift fs − f0 which can be measured, with f0 the laser frequency and
fs the frequency of the scattered beam, these two frequencies remaining unchanged
when crossing interfaces between two media. The wavelength λ in the considered
medium is linked to thewavelength in airλ0 through refractive index n, byλ = λ0/n.
It is important to observe that velocity u appears linearly in expression (10.37).

The direct measurement of shift fs − f0 according to expression (10.37) requires
the collection of the scattered signal in a certain direction es, which is possible only
with small aperture optical sytems. The signal-to-noise ratio is thus small, even if
several particles are present at the measured point. This method was used in the past
but is now being abandoned in favor of a new method which will be presented in the
following section. However it has still a historical interest. With such a device called
reference beam, Yeh and Cummins [771] showed that the Doppler effect could be
used to measure flow velocities.

10.2.2 The Dual-Beam LDA

In this device, the particle is illuminated by two beams from the same laser and
forming a small angle 2θ between them, as represented in Fig. 10.16. The technique
was proposed around 1970 by Lehmann [760] and by vom Stein and Pfeifer [770].
A historic presentation can be found in Buchhave, George and Lumley [755]. The
direction of the incoming beam is ei1 for the first and ei2 for the second. Doppler
shifts appearing for the light scattered by the particle due to each incoming beam are

fs1 − f0 = 1

λ
u · (es − ei1) and fs2 − f0 = 1

λ
u · (es − ei2)
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x1

x2

P

beam 2

beam 1

2θ

ei2

ei1

ei2 − ei1

uu2

Fig. 10.16 Velocity component u2 measured by a dual-beam laser Doppler anemometer, this
component is along the external bisector of the two incident beams ei1 and ei2

Combining these two expressions, it can be written

Δf = fs1 − fs2 = 1

λ
u · (ei2 − ei1)

It is seen that Δf is independent of the observation direction es of scattered light.

This dual-beamdevice thus has several advantages. Scattered light canbe collected
by a large aperture optical system, the provided signal is thus strong. The relationship
between Δf and the velocity u is always linear. The measured velocity component,
given by the scalar product u · (ei2 − ei1), is along the external bisector of directions
ei1 and ei2. If the internal bisector of the two beams is chosen as the x1 axis, then it is
the velocity component along x2 which is measured, i.e. u2. As the angle 2θ is small,
a simple calculation based on the parallelogram built from vectors ei2 and−ei1 gives

Δf = 2
1

λ
u2 sin θ and u2 = λ

2 sin θ
Δf (10.38)

Interference fringes appear in the overlapping volume of the two beams, as repre-
sented on Fig. 10.17. They are perpendicular to direction x2, thus crossed normally
by the velocity component u2. This observation helps the user remember the mea-
sured velocity component. The fringe spacing df , calculated from the optical path
difference of the beams represented in Fig. 10.17, is

df = 1

2

λ

sin θ

Indeed, beam1propagates according to exp[i(ωt−kx1 cos θ+kx2 sin θ)] and beam
2 according to exp[i(ωt−kx1 cos θ−kx2 sin θ)]where k = 2π/λ . Their superposition
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beam 2 λ
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�

u2
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Δx1

Δx2

ellipsoidal measuring
volume (beam crossing)

fi

photo-
detector

signal processor-data analysis

t

df/u2 = 1/ΔfDoppler

Fig. 10.17 Schematic of a dual-beam arrangement. The backscattered light represented by a dashed
line is collected by a lens of aperture Dr and focal length fr , which ensures the convergence towards
the diaphragm of the photodetector. The measured velocity component is u2 which is normal to the
fringes

during interference leads to the appearance of the modulation factor cos2(kx2 sin θ)
for the light intensity distribution. The bright fringes occur whenever cos(kx2 sin θ)
is a multiple of π. The fringe spacing df is such that kdf sin θ = 2πdf sin θ/λ = π
which gives df = λ/2 sin θ.

The fringe spacing df is the same whatever the mediumwhere the measurement is
carried out. This medium can for instance be water (n � 1.33) and the laser located
in air (n0 � 1). Indeed, Snell’s law gives λ0 = nλ and sin θ0 = n sin θ. Therefore,

df = 1

2

λ

sin θ
= 1

2

λ0

n sin θ
= 1

2

λ0

sin θ0
(10.39)

Finally, no calibration on the considered velocities is required. However, the direc-
tion of the device must be adjusted to reach a given component of the turbulent field.
Angle 2θ0 in air is obtained by measuring the distance d0 separating the impacts of
the two laser beams on a screen located at a great distance D0 of the probe volume,
then 2θ0 � d0/D0.

10.2.3 Implementation of a Dual-Beam LDA

Figure10.17 provides the experimental set-up of a dual-beam LDA with scattered
light collected in the backward direction. The optical system on the incident side
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should be noted. The initially parallel beams from the same laser equipped with a
beam splitter converge towards the measurement point due to the lens of focal length
fi. In its plane section, the laser beam presents a Gaussian light intensity distribution
and its lateral dimension is defined as the distance to the axis at which intensity is
reduced by a prefactor 1/e2, hence the notation De−2 . Near the focus point, the width
of the beam becomes de−2

de−2 = 4fiλ

πDe−2

For this calculation which requires the transformation of a Gaussian beam after
passing through a focus point, Drain [757] or Trolinger [765] can be read. The
quantity de−2 is important, for it appears in the dimension of the probe volume.

The probe volume is an ellipsoid of revolution about its major axis x1, and its
section by plane x1, x2 is represented in Fig. 10.17. Its dimensions, inferred from
simple geometric considerations, are the following, where fi is the incident side
focal length,

Length: Δx1 = de−2

sin θ
= 4fiλ

πDe−2

1

sin θ

Diameter: Δx2 = de−2

cos θ
= 4fiλ

πDe−2

1

cos θ

Fringe spacing: df = 1

2

λ

sin θ

Number of fringes: N = Δx2
df

= 8fi
πDe−2

sin θ

cos θ

For example, let us consider λ0 = 514.5nm, the green spectral line of an ionized
Argon laser, f0 � 6× 1014 ± 3× 109 Hz, coherence length 3× 108/(2× 3× 109) �
5cm, De−2 = 1.1mm, fi = 250mm, 2θ = 8◦, which leads to Δx1 = 2.13mm,
Δx2 = 150µm, df = 3.68µm and N = 40. If the velocity of the flow is u2 =
10m.s−1, the Doppler shift is Δf = 2.725MHz and the transit time through the
volume is at most of 15µs.

The short coherence length of a laser, approximately of 5cm as indicated above,
requires that the optical paths of the two beams be very close to one another, thus
explaining the symmetric devices often built. When the laser system is located far
away, a large focal length fi is required, and a suitable number of fringes in the probe
volume can be conserved increasing De−2 with a beam expander. A fiber optical
system can also be used to reach the measurement point, and then conserve the use
of small focal lengths.

The Doppler shift Δf is not dependent on the sign of velocity u2. Fortunately,
this can be corrected by introducing a Bragg cell on one of the laser beams, which
allows its frequency to be increased, and whose principle is reminded in Fig. 10.18.
With the Bragg cell, there is a constant frequency shift between the two incident
beams. The probe volume fringes, instead of being fixed, are now moving with a
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ν0, λ0

laser beam

ν0

ν0 + 40 MHz

�α α =
λ0

2Λ

α

VVVVVVVVVVVV

acoustic absorber

piezo-electric transducer
40 MHz

Λ

Fig. 10.18 Sketch of an acousto-optical modulator, also called a Bragg cell. The acoustic wave
creates amoving diffraction grating. Intensity ismaximal along a directionα such that the travel path
difference created by two acoustic planes is a multiple of the laser wave length, i.e. 2Λ sinα = nλ0,
and α = λ0/2Λ for n = 1 and α small

constant velocity. Zones where flow recirculations exist can thus be studied. Bragg
cells providing 40 and 80MHz shifts can be bought. Experimentally, the smallest
possible shift must be used due to the signal-to-noise ratio, as is seen later on.

The particles used to tag the flowhave diameter of approximately 1µm.They have
to be small enough to follow the flow, but large enough tomaintain sufficient scattered
signal intensity [757, 759, 766]. In air the particles used include incense smoke,
polystyrene latex, di-ethyl-hexyl-sebacate (DEHS), paraffin or olive oil sprays in
trichlorethylene, and silicon dioxide or titanium oxide. In water, particles naturally
present are often sufficient. If not, polystyrene or titanium oxide can be used. In all
cases, the concentration has to be adjusted so that there is at most a single particle
in the probe volume.

The tagging is often doneupstreamof the studied zone. In the case of free boundary
turbulent flows, such as jets for example, it is preferable to inject particles both in the
flow itself and the surrounding ambient air, so as to have measurements in both the
turbulent and external zones. Hussein, Capp andGeorge [539] thus fill a large volume
surrounding the jet before beginning the experiments, and then turn the wind tunnel
on. Besides, measurements close to the walls are always difficult. Few particles are
present due to the small velocities, and they tend to get stuck on the portholes.

The response time of the particles must also be estimated and controlled by exper-
iments. Tests are done in oscillating acoustic flows up to 100kHz or in a normal shock
wave [752, 759, 761, 762]. For the particle motion, among the forces applying to the
particle, only Stokes viscous drag is retained in most papers, e.g. by Mazumder and
Kirsch [762] or Boutier [753]. Equation governing the particle velocity uP is thus
given by

ρP
πd3

P

6

duP

dt
= 3πµf dP(u − uP)
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where u denotes the fluid velocity. The time constant of the particle is then simply

τP = ρP
d2

P

18µ
= ρP

ρ

d2
P

18ν

whereµ is the dynamical viscosity of the fluid and ν its kinematic viscosity. Thus, in
the case of air, τP � 4µs for dP = 1µm, ρP/ρ � 103 and ν = 1.5 × 10−5 m2.s−1.

The scatterring pattern of the particlemust also be estimated, according toMie the-
ory. Thiswill help selecting anLDVoperating in near-forward or near-backward scat-
teringmode,most of the time the decision being imposed by the physical accessibility
of the flow. An example of a Mie diagram is given in Fig. 10.21.

The signal provided by the photodetector is constituted of short pulses as
represented in Fig. 10.17. These pulses appear randomly and are often noisy due to
parasitic reflections. They also contain a low frequency associated with the Gaussian
distribution of light intensity in the beams, and can have only a few cycles of the
useful Doppler frequency. However, recent progress in very fast digital techniques
permits, for a pulse, to know the transit time and to calculate the FFT with several
sampling frequencies: this is necessary because the frequency to be treated is not yet
known. The best fit is then kept to provide the most exact possible velocity value. In
addition, a validation process can be applied to keep the values provided by particles
that have gone through the central part of the probe volume. The value of the average
velocity is then obtained by weighting each measured velocity value by its transit
time, which leads to

Ū = �u(j)τ
(j)
t

�τ
(j)
t

where u(j) is the j particle velocity, and τ
(j)
t the transit time of this particle j. This

perfectly corresponds to the definition of time average in Chap.2. The same process
is followed for the average quadratic value of velocity variations.

The obtention of a quasi continuous velocity signal from the randomly occurring
burst data requires an interpolation.TheSample andHold technique (SNH) illustrated
in Fig. 10.19 is simple and efficient. The reconstructed velocity signal is formed by
sampling at the arrivals of valid signal bursts and holding these values until another
valid burst arrives. The reconstructed signal can then be read at equidistant times and
classic FFT used to compute spectra. The steps in the sampled and hold signals lead
to a white noise spectrumwhich vanishes in the limit of high data density, i.e. of high
flow seeding. Adrian and Yao [751] analysed and illustrated that process by using
wide band white noise signals. They show that PSD estimates are valid only up to a
frequency of f = ṅ/(2π)where ṅ is the mean particle rate, which is a rather stringent
condition. Improvements are suggested by Nobach et al. [763] and by Simon and
Fitzpatrick [764], and comparisons with hot wire anemometry data are conducted by
Velte et al. [769] for axial jets and 2-D cylindrical wakes.

http://dx.doi.org/10.1007/978-3-319-16160-0_2
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Fig. 10.19 Illustration of the
sample and hold technique
(SNH): assumed
velocity ui(t) to be measured,
+ measured velocity by
particles, zeroth-order
reconstructed velocity trace
by the SNH technique and ♦
regular resampled signal to
run classic FFT programs

t

u
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The intensity of the signal provided by the photodetector is a function of numerous
parameters: the laser power, the characteristics of the optical system during both
emission and detection, the particles themselves through their diffusing properties,
their elasticity, their index compared to that of the medium considered. These last
points affect in particular the angle chosen to collect scattered light.

The quantification of all these effects is difficult, but the essential elements are
included in the synthesis by Fingerson and Menon [758]. The Signal-to-Noise Ratio
(SNR) can be written as

SNR � ηPMP0
1

Δf

[
De−2

fi

Dr

fr

]2

d2
P GV

2

where ηPM is the quantum efficiency of the photodetector, P0 the laser power and
GV a factor taking into account the visibility of the particle. The other quantities
have already been introduced, see Fig. 10.17.

Two aspects must be commented on. First, the factor GV corresponds to the prop-
erties of the scattered light, according toMie theory. Of note is a large level difference
between forward scattering and backward scattering. The backward scattering device
is often preferred, although it suffers from a 20dB handicap, for the optical system
is more compact and easier to handle. Secondly, the Doppler factor Δf increases
linearly with velocity. Thus, if Δf � 3 MHz for 10 m.s−1, then Δf � 150 MHz
for 500 m.s−1, only corresponding to Mach 1.5. The larger the velocity is, the more
difficult it is tomeasure.Moreover, if a Bragg cell is used, an additional 40 or 80MHz
appears, again diminishing the SNR. In that case, the particle has such a short transit
time inside the probe volume that it does not have the time to emit a high intensity
signal.

Fingerson and Menon [758] report for instance in air, with polystyrene particles
and a Doppler shift of Δf = 10 MHz the following values of SNR
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34 dB for 0.5µm particles and forward scattering,
18 dB for 0.5µm particles and backward scattering,
50 dB for 2µm particles and forward scattering,
37 dB for 2µm particles and backward scattering.

Two perpendicular velocity components can be obtained rather easily, for example
u1 and u2, by setting two laser Doppler anemometers so that the probe volumes
overlap normally.When a single particle goes through both volumes, a simultaneaous
measurement of the two components u1 and u2 is possible, which then permits to
obtain the Reynolds tension −ρu′

1u′
2 associated with velocity variations. Such a

measurement can be performed with only one Argon laser. Apart from the green
spectrum line λ0 = 514.5nm, this laser provides a blue spectrum line, λ′

0 = 488nm
of same power, i.e. 0.5W on each line for a 1W laser.

The extension to the measurement of three components is more difficult, for the
adjustments are more complex. In theory, a third laser spectrum line can be used, but
its power is much smaller than those of the main lines. Another solution consists in
using a single powerful line and placing three Bragg cells with different frequencies
on each of the beams.

The use of optical fibers leads to compact devices, where the probe is located
near to the flow, while heavy parts such as the laser and the photodetector can be
kept at a large distance, with distances greater than 10m being easily achieved. Focal
lengths used thus stay small and ensure a good precision. However the laser/fiber
junctions have to be made very carefully, through fiber holes of very small diameter,
approximately of 5µm, to conserve the power of the laser.

Other devices allow even greater miniaturization so as to obtain measurements in
different points. Both the velocity and diameter of the particles can be determined
at the same time for instance. For all these developments, the reader can refer to the
review by Boutier [754].

Recent work aims at using single-mode laser diodes with a fluted substrate. The
coherence length, around 50m, is two orders of magnitude greater than that of a
gas laser. The wavelength is of approximately 800nm. Also the PN junctions of
the semiconductors being very sensitive to temperature, a temperature stabiliza-
tion is necessary. When detecting, the classical photodetector can be replaced with
avalanche photodiodes (APDs) which ensure a very fair signal-to-noise ratio. The
main advantage is to have a very compact device, and extensible to the three velocity
components. Various articles by Dopeide et al. [756] can be very useful here.

10.2.4 Additional Comments

Due to the linearity of its response, laser Doppler anemometry is well adapted to high
turbulence levels, up to 100% for the boundaries of a jet and the backward flows
encountered in detachment zones or in recirculation zones such as near wakes and
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backward facing steps. As no probe is placed in the flow, hostile environments can
be studied, such as reactive flows or flames.

Of course some limitations exist. The considered medium must be transparent.
The probe volume is not as small as that of a hot-wire anemometer. Signals provided
are not continuous, which limits the determination of turbulence spectra to a few
decades. The fact that seeding particle velocity rather than fluid velocity is measured
can be of importance, particularly in very high velocity flows. The adjustement of
some elements, such as filters or sampling frequency, requires a sound knowledge
of optical techniques.

10.3 Particle Image Velocimetry

Particle Image Velocimetry (PIV) is based on the displacement of small tracers
introduced into the flow, and followed by a rapid digital camera. It classically allows
to determine a velocity field over a plane. When only two velocity components
included in a plane are considered, PIV is noted 2D-2C PIV. When the velocity
component perpendicular to the observation plane is also needed, it is noted 2D-3C
PIV, also called Stereoscopic PIV. Volumetric measurement techniques are being
developed and this recent technique is noted 3D-3C PIV.

10.3.1 Principle of 2D-2C PIV

Figure10.20 provides the sep-up of a 2D-2C PIV device. Particles introduced in
the field are illuminated in the zone of interest by a thin luminous plane sheet. The
thickness of the sheet is of approximately 1mm and it is obtained from a laser beam
and a cylindrical lens. If an average flow velocity prevails, it is better to place the
luminous sheet parallel to this velocity. Typically, dual cavity pulsed lasers are used.
The first light pulse, from the first cavity, is emitted at time t and the second, from
the second cavity, at time t′ = t + Δt. An optical system with an axis perpendicular
to the laser sheet forms the images of the particles on a plane, and the two successive
images are recorded by a double exposure camera, the first image in the first frame,
and the second image in the second frame of the camera. From the movement of
the images between the two snapshots, the velocity components u1 and u2 in the
observation plane are obtained, according to the following expressions

u1 = Δx1
Δt

= − ΔX1

M0Δt
and u2 = Δx2

Δt
= − ΔX2

M0Δt
(10.40)

X1 and X2 are the axes of the image plane, parallel to axes x1 and x2 of the object
plane, ΔX1, ΔX2 and Δx1, Δx2 the components of the respective movements of
images and particles during time interval Δt, and M0 the transverse magnification
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Fig. 10.20 Typical layout and main elements in a 2D-2C PIV system, measurement of two velocity
components in a plane, by particle image velocimetry

of the optical system, i.e. the image/object ratio. M0 is in fact negative, because
the image is reversed. Time t is chosen to enable conditional averages, the laser
being triggered conditionally to the studied phenomena. Time t′ must be adapted
to encountered velocities so that particles remain in the view field during the time
interval Δt = t′ − t. Generally, Δt is of a few µs, but can range from less than 1µs
to a number of ms.

The movement of particle pairs is obtained by cross-correlation between the two
images I and I ′ corresponding to times t and t′. This correlation is realized by Fast
Fourier Transform (FFT). The treatment is not applied to the entire image, it only con-
cerns a fraction of it, termed an interrogationwindow. Indeed, the essential hypothesis
of PIV is that the velocity of the flow is uniform over the interrogation window’s
small surface. The velocity assigned to the center of the window corresponds to
the tallest peak of the cross-correlation function [786] The velocities obtained from
each window are then assembled to obtain the total field. A validation step is then
necessary to ensure that the obtained velocities are continuous.

The idea to use the images of particles in movement in a flow goes back to some
30years ago. The studies by Adrian [774] and by Westerweel et al. [794] give, for
the first a very interesting historical overview of this technique, and for the second
the current state of art.
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10.3.2 Implementation of 2D-2C PIV

As in laser Doppler anemometry, the particles used in PIV have to follow properly
the flow to be studied. In air, their diameter is often of approximately 1µm. Melling
[783] provides a very useful synthesis on particles that can be used, and the means by
which they can be injected into the flow.Optimal concentration is such that between 7
and 10 pairs of images are found in each interrogation window. The reason why these
numbers appear is detailed later on. It must also be pointed out that concentration
has to be roughly homogeneous over the entire studied field.

In 2D-2C PIV, observations are carried out normal to the luminous plane, i.e.
perpendicular to the incoming beam. Thus the intensity of scattered light is small,
see Fig. 10.21. Accordingly, when compared to forward and backward scattering
used in laser Doppler anemometry, the respective 106 and 102 factors are lost. The
laser to be used for PIV must therefore be powerful, or the camera very sensitive.

A continuous laser is rarely appropriate, however it is usually sufficient for expe-
riences in water or air at small velocities, after having been fitted with an electronic
shutter or a rotating mirror. A pulsed laser is always better.

Up to 10Hz, one can use a Nd:YAG laser. Active ions are Neodym Nd+3, and the
hostmaterial is amonocrystal ofYttrium-Aluminium-Garnet. The duration of a pulse
is of approximately 5–10ns and emitted energy can reach 400mJ. The wavelength
naturally emitted is 1064nm, and a frequency doubler leads to λ = 532nm, which is
well suitable to the sensitivity of cameras. ANd:YAG laser has two parallel cavities to
obtain the time interval Δt adapted to desired measurements, but a single frequency
doubler is generally sufficient.

For high time resolution [792], up to 10kHz, one uses diode-pumped Nd:YLF
lasers, constituted of neodym crystals doped with ytrium and lithium fluoride. The
emitted energy is around 20mJ/pulse, with a maximum around 1kHz. Two indepen-
dent oscillators allow the pulse separation and the pulse energy to be controlled. The
natural wavelength is 1053nm, transformed into 527nm by a frequency doubler.

Fig. 10.21 Scattering phase
function for a dP = 2µm oil
particle in air with a
wavelength of λ = 532nm,
corresponding to a Mie
parameter of
2π/(λ/nair)× (dP/2) � 11.8

10 1 1 10 102
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The dimension dτ of the image of a particle is an important quantity that must be
known both absolutely and relatively to the dimension px of a pixel of the recording
cameras. This dimensiondτ , of course, depends ondiameterdP of the particle injected
in the flow, but also in an essential way on the diffraction of the collecting optical
system. The classical result on the Airy disc, the reader can refer to Raffel et al. [786]
or Stanislas and Monnier [791] for details, provides

dτ = [
(|M0|dP)2 + d2

diff

]1/2 with ddiff = 2, 44f�(|M0| + 1)λ (10.41)

where M0 is the linear nominal magnification of the optical system, f� the ratio
between the focal length f of the objective and its aperture diameter Da, also
called relative aperture, λ the wavelength of the laser. For instance, for dP = 1 µm,
|M0| = 1/4 and λ = 532nm, one has dτ = 4.7, 6.6, 9.1, 13.0, 17.8 and 26.0µm,
respectively for f� = 2.8, 4.0, 5.6, 8.0, 11 and 16.

Thus, the dimension of the image of a 1µm particle is of approximately 15µm.
It must also be noted that for small particles, of some microns, it is always the ddiff
term which prevails in expression (10.41).

The depth of field δx3 of the chosen optical system can also be estimated assuming
that the motion blur on the image of a particle located slightly out of the targeted
plane is approximately equal to the diameter of the image of the particle, see Stanislas
and Monnier [791]. This leads to

δx3 = 4.8

(
1 + |M0|

|M0|
)2

f 2� λ

i.e. δx3 = 2mm for |M0| = 1/4, λ = 532nm and f� = 5.6. This δx3 quantity
corresponds to the thickness to assign to the laser sheet so that the images are not
blurred.

Charge-Coupled Device (CCD) cameras allow high quality images to be recorded
up to around 15Hz. The basic element is the pixel, an abbreviation of picture ele-
ment, whose typical size is 10µm× 10µm, or even 7µm× 7µm in very recent
experiments. This sensor can convert photons into electric charges. Arrays with a
minimum of 1000 × 1000 pixels constitute the recording area of the camera.

To ensure that each pixel is saved after the first image, there are temporary storage
locations next to each pixel column. These slightly cover the active part of the pixels,
so that microlenses are located above of each pixel to better collect incident light.
The transfer of an image to storage is done in less than 1µs. Then, the second image
can be taken and stored. When all the columns have been stored, the successive
temporal data enters an analog-digital converter (ADC). This element being unique,
it imposes the low frequency operation of CCD cameras.

High speed digital imaging, up to around 10,000 frames per second, is possi-
ble with cameras using the Complementary Metal Oxide Semiconductor (CMOS)
technology. As a MOS is transistor-like, the received photons change the voltage
of the grid between the source and the drain. The term complementary concerns an
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additional logic circuit which can be incorporated. The pixel dimension is around
20µm×20µm. The rapidity of the recording comes from the fact that each pixel has
its own ADC.

Figure10.22 illustrates an interrogation windowwith approximately ten particles,
at time t, image I and at time t′, image I ′. These images are obviously distinct on
the camera but their superposition clearly shows movements 1 → 1′, 2 → 2′, . . .
which must be identical to create a peak in the cross-correlation of images I and
I ′. The position of this peak provides quantities ΔX1,ΔX2 to be introduced into
relations (10.40) to obtain u1, u2. Away from the peak, there is noise. It essentially
comes from type 1 − 2′ or 2 − 1′ separations which are random, type 3 − 3′ or
4− 4′ separations where the particle is not in the interrogation window at one or the
other of the two instants t or t′, movements, such as 5 − 5′, which do not obey the
hypothesis of a uniform velocity field in the window. These limitations are analysed
by numerous authors, particularly Westerweel [793] or Raffel et al. [786], mainly in
terms of height of the cross-correlation peak.

The concentration of useful image pairs, entirely contained in the interrogation
window, is an essential factor to obtain a proper peak.The right-handplot in Fig. 10.22
shows that 7–10 pairs must be used to approach a 100% success rate. Factor Ne =
N0 × F1 × F2 is the actual concentration of the particles, with N0 the concentration
injected, and F1 and F2 the percentages of pairs of particles remaining in the window
despite lateral entries and exits, and entries and exits perpendicular to the laser sheet.
Keane and Adrian [774], and Adrian [774], have analysed different PIV techniques,
by numerical simulation, and the average curve is extracted in Fig. 10.22.

At this point, the choice of Δt as a function of flow velocity is essential, a large
Δt being suited to small velocities, and inversely a small Δt being suited to large
velocities. In the case of an oscillating flow, the adjustment is to be done at each
instant, which is the case for acoustic fields. The input necessary for the triggering
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Fig. 10.22 On the left, pairs of particle images at time t and t′ which lead to a correlation peak,white
circles at time t, black circles at time t′. Each particle is numbered 1, 2, …The shifted windows I−
and I ′+ are in dashed lines, they allow more particle pairs to be caught. On the right, the probability
to detect the correlation peak according to the number of particle pairs, adapted from Adrian [773]
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of the images is then directly furnished by the acoustic source or by an auxiliary
microphone.

Cross-correlation on images I and I ′ is obtained using Fourier transforms,which is
quicker than using 2-D cross-correlation in the physical space. The Fourier transform
of images I and I ′ is first formed, and then the product of the first transform by the
conjugate of the second. An inverse Fourier transform is then applied to this product,
which leads to the desired cross-correlation.

Interrogation windows have power-of-two dimensions, i.e. typically 162, 322,
642 or 1282pixels due to Fourier transforms to be applied. Given the dimension of a
pixel, px = 10µm, andmagnificationM0, for instance |M0| = 1/4, these dimensions
correspond respectively to 0.64, 1.28, 2.56mm2 in the observed physical field.

For the FFT, an iterative algorithm is used which includes two essential sub-
steps, the first to enhance displacement estimation, the second to reduce the window
dimension. Starting for example from a 642 window, the best possible displacement
value is determined, i.e. ΔX64

a . Then from this approximated value, the I window
is shifted upstream by −0.5ΔX64

a and the I ′ window downstream by +0.5ΔX64
a , as

represented by a dashed gray line in Fig. 10.22. The cross-correlation between I−
and I ′+ windows is then formed. This method allows more image pairs contributing
to cross-correlation to be caught, for instance pair 4–4′. The same calculation can
be carried out several times to enhance the final displacement, noted ΔX64

e . This
is most important at large flow velocities due to large movements appearing. The
second substep consists in dividing the 642 pixel window in four 322 pixel windows.
For each of these windows the approximated movement is assumed to be the one
just obtained, thus ΔX32

a = ΔX64
e , and the cross-correlation peak between windows

shifted by −0.5ΔX32
a and +0.5ΔX32

a is searched for, as indicated previously. This
can be applied again; the method often stops at 162 pixel windows.

To enhance the separation power of the measurement, a partial overlap of the
interrogation windows is also used. A 50% overlap leads to decreasing the distance
between the centers of the windows by two, and thus to quadruple the number of
points finally obtained on the considered field. This overlap is usually applied at the
final stage, on the smallest windows.

The previous methods lead to a ±0.5 pixel precision on the detection of a cross-
correlation peak. This precision can be increased by fitting a Gaussian curve to the
peaks occurring on adjacent pixels, as described byWesterweel [793]. An illustration
is given in Fig. 10.23 showing different particle sizes relative to the pixel dimension.
Using the maximum of the Gaussian curve to locate the particle image, the precision
can be improved down to around ±0.05 pixel. Other approaches are proposed, for
example by Lynch and Scarano [782] who track the patterned fluid element within
a chosen interrogation window, along its individual trajectory throughout an image
sequence.

For a simple lens, geometrical optics laws provide the magnification |M0| =
D3/d3 with D3 the distance from the image plane to the lens, and d3 the distance
from the object plane to the lens. However, a camera is composed of several lenses
and the casing occupies a volume difficult to estimate. The laser sheet is actually
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Fig. 10.23 Gaussian curve fitting to pixel data, the exact location for the particle is taken at the
curve maximum, hence an accuracy of ±0.05px

replaced by a calibration plate which covers the zone to be studied. This device is a
thin glass plate on which white dots or crosses are engraved forming a square grid.
All the characteristics of the plate image are picked up, which permits to obtain the
position of the particles in the object plane and the local value of the magnification
to be used in place of M0.

When all displacements have been calculated on the interrogation windows and
the velocities are obtained, the validity of the resulting vectors must be verified.
First, all displacements not sufficiently distinguishable from noise are eliminated, as
well as too disparate values of velocity. Then, all velocities are compared to their
neighbours. Awidely used algorithm, described by Raffel et al. [786], is based on the
average and standard deviation of velocities on the 8 positions surrounding a given
point, i.e.

mu(i, j) = 1

N

N∑

n=1

u(n) and σ2
u(i, j) = 1

N

N∑

n=1

[
u(n) − mu(i, j)

]2

with N = 8. The condition to verify is

| u(i, j) − mu(i, j) |< εthreshold with εthreshold = C2σu(i, j)

where C2 is an adjustable coefficient, C2 often between 2 and 3, depending on the
type of flow, e.g. laminar or turbulent, and on the turbulence level. At points where
the velocity vector is eliminated, it is replaced with an average value of neighbour-
ing points.
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10.3.3 Examples of 2D-2C PIV

2D-2C PIV is often used to highlight the movement of large structures or of vortex
zones. Adrian et al. [586] have thus studied the development of bursts and hairpins
on a flat-plane boundary layer, see Fig. 3.13. Raffel et al. [786] present numerous
examples concerning aerodynamics, such as wingtip vortices or the transonic zone
above a profile.

In active flow control, PIV allows results to be assessed during an experimental
campaign. Figure10.24 illustrates the re-attachment of a separation zone downstream
from a circular cylinder due to a pulsed jet, studied by Béra et al. [569]. Here the
average fields are considered, the average is produced from 30 acquisitions at random
times. The study of the pulsed jet serving as control is also interesting in itself.
It was carried out conditionally at different phases of the pulsation cycle [775].
Figure10.25 provides two views of the pulsed jet corresponding to blowing and
to sucking phases. The most important result is the bifurcation phenomenon of the
velocity field slightly above the jet orifice during sucking. The vortex produced during
the blowing phase still follows its ascending path even when aspiration has already
begun near the orifice.

Spatial velocity fields obtained by PIV can be analysed to obtain important char-
acteristics of the flow, such as the vorticity component perpendicular to the laser
sheet or the normal modes in the laser sheet plane. For vorticity, the definition
ω3 = ∂u2/∂x1 − ∂u1/∂x2 can be used, or the angular momentum of the velocities
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Fig. 10.24 Flow reattachment on the downstream side of a circular cylinder by active control.
Cylinder diameter 10cm, incident flow velocity 20m.s−1. On the left, without control, on the right
control by a 200Hz pulsed jet issued from a 2-D 1.5mm slot located at 110◦ from the stagnation
line. Use of 2D-2C PIV system, CCD camera 1008×1018 pixels, |M0|=1/6, f� = 2.8, Δt = 50µs,
interrogation window 322. Courtesy of Jean-Christophe Béra, see also Béra et al. [569]

http://dx.doi.org/10.1007/978-3-319-16160-0_3
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Fig. 10.25 Velocity maps for the 2D pulsed jet used in Fig. 10.24. On the left, during the sucking
phase and on the right, during the blowing phase. Courtesy of Jean-Christophe Béra, see also
Béra et al. [775]

around a point P, as proposed by Graftieaux et al. [481]

ω3(P) = 1

N2 − 1

N∑

i=1

rPQi × u(Qi)

|rPQi | |u(Qi)| (10.42)

where the Qi are points distributed on a square of side N , centered on P, u(Qi) the
velocity vector at Qi, rPQi the separation vector between P and Qi, generally N = 5.

10.3.4 2D-3C or Stereoscopic PIV

The examples in Figs. 10.24 and 10.25 correspond to bidimensional flows, those to
which 2D-2CPIVmust be restrained. In the case of a tridimensional flow, 2D-2CPIV
leads to favoring times when the velocity component perpendicular to the laser sheet
is almost equal to zero, which implicitly leads to conditional averages. Furthermore,
the velocity component u3 leads to a particle movement through the thickness of the
laser sheet, as represented in Fig. 10.26. The position of the particle inferred from the
image is thus incorrect, and all the more so since observation angle θ is large. Prasad
and Jensen [785] estimate that error can reach 10% when Δx1 � Δx3 and θ = 5◦.

A PIV technique adapted to the simultaneous determination of three velocity
components is thus necessary. This is 2D-3C PIV, also called Stereoscopic PIV,
which still retains the principle of a laser sheet to light the zone of interest in the
flow. The Stereoscopic PIV is based on the addition of a second optical system to be
able to observe the flow from two different angles [785]. In the first set-up developed
in the literature, called shifting device, two cameras are located on a plane parallel
to the laser sheet. This device has a constant magnification, but the optical system
uses large angles θ which degrades image sharpness and creates distortions. The
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object plane xO 1Δx1

Δx∗
1

Δx3

laser
sheet

x3

Camera

image plane
X1

�
ΔX1

θ

Fig. 10.26 Influence of a velocity component perpendicular to the laser sheet. The ΔX1 observed
in the image plane is erroneously connected to x1 + Δx∗

1 instead of x1 + Δx1

rotating device is preferred, see Fig. 10.27, with use of the Scheimpflug rule [778].
For each camera, the object plane, the lens plane and the image plane have a shared
intersection line. It must also be pointed out that the optical system now uses very
small angles and scattered light is collected from a favorable angle.

Figure10.28 illustrates the Scheimpflug rule using ray tracing. Images A′ and B′
of points A and B are obtained aligned on a line passing through I . The alignment of
the image points on line IO′ can be demonstrated using geometrical optics laws for
a thin lens, i.e.

xO 1Δx1

Δx3

investigated
zone

laser
sheet

x3

lens (1)

image plane (1)

lens (2)

image plane (2)

JI

ΔX1(1)

ΔX1(2)

α

β

Fig. 10.27 Stereo viewing PIV system to resolve the out of plane velocity component, for two
cameras located on the same side of the laser sheet and symmetrically placed with respect to Ox3.
According to Scheimpflug’s rule, the object plane, the image plane and the lens plane all intersect
at a common line, I or J . ΔX1(1) and ΔX1(2) are linear functions of the particle displacements
Δx1 and Δx3, and their combination provides the velocity component u1 and u3. Either ΔX2(1) or
ΔX2(2) can be used to obtain the velocity component u2
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Fig. 10.28 Scheimpflug
rule: points A et B of the
object plane give images in
A′ et B′ on the line IO′.
Geometrical tracing using
the rays going straight
through the lens center L and
the rays parallel to the optic
axis OO′ going through the
lens focus F

object planeI B A O

lens plane
image

plane

H

H′

L

F

A′

B′

O′

α

β

1

LO
+ 1

LO′ = 1

f

1

LH
+ 1

LH ′ = 1

f
and

B′H ′

BH
= LH ′

LH
(10.43)

with L the center of the lens, f its focal length, O′ the image of O, H and H ′ the
projections on the optical axis of point B and of its image B′. These laws allow the
coordinates of points O′ and B′, and the components of vectors IO′ and IB′, to be
calculated in the framework formed by the lens and its optical axis. Forming the
cross product of these two vectors, it is found that it is equal to zero for any B′ and
thus for any B on the Ox1 axis.

The first law (10.43) also implies a relation between f , α, β and length D = IO
which specifies the position of the hinge

f = D sinα

1 + tanα/ tan β

In a Scheimpflug device, the sharpness of the image is ensured, but magnification
M = ΔX1/Δx1 depends on the position of the object point. This is already visible
in Fig. 10.28, observing object points A and B, and their images A′ and B′. Relations
already used above easily provide the abscissa X of the image of point x

X1(x1) = −D x1
cosα

cosβ
tan β

1

(D − x1) tanα − x1 tan β

and local magnification M

M(x1) = ΔX1

Δx1
= X1

[
1

x1
− tanα + tan β

D tanα − x1(tanα + tan β)

]

(10.44)
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Fig. 10.29 Lateral
magnification of cameras (1)
and (2), as a function of
x1/D, for the Scheimpflug
set-up shown in Fig. 10.28,
α = 45◦, β = 8◦,
OI = D = 50cm, M(1) et
M(2) are made
dimensionless by
M0 � −0.10

0.8

1.0

1.2

−0.2 −0.1 0 0.1 0.2

x1/D

M(1) M(2)

To simplify the expression, x1 is used instead of (x1, 0, 0) and X1 instead of
(X1(1), 0, 0) relative to camera (1). For camera (2) in Fig. 10.28, the position of
the image and magnification are given by the same expressions, substituting −x1
by x1.

Figure10.29 represents variations of magnification values M(1) and M(2) of
cameras (1) and (2) of Fig. 10.28. These magnification values are normalized by
the value of magnification M0 = −A′O′/AO, when A tends to O, and A′ to O′,
respectively along x and X axes, i.e.

M0 = −cosα

cosβ

tan β

tanα

The chosen values,α = 45◦ andβ = 8◦, are the typical values allowed by cameras
used in Stereoscopic PIV. The two curves are of course antisymmetric. If the two
cameras are located on either side of the laser sheet, as in the device byWillert [796],
then M(1) = M(2).

In current experiments, the particle constituting the object point is located in a
tridimensional space and Δx1,Δx2,Δx3 must be determined. The expressions serv-
ing to reconstruct this 3-D field have been studied by numerous authors, particularly
Lawson and Wu [781], Soloff et al. [790], Raffel et al. [786] and Prasad [784]. They
are too complex to be given here, but are included in numerous analysis softwares.
The main parameters are obtained using a calibration grid with two levels of land-
mark points, simulating separations along x1, x2 and x3. The calibration grid must
be precisely aligned with the laser sheet [777].

Stereoscopic PIV is required to determine lateral velocity components in a flow
which has an important longitudinal velocity. Studies by Castelain et al. [776] con-
cern a Mach 0.9 jet subject to the impact of 6–24 micro-jets near the nozzle. The
modifications induced by the micro-jets have been followed by the determination of
the three velocity components, with their average values, time variations and rms,
spatial correlations, and completed by the determination of vorticity. Figure10.30
represents the field of the longitudinal vorticity component, ω1, inferred from lateral
velocity components u2 and u3 by use of criterion (10.42). The alternating vortices
created by the micro-jets are very important and affect the jet development both in
the mixing zone and the potential cone. The acoustic consequences are beneficial.
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x2/D x2/D0.0−0.5 0.5 0.0−0.5 0.5

x
3
/
D

0.5

0.0

Fig. 10.30 Vorticity field ω1D/Uj in a Mach 0.9 jet. On the left, baseline jet, and on the right, the
same jet impacted by 18 microjets, marked by arrows. StereoPIVwithΔt = 1.6µs, M � 0.9, CCD
1280 × 1024, 162 interrogation window, α = 45◦, β = 8◦ and OI = 50cm. Courtesy of Thomas
Castelain (LMFA). See also Castelain et al. [776]

Noise reductions appear in far field, from 1 to 3dB, depending on the observation
direction.

The currentmajor developments in themeasurement of three dimensional velocity
fields use the tomographic technique where three velocity components are estimated
in a volumetric domain. Principles and practice are available in Scarano [787]. A
fully described example dealing with Eulerian and Lagragian data in a turbulent
boundary layer is provided by Schröder et al. [789].
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